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This note reviews the occurrence of Riccati's equation in three birth-death type
processes, and outlines their solutions.
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The structure of the partial differential equation for the probability generating
function (p.g.f.) of processes of the birth-death type is such that its solution often
involves a Riccati equation. It is interesting to consider three known cases where
such an equation arises, and outline the solutions obtained.

1. THE BIRTH-DEATH PROCESS WITH TIME-DEPENDENT PARAMETERS.

Suppose that a linear birth-death process X(t) has the birth and death rates A(t),
J(t) respectively, where t = 0 denotes time. Then, if the p.g.f. of the process is

O(s;0t) = Z P (O)s?,  |s|<1,

where P, (0,t) = Pr{X(t)= n|X(0)=1}, this is known to satisfy the partial differential
equation
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oD/ot = { Mt) s - () Hs-1} 0®/os (1.1)
with initial condition ®(s; 0,0) = s. The auxiliary equations are
dt/-1=ds/ { Mt) s- p(t) }{s-1}=d®/0. (1.2)

In the noh—trivial case A(t) # cpu(t), where c is some positive constant, Kendall
(1948) noted that '

ds/dt=-A(t) s2+ { Mt) + J(t) Is - (o) 1.3)

was a Riccati equation for which a general solution was available. Writing s= 1+ w'l,
Kendall effectively found

dw/dt= { A(t) - u(t) Iw + A(t)
with the solution
we PO - Jo Av)e PWdv = ¢
or
(s-1)le PO - [o ) Av)ePMdv=c,, (1.4)

where p(®) = [g (M- R} du, p(¥) = [0, {AW)- p()} du and ¢, is an
arbitrary constant.

The p.g.f. of the process is thus given by
D(s; 0,t) = f( (s- 1)yTe PO - [ A(v) ePMdv),

where f(°) is an arbitrary function such that @(s; 0, 0) = f((s- 1)) = s. Itis readily
found that

O(s; 0, t) = { A(t) + (1- A(t)- B(t) ) s }/ {1-sB(t) }, (1.5)
where

B(t) = o9 Mv) € PM dv} {e PO+ [, A(v) e ~PM) dv },
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and
AR ={e PO+ f,  Av)e PMdy - 1} {e PO + [, (V) e-PM) dv}.
From (1.5), one obtains
P(t) = A(t), P, =(1-P,(t))(1-B()) B! nx1, (1.6)
and

E(X(t)) = eP®, Var(X(t)) = €20 [, e-P" {A(v)+ p(v)}dv.

The probability of extinction P,o(t) when A(t) # j(t) will tend to 1 ast — o
when A(t) < u(t). For one can readily see that '

e PO - 1= [ {u(v) - Av)}e PW dv,
so that
Pio® = A® = { gy BV e PMdv 1/ {1+ gy m(v) e PV dv},

which tends to 1 as t — oo, provided f(o,‘,‘_,) w(v) e PV dv diverges as it does when
A(t) < u(t). A similar result holds when A(t)= p(t), but when A(t) > p(t),

limg_, oo Pyo(t) = { Jgoy W(V) € PO dV}/ { 1+ gy m(v) e PMdv } <1,

where ,f(o,oo) u(v) e P dv converges. Further details of the process may be found
in Kendall (1948).

2. A BIVARIATE PARITY DEPENDENT PROCESS.

Ten years ago, Gani and Saunders (1976) considered a population of cells
following a linear birth-death process, in which { X\ (t) },_o, . denoted the
numbers of cells of parity k=0,1,...,n,... respectively, where X, (t) cells had given
rise to k offspring. Here, if the birth and death rates are A, W (constants), the
o S Xk ) of the process satisfies the partial

weny!

differential equation
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0D/ dt =% (AsyS,; - A+W) s+ 1) oD/ ds,  k=0,1,...,00,

with initial condition ®(s,s,,...;0)=s,, for simplicity.

2.1

The equation above has so far proved intractable, but some simplification of
the model is possible. For example, if R (t) = £, X, (t) is the number of cells

which have given rise to one or more offspring, and we write
G(sg, 815 1) = D(Sp, Sp»---8; )= E( 5,%00 s,R10),
it is readily seen that this satisfies the partial differential equation
0G/0t = { Asgs; - (A + Wsy+ W HOG / dsg)+ { Asgs, - (A + Ws; + LHIG / 9s)),
with initial condition G(s, s;; 0)=s,.
The auxiliary equations are
-dt/ 1 =dsy/ { Asgs - (A + Wsg+ u} =ds, / { Asgs; - (A + s, + p} = dG/0,
so that
-dsy/dt= Asgs - (A + Wsg+u, - ds;/dt= Asgs;- (A + W)s, +HL.
It is readily seen that
(Sp-8;) e " Mt= ¢ or sy= s +c e®y
where ¢, is an arbitrary constant, so that
-ds;/dt= As 2+ { Ac;e MOt (hap)}s, + 1,

which is once again a Riccati equation.

