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ABSTRACT

The threc-parameter inverse Gaussian distribution is used as an alternative
model for the three parameter lognormal, gamma and Weibull distributions for
reliability problems. In this paper Bayes estimates of the parameters and
reliability function of a three parameter inverse Gaussian distribution are
obtained. Posterior variance estimates are compared with the variance of their
maximum likelihood counterparts. Numerical examples are given.
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1. INTRODUCTION

The three-parameter inverse Gaussian distribution with probability
density function

flxlonp, 2) = {2/[2n(x — )’ T} 72 exp { — A(x — o — /[ 2% (x — )]} (1)
x>a ; wpi>0

and reliability function

Rr = ¢(t1) - k¢(t2) (2)

Recibido: Enero 1990.
Revisado: Julio 1990.
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where

ty = JAHE—o)[1 =t —o)ul, t; = /At —o)[1+(t—a)/ul,

k = exp (24/n), and ¢(-) is the cdf of the standard normal distribution, is
a generalization of the well known two parameter inverse Gaussian
distribution where the threshold parameter « is introduced to represent
the unknown origin. Sampling theory estimation of the parameters in
the three parameter inverse Gaussian distribution is considered by
many authors. For example, moment and maximum likelihood estima-
tors and their asymptotic efficiency are discussed by Padgett and Wei
(1979), Cheng and Amin (1981) and Jones and Cheng (1984). Modified
maximum likelihood and modified moment estimators are considered
by Chan, Cohen and Whitten (1984). Maximum likelihood estimators
and their asymptotic variances and covariances for censored samples
are obtained by Mahmoud (1983-1984).

The estimation of the reliability function of the two parameter
inverse Gaussian distribution was considered by Chhikara and Folks
(1977) and Padgett (1979). Bayesian estimation of the parameters and
reliability function of the two parameter inverse Gaussian distribution
was investigated by Banarjee and Bhattacharyya (1979), Padgett (1981)
and Howlader (1985). No corresponding results are available for the
three parameter inverse Gaussian distribution. This paper gives Bayes
estimates of the parameters and reliability function of a three parameter
inverse Gaussian distribution, based on an approximation developed by
Lindley (1980), using Jeffreys’ non-informative joint prior and a squared
error loss function. The application of this approximation depends on
the existence of the MLE of the parameters. Another form of the non-
informative prior distribution is also assumed and the approximate
estimation procedure is applied based on this form and a squared error
loss function. The results are compared with those obtained using
Jeffreys’ prior.

2. MAXIMUM LIKELIHOOD ESTIMATION OF THE
PARAMETERS AND RELIABILITY FUNCTION

Padgett and Wei (1979) and Cheng and Amin (1981) derived the
maximum likelihood estimators of the parameters «, 4 and 4 in (1) as
follows:
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For a random sample x = (x,, X5, ..., X,) of size n from (1), the
likelihood function is

o, p 2| x)=
— [2/@mI" [T (4 —2)" > exp { (2% 3. (v, — 2 — /s = )
3
taking the logarithm we get
Lo, p, 2| x) = log l(o, p, | x)
= (2)log [//2n)] — (3/2) 3. log(x; — 2
— [ 3, [0, = 2= w0, = ) @

For fixed a, the maximum of L can be written as
L¥(a) = Lo, fi(r), Aar) | x)

where
Ao)=%x—a and Ha) = {n_l i (¢, — o)™t — ﬂ_l(a)}_
i=1

The overall maximum likelihood estimators &, /i and Z can be found by
maximizing L¥(«x) with respect to a.

The maximum likelihood estimate of R, can be obtained, using the
invariance property, in the form

R, = ¢(i;) — ko(t,) (5)
where

=Mt =) [1—(t—a)pl, T,= /(=9 [1+(—d)/a] and

k = exp (21/p).

