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A SHORT NOTE ON REPRESENTATION OF
L-FUZZY SETS BY MOORE'S FAMILIES

Pedro J. Burillo Lépez
Ramon Fuentes Gonzdlez

Let E be a nonvoid set and (L,v,A) a lattice. An L-FUZZY
MptE > L (Goguen [1]). The case L=[0,1] has the
usual definition of a fuzzy set (Zadeh [2]). Let L(E,L) denote

SET A is any map

the class of all L-fuzzy sets over E. Being L a bounded lattice
(with zero 0 and unit 1) a classical set can be interpreted as

your characteristic function and can be considered P(E)C L(E,L).

The operations v, A induce operations U and N in L(E,L).

(L(E,L),U,N) has the same structure as (L,v,an).

For every L-fuzzy set A€ L(E,L) we shall consider the ordi-
nary subsets of E, so called a-cuts of A,

Aa={x|xe E, uA(x) > o} € P(E)
AB={x|xe €, u,(x) <B8}ep()

and the families FA={A } G ={A6} ,with well known proper-
® aelL geL
ties. Among them we shall emphasize that

a) Fa and G

A characterize the L-fuzzy set A, that is to say

A= B, Vael = A=B and AP=gP ygeL = A-8.
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b) If L is a bounded lattice then A°=A1=E YAe L(E,L) and if L

is a complete lattice and H Is a nonvoid subset of L then

n A = A N AB = Ainf H.

aen © sup H' g¢y

Generaly a family F C P(E) is a Moore's Family (Dubreil,

Dubreil-Jacotin [3]) if E€F and N MeF YF' CF. According
ME€EF!
to b), if L is a complete lattice (therefore a bounded lattice)

then FA and GA are Moore's Families.

Let A€L(E,L) and x € E. The ordinary subset
x={ae leeAa}={a€L|uA(x) >a}=(uA(x)1 C L is the principal ideal

of L generated by uA(x). It may then be
uA(x) = sup Tx eTx (1)

Similarly T*={B e L|x e AP} is the dual ideal (filter) gene-
rated by uA(x) and
up(x) = inf TOe T (1)
(1) and (1') are representations of the L-fuzzy set A. Being L a
bounded lattice, the next lemma shows that (1) and (1') can be

stated by means of the families {A_ } and {AB}
o o €L BeL

Lemma 1. If L is a bounded lattice and A€ L(E,L) then

1) T ={inf{a,f, (x)}]|aelL} ¥ x € E, where f is the cha-
X Aa Aa
racteristic function of Aa C E.
2) T*={sup{B,f (x)}|BeL} ¥V x€E, where f is the
(AB)C 6.c . (AB)C
characteristic function of (A°)~ (complement of A").

Proof 1) If a €Tx then x eAa and fAu(x)=l and
infla, f, (x)}= ashowing that T Clinf{a, f, (x)}|aeL}. 1f yelL
o o
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then inf{y, f, (x)} e {0,y}. If it is O then is belongs to the ide

al T

Y
x» if it is y then xe AY showing that {inf{qa, an(x)}lae L}CT.

2) Using the duality principle we infer 2).

Now let g be the L-fuzzy set ua(x)=av x €E, we have the

~

Corollary 1. If L is a bounded lattice and Ae L(E,L) then

a) A

U(g N Aa)

b) A

[}

n(g u (AH))

where Aa and (AB)C, subsets of E, are viewed as L-fuzzy sets and
U, N are operations in L(E,L).

Proof. It is trivial from lemma 1.

Note that the known formula of the membership function of a
fuzzy set A (where L=[0,1]) is a particular case of the corolla-
ry 1 a). Observe however that in corollary 1, L need not be a com
plete lattice. The formulas (1) and (1') are rcpresentations of
an L-fuzzy set A using the families FA and G,. Now we shall ana-

lyse the next question, to establish L-fuzzy sets using certain

families of subsets.

Theorem 1. Let 8 be verifying
1) 6: L » P(E)
2) gla) noa(p)=6(avg) VY(a,B)el x L

3) For all xeE the subset R ={ojael, xe8(a)} has ma-

ximum.

Then Rx is an ideal and uA(x)=max Rx ¥xe E is an L-fuzzy
set A with Aa=e(a) Voe L.

Proof. RX # ¢ by 2). If o,B€ Rx and ye L then xe€ 8 (a) and
x€0(g) and so xe 8(a) N B(B)=6(avp) that is avpe Rx. Since
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a=av(aay) we conclude that 8(a)=6(a) N 0(any), that is
8(a) C 8(aay) proving that aay€R . We conclude that R is an

ideal.

Let A be the L-fuzzy set uA(x)=max Rx ¥x € E and let Aa be
the subset Aa={x‘uA(x) > al. If x¢€ Aa then o € Rx’ because Rx is
an ideal and uA(x) €R., and we conclude that x € 8(a). Conversely

if xe6(a) then o€ R, that is uA(x)> a proving that x €A .

The theorem 1 has the following dual statement

Theorem 1'. Let 9 verifying
1) 6: L = P(E)
2) 8(a) N B8(B)=6(urB) ¥(o,B) €L x L.

3) For all x € E the subset Rx={B|Be L, xe€8(B)} has mi

nimum.

The R® is a dual ideal (filter) and uA(x)=min R® wxeE is
an L-fuzzy set A with A8=9(B) ¥R € L.

The next example shows that it can not be generally inferred

from theorem 1 that N 6(a)=6(sup H) VHCL, H # g.
a€H

Example 1. Let E be the interval [B,N)CR and L the sequence of

rational numbers (an)=(3,3.1,3.1&,3.1&1,3.1&15,...) i.e.a Jlgzgl
where n = 0,1,2,... and [x] is the entire part of x. L is noloa
complete lattice (7 sup L). We shall consider 6(a)=[o,7) Vo€lL.
8 satisfies 1) 2) and 3) of the theorem 1. Observe that 6(sup L)
lacks any meaning and N 8(a)=4.

o€l

In this way, if L is a complete lattice, theorem 1 can be
stated as follows.

Theorem 2. Let L be a complete lattice and let 6§ be a Moore's Fa-
mily in E,8:L » P(E) verifying
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N 8(a)=6(sup H) YHCL, H#4
a €H

then uA(x)=sup{a|a€ L, x€0(a)} is an L-fuzzy set A€ L(E,L)
whit Aa=6(a) Yo € L.

Proof. It suffices to show that UA(x)E Rx' From

N 6(a)=6(sup R )=6(u,(x)) it is obvious that p,(x) e R .
aeR X A A X
x

Similarly, the theorem 2 has a dual statement.
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