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A NOTE ON STABILITY OF MULTIVARIATE DISTRIBUTION
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ABSTRACT

In this note, we give an elementary proof of a characterization for stability
of multivariate distributions by considering a functional equation.
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1. Introduction.

A probability measure x on R¢ is said to be stable if there are sequences {X,}, {an},
and {b,} such that {X,} are independent and identically distributed R%-valued random
vectors, a, € R%, b, > 0, and the distribution of b1 f:l X; —a, converges to p. As is well

i=

known, u is stable if and only if, for each ¢; > 0 and ¢y > 0, there exist ¢ > 0 and a € R?

such that the characteristic function g of u satisfies
(1) fcit)i(cat) = (ct)e™, vt e R

In this case, ¢ is uniquely determined by ¢ = (¢f + ¢ )%, with the characteristic exponeﬁt
0 < a <2, independent of ¢; and c;.

It is natural to ask what if we only assume (1) is satisfied by a single collection of
¢1, ¢2, ¢ and a. The purpose of this note is to present an elementary proof of the answer:

in most of the cases, this much weaker condition characterizes the stability of u. Our
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approach is to reduce the characterization problem to solving a functional equation. The

main theorem in this note is applied in Zeng (1989) to characterize multivariate stable

distributions via random linear statatistics.

2. The Main Theorem

The main result of this\note is

Theorem 1. A probability measure x on R? is stable if and only if there exist positive
numbers ¢g, ¢, ¢ and a € R? such that a and 2 are non-commensurable (i.e., there are
¢ ¢

m C n .
no integers m and n such that (c—l) = (—2) ), and the equation (1) holds.
c c

We first prove a lemma.

Lemma 1. Let f : (0,00) — R be a monotone function, and let a,b € (0,1) be non-

commensurable. If

(2 flaz) + f(bz) = f(z), V& >0,

then f(z) = cx®, where a® + b* = 1, and c is a constant.

Proof. Without loss of generality, we can assume that f is nondecreasing, not identically
zero,a < b,anda+b=1 (ie, a=1).

Let ¢ = ix;o (—f%—)), then ¢ # 0. For any é > 0, it is clear that if kz < f(z) < Kz on
(aé,6) for some k and I, then the same inequalities hold on (aé, c0). this implies that

3) o= it (122),

0<z<é x

where 6 is any positive number. We will show that for any € > 0, ﬁf) <cgeforalz >0,

so that the lemma follows.
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Since a and b are non-commensurable, the set {a™b™ : m,n € N} can be indexed as a

€

2|e|

dn ):1. Let ¢ =

decreasing sequence 1 = ag > a; > az > -+, and lim (
Q41

n—oo

¢ # 0), then there exists ng such that

23

4) <1l+e€, for all n > nyg.

Qn+1

In light of (3), we can also find 7o < § with

@) (v
Zo

where €; = aa,, —;— By applying the equation (2) repeatedly, we have
f(wo) = flanzo) + ) f(a;z0),
jeI
where I C N is a finite set, a, + EjEI aj =1, and n > ny. It follows that
flanzo) = f(z0) - Zf(aj%)v
jeI
and hence

(5) flanay) < cxo + €230 — anjzo = ¢(@no) + €220,
jeI

for all n > ny. Let t € (a@nyTo,an,To], then t € (ant+1%o,ano] for some n > ng.

monotonicity of f along with (4) and (5) yield that

F(t) € flan®o) < c(anzo) + €239 < ct + €t,

f(?)

e <c+e, Vt € (aln,To, GnyTo),

and the inequality is valid for all z > 0.

(since

The
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Remark. If we assume f is nonnegative, Lemma 1 becomes a special case of the Lau-Rao’s
theorem (1982) on the integrated Cauchy functional equation. We give here a direct simple
proof, inspired by Shanbhag (1977), without the nonnegativeness assumption. Following
the same lines with slight modification, we can show that the some conclusion holds for a

more general functional equation
n
fx) = _d;f(a;2),
=1
where the a;’s are not commensurable, and E?___l dja§ = 1.