Padgett and Wei (1979) discussed the conditions under which the
maximum likelihood estimators exist. Cheng and Amin (1981) have
shown that L*(a) is bounded and consequently, L¥*(o) have a global
maximum at a stationary point where ¢L¥(a)/do = 0.
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3. BAYESIAN ESTIMATION OF THE PARAMETERS
AND RELIABILITY FUNCTION

The case where the lower bound « is known is discussed by Banarjee
and Bhattcharayya (1979) in a Bayesian analysis of a two parameter
inverse Gaussian distribution. They considered a different parametric
form than (1). Padgett (1981) pointed out that the use of Jeffreys’ non-
informative joint prior

plu, 2) oc (u37) =172 (6)

leads to an intractable posterior for estimating R, Howlader (1985)
using a method developed by Lindley (1980) gave an approximate Bayes
estimate of R, under the prior (6). In this paper we estimate the three
parameters o, 4 and A in (1) and extend the results for estimating the
reliability function to include the threshold parameter o under two
forms of the joint prior distribution of the parameters. First, we consider
Jeffreys’ non-informative joint prior which is given by

pJ(aa ﬂ, )“) oC |I(OC, .u'a )“)l

where

1(6,,0,,0,) = —E|@?log f(x|0;,0,,05)/00:00,, i,j=1,2,3

3/20x — )2 — Af(x—)® A (/i = 1(x—2)?}/2

=—E — My M2=3x—a)/u/u®  (x—a—p/u ‘
{1/ =1/(x—0)?}2  (x—a—p)/p’ —1/2?

M3 +9/2u2 + 21(1/ud+ 1232 Mu® 30+ p)/2ur?

= ’ A A 0 l
3(A+ )2l 0 1232

=3(A+4p)/dp>23

Thus

S1u + 4/2 )

pJ(OC, K, /1) oC A'uz
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combining the likelihood function (3) with the prior (7), the joint
posterior pdf of a, u and A is

Ty, p, Al X) = Ky /A + 4pin =327 52 TT (x; — o) %%
i=1

axp (= L4 3. [ — 2 = WP/, = )}

where K; is a normalizing constant given by

oo} e o) X(l) n
o lzf J J N | O R
o Jo J-w i=1 p

— [4/2u%)] Z [(x: — & — W/(x; — )]} dodp di.

Another appropriate non-informative joint prior for the three parame-
ters can be found by following the procedure adopted by Sinha and
Sloan (1988) in dealing with the three parameter Weibull distribution
and by Lye, Sinha and Booy (1988) for the three parameter lognormal
distribution.

Suppose we are in ignorance about the parameters a, 4 and A so that
the non-informative prior p,(u, 4) oc (u*4)~!/? and p,(x) = const., would
be appropriate.

It is reasonable to believe that a is distributed independently of u
and 4, since any prior knowledge about « is not likely to be influenced
by one’s knowledge about the values of these parameters (see Box and
Taio (1973)). So the joint prior distribution p(«, 4, 1) may be written as

p(aa H, )L) = pl(.u'a )L)Pz(“ I K, ;L)
= py(u, Ap2(®)
oc (u32)~ 172 (®)

The joint posterior of («, u, 4) is given by
(o, p, A x) = Kl(a, p, A | x)p(ot, pt, A)

where K is a normalizing constant.
It is well known that by using a squared error loss function criterion,
the Bayes estimator of an arbitrary function, u(0), of the parameters is
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the expectation of that function. Thus we have for 0 = (2, i, 2) and the
prior p(a, u, /)

JJJu(O)I(a, U, 4| X)p(2, p, 2) do dyp ds.

\fj‘fl(aa K, )" l ).C)p(a, K, )‘) d1 d# d;'

Since the reliability function is a function of the parameters it is a
parameter itself. Thus (9) is applied to R,.

In this paper we calculate E(0;|x) and E(0?|x) in order to find the
posterior variance estimates given by

Var (0;|x) = E(07 | x) — E*(0;1x) ; i=123

where, 0, = 2, 0, = u, 05 = A. Also, E(R,|x) is obtained.

The use of numerical integration computer routines would be requi-
red, which may or may not converge for the given set of data x.

In the following section, Bayes estimators are approximated by an
asymptotic expansion of the ratio of two integrals which is due to
Lindley (1980).

