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FAITHFUL HOMOGENEOUS SPACES OVER COMMUTATIVE
GROUPS AND TST-SPACES

VLADIMIR VOLENEC

ABSTRACT

A set Q is a faithful homogeneous space over a commutative group iff there

18 a family S of mappings such that (Q,S) is o TST-space.

If a group (G, o) of mappings acts strictly transitively on a given set X, then X is
said to be a faithful homogeneous space over the group (G, o), in accordance with [1].

In [2] the notion of a parallelogram space on a given set is defined and it is proved
that there is the structure of a parallelogram space on a given set Q iff @ is a faithful
homogeneous space over a commutative group.

In [3] the notion of a TST-space is defined (see [4]). A TST-space (@, S) is a nonvoid
set @ with a family S of its involutory mappings (which are called symmetries) such that
S acts transitively on Q and from o1,02,03 € S it follows o3 0 02 0 07 € S, where o is the
composition of mappings. In the same paper [3] it is proved that there is the structure of
a parallelogram space on a given set @ iff there is a family S of its mappings such that
(@, S) is a TST-space.

From these two results it follows immediately the following theorem.

Theorem. A set @ is a faithful homogeneous space over a commutative group (7, 0) iff
there is a family S of its mappings such that (@, S) is a TST-space.

But, we shall give here a direct proof of this theorem.
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Let @ be a faithful homogeneous space over a commutative group (T,0), i.e. let this
group act strictly transitively on the set Q.

For any a,b € Q let us denote by 7,3 the element of T such that 7,,5(a) = b. Then
we have identities

T, 1} = Tb,ay
Ta,b © Th,e = Tb,c © Ta,b = Ta,c
and for any a € @ the mapping 7, , is the identity. Now, for any a,b € Q we define a
symmetry oo : @ — Q by the equivalence
(1) Tap(c) =d <> 1,(d) =0,
which can be written in the form

(2) Oap(c) =d <= Tac = T4y

From o4(c) = d, i.e. 7o = T4y, it follows by the commutativity of the group (T, 0)

successively

(Td,b o Tc,b)(a) = (Ta,c o Tc,b)(a) = (Tc,b o Ta,c)(a) = Tc,b(c) = ba

ie.

Tc»b(a) = TJ:I} (b) = d1

OF T¢p = Ta,d- But, 744 = 7 implies by (2) o,,5(d) = c. Therefore, from o, (c) = d it
follows o4 5(d) = ¢ and every symmetry is an involutory mapping. Because Ta,a = Tbp (the
identity), from (2) we conclude that o, 4(a) = b and the family S of all symmetries acts
transitively on the set Q. We shall show that this action is strict. Indeed, let a,b € Q

be any elements. It suffices to show that oca(a) = b implies 0.4 = 044, i.e. that from



Faithful homogeneous spaces over... 287 -

oc,d(z) = y it follows o4 (z) = y. According to (1) we must prove that from 7q(b) = d

and 7. .(y) = d it follows 7, .(y) = b. But, we obtain successively
Ta,t(y) = (Ta,c o Tc,z)(y) = Ta,C(d) = Tc.,al(d) =b.

Therefore, for any a,b € Q and any ¢ € S from o(a) = b it follows 6 = 0,;. Now, let
01,02,03 € S be any symmetries. Let a € Q be any element and b = o1(a), ¢ = o2(b),

d = 03(c). Then 01 = 043, 02 = Op,c, 03 = 0,a. We shall prove the equalities
(3) Ob,c©0qb = Ta,ey; O0d,c©0a,d = Ta,c:

Let =z € @ be any element and y = 04,(z), 2 = 0b,c(y). Then we have by (2) 74,z = Ty,

Tb,y = Tz,c and it follows
Ta,e = Ta,z O Tz,c = Ty,b O Tz,c = T':; 0Tz, = Tz—,,::l OTz,e = Te,z 0 Tz,e = Tz,zy
ie.
Ta,e(T) = 2 = 0p,c(y) = (0b,c 0 04,5)()-
Therefore, we have the first equality (3). The second equality (3) can be proved analo-
gously. But, from (3) it follows

-1
Oad =0y 00becO0ab = 0cdO0b,cO0qp = 03002007,

i.e. 03 007 00y is a symmetry. We have proved the following proposition.

Proposition 1. If Q is a faithful homogeneous space over a commutative group (T, o)

and if S is the set of all symmetries defined by (1), then (Q, S) is a TST-space.

Now, let (@, S) be any TST-space, i.e. let S be a family of involutory mappings
(symmetries) of the set @ which acts transitively on @ and such that 01, 03,03 € S implies

0300900, €S.
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The involutority of symmetries implies obviously their bijectivity. Let T be the family

of all compositions of two symmetries. If 63 0 07, 64 003 € T, then
(04003)0(02001) ! =g400300100, €T.

because of 03 0 07 0 03 € S. Therefore, (T,0) is a subgroup of the group generated by all

symmetries. Moreover, we have
(04003)0(03001)=040(0300300,) ) =a4001003003
= (04001 003) 003 = (02007)0(04 003),

and (T, o) is a commutative group. In [3] (see [4]) it is proved that the family S acts strictly
transitively on @, i.e. that for any 01,0, € S and any a € @ from o;(a) = o2(a) it follows
01 = 0. Then transitivity of T on Q follows immediately from the transitivity of S on
Q. But, in [3] it is proved that T acts strictly transitively on Q. Indeed, let 71 (a) = 72(a)
for any 71,7 € T and any a € Q. Then, for some o € S we have (¢ 0 71)(a) = (o 0 72)(a).
But, 0 o1,007; € S and hence 0 07y = 0 07y, i.e. T = T5. Therefore, @ is a faithful

homogeneous space over the group (T,0). For any a,b € Q let 0, € S resp. 7, € T be

such elements that o, 3(a) = a resp. 7q,5(a) = b. Then for any a,b,c € Q we obtain
(05,c 0 04,p)(@) = 0,c(b) = ¢ = 75,(a),

i.e. Opc 00, = Tae Let us prove the equivalence (1). Let o43(c) = d. Then we have

04,5(d) = c and from o} (b) = c it follows o} o(c) = b. Therefore, we get

Ta,o(d) = (03,c 0 0a,p)(d) = 03,c(c) = b.
Thus, we have proved the following proposition.

Proposition 2. If (@,S) is a TST-space and T the family of all compositions of two
elements of S, then (T, 0) is a commutative group, @ is a faithful homogeneous space over

it and the equivalence (1) holds.



Faithful homogeneous spaces over... 239

Propositions 1 and 2 prove our Theorem.
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