(2.2)

23)

(2.4)

In their recent paper, Srinivasan and Ranganathan (1983) reduce this, by a
series of transformations to a modified Bessel's equation. Setting x=-c,e A+

(2.4) becomes

ds;/dx= - A A+ s ?2xt+ { A+p) '+ x1ls, - L A+p)t x1

(2.5)
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and the usal transformation s;= (A + W) x AU z7(dz / dx) for the Riccati equation now
leads to the second order linear equation

(d?z / dx?) - A+W)! (dz/ dx) + p(A+)? zx2=0. (2.6)

The further subtitution z=y x2 exp(x/2(A+p)) followed by w= x/2(A+L) transform
(2.6) to the modified Bessel equation

w2 (d?y / dw?) + w (dy / dw) - (w? +'m2) y=0, 2.7
withm?= (A - W) /2(A+ W) )%

The solution of (2.7) is known to be

y= Al (w)+ BK_(w)
- where I_(w) and K (w) are modified Bessel functions of the first and second kinds
respectively. Srinivasan and Ranganathan (1983) show, on retracing the
substitutions above, that
{2As;- A+p)xt - 1K, (W)-K'ry (W)} {T' iy (W)-[(2As)- A+p))x ! -1]1, (W) H=c,,
where ¢, is an arbitrary constant.

The general solution for G( s, s,; t ) is given by

G(sg, 845 t)= f(c,.cp) s

where f(:,-) is an an arbitrary function such that G(s,, s;; 0)= s,. Using standard
arguments, Srinivasan and Ranganathan finally arrive at the result

G(spSp5t) = (A+L)RA) L+ 271 (5y- 5, Je M 1- HM,- 27TA (54- s )e At} (2.8)
where
N={[A+)(1- 20)K ,(8)- Al 59~ $)K'y(O)]}/ AL 50~ 5)T'1y(6)- [(A+p)(1- 20)I,(8)],

0=A(s;+s9) /20 + W), H(o, B) = { al'y(B) + K'n(B) }/ { oly(B) + Kp(B) }-
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3. THE TWO-SEX POPULATION MODEL.

Goodman (1953) in an early Biometrics paper, discussed the two-sex
birth-death process consisting of a populaion X(t) of females, and Y(t) of males in
which the females alone give birth to females with rate Ap and males with rate Aq
(p+q=1). The death rates for females and males are L and p' respectively. Goodman
obtained some moments of the process, and Srinivasan and Ranganathan (1983) were

able to extend his results, also drawing attention to the relationship of this model
with the parity dependent one.

An early attempt by Tapaswi and Roychoudhury (1983) to solve the problem
fully was not entirely successful, but their more recent paper (1985) has provided a
basic solution in all its analytic complexity. Gani and Tin (1986) obtained the same
result simultaneously, though concentrating somewhat more on the structure of the
process.

It is easy to show that if

D(s;, 553 8) = T, Pyy() 8,557 = E(sXO5Y0) | x,y =0,....00,
is the p.g.f. of the process, then

0@/ dt= {Aps,*+ Ags;s, - (A+1)s,+1} (0D / 3s)) + W'(1- 5,)(dD / Is,) (3.1)
with the initial condition ®(s,, s,; 0)=s,, for simplicity. The auxiliary equations are

dt/-1 = ds,/{ Aps;®+ Aqs;s,- (A+W)s, + u} = ds,/ {p'(1-s,)} = dP/0.
From these, we obtain

(1-s,)e"Ht= ¢,
where ¢, is an arbitrary constant, and
ds)/ds,= Ap s/ {W(l-8)}+ {Ags,-A-p ks, /{u(1-s)} + p/{pd-s)} (3.2)
which is again a Riccati equation. While Tapaswi and Roychoudhury (1985) reduce

this to a confluent hypergeometric equation, we outline here the equivalent but more
direct approach of Gani and Tin (1986).
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Writing s,= W'(s,- 1)/ Apz(dz/ds,) and s,= 1- 6, we obtain
6% (d?z/do? + O/ W) (W- - Ap - Ag6) (dz/d6) + (Aup/u?) z=0 3.3)
This is solved by using the standard method of the Frobenius power series
z(0)= Z,A,6™m  n=0,1,..,00, A20
There are two solutions z,(0) and z,(8) of (3.3) corresponding to the roots
m;=Ap/ ' and m,= p/ p' of the indicial equation. We finally obtain for the case

Ap#

D(sy, 853 8) = (Ap)! {[ H(w,w',v) Hy(Wir) - Hy(p, ') Hy(o,p'yv) e - (et
['H,(u,p,v) Hy(1,0,r) - H,(1,0,1) Hy(b,uw',v) e - @ t]-1}  (3.4)

where u = Ap(s;- 1), v=1-s,, r=(1-5,) e, b=Aps;- u, and

H, (W,,1'W,,0)0M = (w -Apw,)z,(0) + WOw,z',(6) ,

H,(w,,'w,,0)0 W= (W -Apw,)Z,(8) + 1L'OW,z',(6) .
A similar, but slightly more complex result holds when Ap= L.

We note that when t — oo, the probability of extinctionis 1 if Ap <p and
M/Ap if Ap > p asone would expect.

4. CONCLUDING REMARKS.

The Riccati equation has the general form

ds/dt= P(t) s2+ Q(t) s + R(t) 4.1

and may be transformed into a linear differential equation of the second order by the
substitution

s= - (P(t)z)!(dz/dt).
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This leads to
P( d?z/d?)- (PQ+(dP/dt)) (dz/dt)+P?Rz = 0, 4.2)
and the above procedure was used to obtain the solutions of Section 2 and 3.

It is also true that if one solution s= s,(t) of the differential equation (4.1) is
known, then the transformation s= s,(t) + w! will allow (4.1) to be integrated
directly. In Section 1, s,(t) =1 was a solution of (1.3), and the transformation
s= 1+ w ! led to the complete solution of the first order differential equation.

It is interesting to note that the structure of birth-death type processes is such '
that they will often give rise to a Riccati equation of the form (4.1), for which a
useful solution can be found.
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