E{u(0)| x)} =

©)

4. BAYESIAN APPROXIMATION
Since the integrals in (9) do not seem to take a closed form, an

approximation is needed. Lindley (1980) developed an asymptotic
expansion for the evaluation of the ratio of integrals of the form

Ju((?)v(O) exp {L(0)} dOIJU(O) exp {L(0)} db (10)
where 0 = (0,,0,, ..., 0,,), L(0) is the logarithm of the likelihood function,
and u(f) and v(0) are arbitrary functions of 6.

If v(0) is the prior density of 6, then (10) is the posterior expectation
of u(0). Thus (10) can be written as

u* = E{u(0) | x} = J u(0) exp {L(0) + p(0)} d0/ J exp {L(0)+p(0)} 40 (11)

where p(0) = log v(0).
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Using Lindley’s approximation, E{u(f)|x} given by (11) may be
asymptotically estimated by

u* = E{u(0)| x} = [u + % Z Z (u;j + 2up)o;

1
+ 5 z Z z Z Lijko-ijo-klulil
i j k1 0

2

+ terms of order n~* or smaller (12)

which is the Bayes estimator of u(f) under a squared error loss function
and where i, j, k, I = 1,2,..,m, 0 = MLE (),

u= u(e), ui = au/ael, uij = azu/aoiagj, Lijk = asL/aelaOJaOk,

p; = 0p/00; and a;; = (i, j)th element in the inverse of the matrix {—L;;}
all evaluated at the MLE of the parameters. The method requires that §
be the unique MLE of 6, although in most instances the local MLE
produce acceptable estimates (see Sinha (1986)).

For m = 3, (12) reduces to

u* = E(u|x) = u + (u,a, + u,a, + usa; + a, + as)
1
+ E[A(ulo-ll +uy0,,+u30,3) + B(uy0,; + 1,05, + uo,;3) +
+ C(u;03; + U035, + u3033)] (13)
evaluated at 8 = (&, A, £), where

a; = p10;y + P20;5 + p30i3 5 =123

4 = Uy3015 + Uy3013 + Uy30,3
o = 5(“11011 + U505, + U33033)

A=0y,Lyyy + 2015151 + 2013031 + 20230531 + 055055, +
+ 033L33,

B=o0,L, + 20'12'L122 + 26413L135 + 2053053, + 055L5;, +
+ 033L332
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C=o0y1L113+ 20,0453 + 20,3033 + 20,3533 + 05,L5,3 +

0331333

and the subscripts 1,2, 3 on the right-hand sides refer to «, g, 4, respecti-
vely.
For the prior distribution (7) we have

p; =log p,(a, u, 1) = constant — 2 log u —log 2+ (1/2) log (1/+4/4),

Ps1=0p,/00=0, p,,= 5PJ/5£1 = — 521+ 2/(Z+ 4p)
and P, =0p,/0h = —3/20 + 1/2(% + 4p).

For the prior distribution (8) we have

p = log p(a, u, 1) = constant — (3/2)log u — (1/2) log 2,
pr=0p/00 =0, p,=0p/0n= =321, py=0p/oi= —1/27.

The derived L;;, i, j = 1,2,3 and L, i, j,k = 1,2,3 and the estimated
variances and covariances of the MLE are given in appendix A.
For illustration we use the prior (8) to obtain Bayes estimates.
Letu=a , uy=1 , uy=u3;=0 , u; =0, i,j=1,23
then,
ay = —303/21 — 03/22, ay = —30,,/21 — 0,3/22
ay = —305,/2u — 033/22, a,=as=0 and

1
a* = E(a]x) = o — 30,,/2u — 03/22 + 5[0'11/4 + 051B + 03,C]
Similarly

1
p* = E(p]x) = p — 3055/2 — 053/24 + 5[0'12/4 + 02,8 + 03,C]

1
)\.* = E(}v I .5:) = /:. —_ 3632/2/1 _— 0-33/2/:, + 5[0-13/4 + 0-23B + 0'33C]
Also. Let u = o?. Then,

u=2a , uy, =2 , uy=u3;=0 , u; =0 ; i,j=12]3

a, =0 , as=o0,
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From (12), we have
E(@®|x) = o® — a30,,/u + 0,3/2) + 044 + a(6,,A + 6, B + 05,C)
Hence the posterior variances are given by

Var (o | x) = E(e? | x) — E*(| x)
. 1 1 1?
=011 — 5(3‘712/11 + 013/7) — 5(0'11/1 + 6,1B + 65,0) ;

<6,, = Var(@) )

T 1 2k
Var(u|x) = 6,5, — 5(30'22/,“ + 0,53/2) — 5(‘7121‘1 + 6,,B + 05,0) s
<0y, = Var (i) )
B 1 T2
Var (A]| x) = 633 — 5(30'32/ﬂ + 033/7) — ‘2‘(0'13-'4 + 6,3B + 0350) ;

< 0-33 = ‘_]ar (D

To estimate the reliability function R, we substitute u = R, in (13),
where R, is given by (2).