Proof of Theorem 1. Let u be a probability measure of R¢, i its characteristic function.
If p is stable with characteristic exponent «, then for any ¢; > 0 and ¢ > 0, there exist

¢ > 0 and a € R? such that the characteristic function /i of p satisfies the equation (1) and

. . . c1\® C2\ ¢
c¢® = cf + ¢§. This equation on ¢’s can be written as (—1) + (—2) = 1. To show the
c c
. c c . log(1 — z¢
existence of non-commensurable — and —, we observe the function é(z) = L(l—g—)
c c alogz

defined on (0,1). The continuity of ¢ on the interval (0,1) implies that for almost all of
the pairs & and 6—2, log (C—1~) / log (%2) is irrational, and hence the neccessity follows.
c c c

Conversely, let c¢;, ¢, ¢ and a be such that
jlert)ir(eat) = pct)e™™?, Ve R?,

c ¢ . .
and f; = 2 and By = 22 are non- commensurable. Then ¢ > ¢j, J = 1,2, with the
c c

equality only in trivial case, and hence equation (1) can be rewritten as
(6) APt Bat) = f(t)e™, Vi€ RL

where 0 < f1, By < 1, excluding the trivial case, and v € R%. Notice that the equation (6)

also implies that p is infinitely divisible, the Lévy canonical representation gives

A(t) = exp {iPl(t) + P(t) + /R" (eiw,t -1- T—Zi-w_hf)ﬁ) dV(w)} ,
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where P; and P, are homogeneous polynomials of degree one and two, respectively, V is a

measure on R? such that V({0}) = 0 and

[ (k) oo <=

Let « be the unique positive number determined by A% + 8§ = 1. Then the spectral

measure V satisfies

(8) v (;”—1) +dv (%) = dV (w).

Given B C Ry and B C S9-1 (the unit sphere in R%), let EB denote the set of w

such that w = su, s € E, v € B. The equation (8) implies that

/ av (3) + / av (3) = [ dv(w).

EB P EB B2 EB

Given B C §¢-!, if welet N(z,B) = f(x o) B dV(w), then N(z, B) is a monotone decreas-
ing function on (0, o0), satisfying

T

© N ( 5

B) +N (i,B) =N(z,B), Vz>0,

B2
Since f; and 3, are non-commensurable, it follows from Lemma 1 that N(z, B) = ¢(B)z ™%,
for any Borel set B C §¢!, and the spectral measure V should be of the form

(10) V(EB):/ ds"i(l“), for ECRy, BCS*,
. JeEp % :

where ® is a positive finite measure on the unit sphere S4~!. Hence, the equation (1)
together with (7) and (10) yield that 0 < a < 2, unless p is degenerate, and the spectral
measure.V is zero if @ = 2, in which case p is a normal law, or otherwise, V is given by
(10), and the quadratic form P; = 0, so that u is a stable law with characteristic exponent

O0<a<?2
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3. Further characterizations of stable laws.
The following characterizations of multivariate stable distributions through identically

distributed linear statistics (e.g., see Gupta et al) can be easily derived from Theorem 1.

Theorem 2. Let X;, X, and X3 be independent and identically distributed random
vectors in R?. Then X; has a multivariate stable distribution if and only if there exists
a, 0 < a <2, and a;,a, € R?, such that 21/°X; + a; and X; + X5, 3V/°X; + ay and

X + X, + X; are identically distributed, respectively.

Proof. Let i denote the characteristic function of X;. The given conditions imply that

1 1
2 o o
X1 +a, a € RY, is identically distributed with (5) X + (%) X3, and we have

;1( (g) : t) p( (%)i t) = a(t)et,  VteR%L

1

1
2 o 1 a
Since (g) + (5) are not commensurable, Theorem 1 implies that fi is stable with

characteristic exponent a.

We conclude with two special cases when @ = 1 and o = 2.

Corollary. Let X;, X3 and X3 be independent and identically distributed random vectors
in R%. Then
» (1). X, has a multivariate stable distribution with Cauchy marginals if- 2X; and
X1 + Xy, 3X, and X; + X3 + X3 are identically distributed, respectively.
(2). X; has amultivariate normal distribution (possibly degenerate) with zero location
vector if and only if vV2X, and X; +X,,v/3X; and X, +X;+ X5 are identically distributed,

respectively.
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