On differentiating u with respect to the parameters o, 4 and A, the
derived u; and u;; are given in appendix B.

An alternative approximation, to evaluate the ratio of integrals of
the form (9), is developed by Tierney and Kadane (1986) as follows:

Letl, = {log p(0) + L(O| x)}/n and I, = {log u(6)+log p(6) + L(O| x)}/n

where 0 = (o, u, 4), then (9) can be written in the form

je"'z do
E {u®)|x} = (14)

Je"" do

Tierney and Kadane (1986) expand each integral in (14) separately
about the point which maximizes the integrand. Their method requires
the evaluation of the first and second derivatives of the posterior density
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and equation (14), in the multiparameter case, takes the approximate
value

E{u(0)|x} = /:%:_2: exXp {"[lz(éz) - 11(g1)]}

where #, and #, maximize [, and I,, respectively, and ¥, and ¥, are
negatives of the inverse Hessians of I, and I, at 8, and 0,, respectively.

For each function u(f) of the parameters to be estimated, Tierney
and Kadane method of approximation requires solving three nonlinear
equations to find §, and to calculate £,. On the other hand, Lindley
(1980) expands both the numerator and denominator of (14) about the
MLE. His method requires finding the MLE of the parameters and the
evaluation of the third derivatives of the likelihood function.

In the present case of the three parameter inverse Gaussian distribu-
tion, Lindley’s approximation is simpler to apply since the MLE of the
parameters can be easily found by solving a single equation as shown in
section 2. The third derivative of the likelihood function is simple to
calculate as given in appendix A.

In the following section the approximate Bayes estimates of the
parameters and the reliability function using Lindley’s approximation
are found, for three sets of data, under Jeffreys’ prior (7) as a¥, u¥, A¥,
R% and the assumed prior (8) as a*, u*, A*, R} and a squared error loss
function and compared with the corresponding MLE &, i, 4 and R,

5. NUMERICAL EXAMPLES

To illustrate the results given in this paper we use three real sets of
data. The first two are successfully fitted by Cheng and Amin (1981) to
the three parameter inverse Gaussian distribution. The third is quoted
from Proschan (1963) and used by Howlader (1985) in an example on
approximate Bayes estimation of reliability function of two parameter
inverse Gaussian distribution. This set will be shown to fit satisfactorily
to a three parameter inverse Gaussian distribution.

The first two sets are quoted from Dumonceaux and Antle (1973),
showing 20 records on maximum flood levels and Engelhardt and Bain
(1979) giving 10 ball-bearing lifetimes. These two sets are used by Cheng
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and Amin (1981) to compare the maximum likelihood estimation in the
three parameter Weibull, lognormal and inverse Gaussian distributions.
The MLE of the parameters as obtained by Cheng and Amin (1981) and
the approximate Bayes estimates calculated from (13) under the two
prior distributions (7) and (8) together with the variance of the MLE, 6,
= Var (), as calculated in appendix A and the posterior variance,
Var (0;| x), are given in table L.

TABLE 1

MLE and Bayes estimates of the Parameters

D&A (n = 20) E&B (n = 10)
4 of o* 4 oF a¥*
0.178 0.180 0.174 139.7 138.9 136.4
a By u* f Hy u*
0.245 0.243 0.249 80.8 79.36 83.0
p) ¥ A p) i ¥
0914 0.963 1.037 88.2 98.47 116.6
Var (&) Var; (x| x) Var(x]x) Var (4) Var; (x| x) Var(a|x)
4.14x107% 410x107* 398x107* 3524 34.66 24.54
Var(f)  Var,(u|x) Var(ulx)  Var(a)  Var,(u|x) Var(u|x)
467x107* 463x107% 451x107%  189.81 187.73 184.87
Var()  Var,(A|x) Var(i|x) Var(d)  Var,(ilx) Var(i]|x)
0.0888 0.0863 0.0736 1.793.7 1688.19 985.58

(Var,(0| x) is the posterior variance based on Jeffreys’ prior)

The MLE and Bayes estimates of the reliability function R,, as
calculated from (5) and (12), for different values of t for the two sets of
data are tabulated in tables II and III respectively.
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TABLE II
MLE and Bayes estimates of R, (D & A data, n=20)
t 0.26 0.28 0.30 0.32 0.34 0.36
R, 0.9796 0.9402 0.8793 0.8035 0.7204 0.6361
R¥ 0.9810 0.9438 0.8847 0.8099 0.7269 0.6421
R% 0.9569 0.8892 0.7952 0.6883 0.5796 0.4772
t 0.38 0.40 042 0.44 0.46 0.48
R, 0.5550 0.4800 04120 0.3518 0.2991 0.2535
R} 0.5600 0.4836 04143 0.3528 0.2990 0.2524
R% 0.3851 0.3054 0.2380 0.1824 0.1374 0.1012
TABLE 111
MLE and Bayes estimates of R, (E & A data, n=10)
t 150 160 170 180 190
R, 0.9904 0,9003 0.7726 0.6528 0.5509
R¥ 0.9830 0.8972 0.7754 0.6583 0.556
R%, 0.9667 0.8351 0.6961 0.5789 0.4830
t 200 210 220 230 240
R, 0.4666 0.3972 0.3399 0.2924 0.2526
R¥ 0.4698 0.3978 0.3381 0.2883 0.2469
R% 0.4049 0.3412 0.2890 0.2460 0.2104

The third set of data is quoted from Proschan (1963). It consists of
29 records of time intervals between successive failures of air conditio-
ning system of a Boing 720 jet plane number 7909. The observations
are:

10 14

20 23 24 25 26 29 44 44
49 56 59 60 61 62 70 76 79
90 101 118

84
130 156 186 208 208 310
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Figure I. Emprical and Fitted
Distributions: Proschan Data

10Cumulative Probability

LJ
- “.'.'.'-"."".1.
-
0.8}
0-6 —
-
=
0.4
0.2
L]
-
L
OnO IR AR RN RN NN N N N N N NN AR R AR RN
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Time Interval

To give some idea about the goodness of fit, we plot the empirical
cdf and the cdf of the fitted inverse Gaussian distribution in Fig. I. The
estimates of the mean, variance and skewness given by & + £, 4°3/1 and
3(a/%)!/? are compared with the corresponding sample statistics showing
reasonable agreement. These values are

o mean variance skewness
Sample values (x; =10) 83.517 4840.6 1.52
Estimate —3.523 83.517 6011.5 2.67

The MLE and Bayes estimates of the parameters and the variance of the
MLE and the posterior variance are shown in table IV.

The MLE and Bayes estimates of the reliability function R, for different
-alues of t are tabulated in table V.
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TABLE 1V

MLE and Bayes estimates of the parameters
(Proschan data, n=29)

4 of o* Var (&) Var; (x]x) Var(x]x)
—3.523 —3.551 —4.504 15.496 15.495 14.535
Iz I3 u* Var(a)  Var,(ulx) Var(u|x)
87.04 86.47 87.70 55.06 54.73 54.62
i ix A* Var(4)  Var,(i]x) Var(i|x)
109.69 112.68 119.66 870.07 861.16 770.74
TABLA V

MLE and Bayes estimates of R, (Proschan data, n=29)

t 10 15 20 30 40 50
R, 0.9857 0.9526 0.9046 0.7910 0.6791 0.5801
R¥ 0.9841 0.9517 0.9043 0.7917 0.6804 0.5813
R%, 09772 0.9373 0.8839 0.7651 0.6526 0.5547

t 60 70 80 90 100 110
R, 0.4956 0.4245 0.3648 0.3145 0.2722 0.2363
R} 0.4964 0.4246 0.3642 0.3134 0.2706 0.2343
R¥, 04720 0.4027 0.3448 0.2962 0.2554 0.2210

6. CONCLUSION

An approximation developed by Lindley (1980) is used to find Bayes
estimates of the parameters and reliability function of a three parameter
inverse Gaussian distribution. The formula is easy to use for any
number of parmeters in the model. A simple program can be written on
a PC microcomputer with no need for numerical integration. The
method depends on the existence of the MLE of the parameters and
provide estimates with smaller variance than the MLE.
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APPENDIX A

From (4),
Ly, = 0Lfax = (32) ¥ (6 — )" + (n3/262) — (/D) Y. (i — @) >
i=1 i=1

Ly = oLjon = (i) 3. (xi— o= 1)

Ly = aLJa% = 0)22) = ¥, [x = o = /2005, = )]
So that
L= 8Ly = (12) ._il (ot — )2 — 1 ._il (r; — )2
L,, = 0*L/dadu = L,, = 6°L/op® = —n):/l“,
L., = 6°L/dud) = (1/2)[n/p¢2 _ ._il (x, — a)—2],
L,y = ?L/oudl =0, L, =0°L/0A* = —n/272,
Ly, = 8Ljoo® = 3|:Z":1 (x;—a) -1 ._il (; — &)“{l,

Ly, =0%L/oo*opu =0 , Ljj3=0L/de?l=—Y (x;—a 3,

Ly, = O°Ljop® = 6n/i* Lyy3 = 3*L/0p*0k = —n/p>,
E331 = asL/ﬁota)uz = 1\4233 = asL/aﬂa;LZ = 0 N 24333 = 63L/5)»3 = n/j:s

The estimated variances and coveriances of the MLE are given as the
elements in the inverse of the matrix {—L;;} all evaluated at the MLE.
Hence,

611 = =061, = n/(2zﬂ3D),

613 = —63= —3n z (x; — —48)~'/(24°D),
i=1
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G,y = (I/ZZZD){n[Zi (x;—a)"3—=(3/2) i (x,— ) zJ_
i=1 i=

-/ [2 (x— )" ”

033 = ("z/ﬁa'D)l:): i (x; — &3 — (3/2) i (x; — 4)" % — "2//13],
i=1 i=1

where,
= (n/zﬂfm{n[ﬂt S =B —(32) Y (=9 — n)f/m}
i=1 i=1
n 2
— (9/2)[2 (xi*&)‘lJ }
i=1
APPENDIX B
u=R, = ¢(t,) — ko(t,)
where

=JVAMt—)[1=(t—a)ul, t, = /At—a)[1+(—a)/ul,

k = exp(24/u), and ¢(-) is the cdf of the standard normal distribution.
uy = u/oa = [kt f(ty) — 2 f(t)]/[2(¢ — )],
Uy = 0u/Op = {/ Mt — o) [f(t) = kf (t2)] + 2kAg(t,)} /12,
uy = 0u/0A = [t, f(t,) — kta f(t2)1/22 — 2k(t,)/ 1,
uy = 0%u/oa® = {(2 4 tt,)[kt, f(t;)) — to f(t1)] — kt, f(t5)
+ £ f(t,)}/[4(t — 2)?],
Uy, = 0%u/0adp = {\ /AUt — ) (1 — t;£,) [kf(t2) — £(¢,)]
— 22kt f(t2)}/20%(t — )],
uyz = 0%uf0udi = [ty(t7 — 1)f(ty) + kt; (1 — £3) f(¢2)]/[2/4(¢ — )]
+ ke, f(£5)/[pt — )],
Uy, = 0*uf/op® = {Mt —a)[kt,f(ty) —t, f(t,)]
— A2k p(t2) (24 1) — 24/ Mt — o) [22kf (t2) + kpef (£2) — uf (£1)1} /s
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Uys = 0%u/opoi = {\/(t — )/AT(1 — 1) f(t,) + kf (£2)(t3 — 1 — 42/p)]
+ 2k[t5 f(t2) + 2(1 + 22/Wp(2)1}/ 2047,

Uz = 0*uf02? = (1/422)[kto(1 + 13) f(ts) — t,(1 + 1) f(2)]
— Ck/W e, f(t2)/2 + 26(t5)/ul,

where f() is the pdf of the standard normal distribution.

REFERENCES

BARNAIJEE, A. K., and G. K., BHATTACHARYYA (1979): «Bayesian results
for the inverse Gaussian distribution», Technometrics, Vol. 21, 247-251.

BOX, G. E. P, and G. C,, TIAO (1973): Bayesian Inference in Statistical
Analysis, Addison Wesley.

CHAN, M. Y,; A. C, COHEN, and B. J.,, WHITTEN, (1984): «Modified
maximum likelihood and modified moment estimators for the three para-
meter inverse Gaussian distribution», Commun. Statist. Simula. Computa.,
13(1), 47-68.

CHENG, R. C. H,, and N. A. K. AMIN, (1981): «Maximum likelihood estima-
tion of the parameters in the inverse Gaussian distribution, with unknown
origin», Technometrerics, Vol. 23, no. 3, 257-263.

CHHIKARA, R. S., and S. L., FOLKS (1977): «The inverse Gaussian distribu-
tion as a lifetime model», Technometrics, vol. 19, no. 4, 461-468.

DUMONCEAUX, R., and C. E.,, ANTLE (1973): «Discrimination between the
lognormal and Weibull distributions», Technometrics, Vol. 15, 923-926.

ENGELHADDT, M., and L. J., BAIN (1979): «Prediction limits and two
sample problems with complete or censored Weibull data», Technometrics,
Vol. 21, 233-237.

HOWLADER, H. A. (1985). «Approximate Bayes estimation of reliability of
two parameter inverse Gaussian distribution», Commun. Statist.-Theor.
Meth., 14(4), 937-946.

JONES, G., and R. C. H,, CHENG (1984): «On the asymptotic efficiency of
moment and maximum likelihood estimators in the three parameter inverse
Gaussian distribution», Commun. Statist.-Theor. Meth., 13(18), 2307-2314.

LINDLEY, D. V. (1980). «Approximate Bayesian methods (with discussion»,
Trabajos de Estadistica, Vol. 31, 232-245.

LYE, L. M.; S. K, SINHA, and C. BOOY (1988): «Bayesian analysis of the T-
year events for flood data fitted by a three-parameter lognormal distributio-
n», Civ. Engng. Syst., Vol. 5, 81-86.

61



TRABAJOS DE ESTADISTICA. Vol. 6. Nim. 1, 1991

MAHMOUD, M. (1983-1984): «Maximum likelihood estimation of the para-
meters of the inverse Gaussian distribution, with unknown origin, from
censored samples», Ain Shams Sci. Bull.,, no. 25, part A, 121-134.

MAHMOUD, M. (1984): «Asymptotic variances and covariances of maximum
likelihood estimators of parameters in the inverse Gaussian distribution,
with unknown origin, from censored samples», The Egyptian Statistical
Journal, Vol. 28, no. 2, 115-125.

PADGETT, W. J. (1979): «Confidence bounds on reliability for inverse Gaus-
sian model», IEEE Trans. on Reliability, Vol. R-28, no. 2, 165-168.

PADGETT, W. J. (1981): «Bayes estimation of reliability for the inverse
Gaussian model», IEEE Trans. Reliability, Vol. R-30, 384-385.

PADGETT, W. J,, and L. J., WEI (1979): «Estimation for the three parameter
inverse Gaussian distribution», Commun. Statist-Theor. Meth., 8(2), 129-137.

PROSCHAN, F. (1963): «Theoretical explanation of observed decreasing
failure rate», Technometrics, vol. 5, 375-383.

SINHA, S. K. (1986): Reliability and L ife Testing, Wiley Eastern Ltd/Halstead
Press.

SINHA, S. K., and J. A,, SLOAN (1988): «Bayes estimation of the parameters
and reliability function of the 3-parameter Weibull distribution», IEEE
Trans. Reliability, Vol. 37, no. 4, 364-368.

TIERNEY, L., and J.,, KADANE (1986): «Accurate approximations for poste-
rior moments and marginals», J. Amer. Stat. Asso., vol. 81, no. 393, 82-86.

62



