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AN ALGORITHM OF CALCULATION OF
LOWER SOLUTIONS OF FUZZY
RELATIONAL EQUATIONS

Antonio Di Nola

ABSTRACT

The paper deals with the problem of the deter
mination of lLower solutions of fuzzy relatio-
nal equations. An algorithm of calculation of
such a solution is presented.

1. Introduction.

An extension of well known Boolean equations was provided
by Sanchez [4] by introducing the fuzzy relational equations in

order to describe fuzzy systems by means fuzzy relations.

In [ 4] and [5] the method of resolution of fuzzy relational

equations was given.

In [ 1], [2], [3] and [6] the authors obtained further theo-
retical results dealing e.g. with lower solutions of the fuzzy
equations and their algebraic characterization. In this paper we
present an algorithm of calculation of lower solutions of fuzzy

relational equations.
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2. Basic definitions and notations.

Let L denote a fixed totally ordered lattice with universal
bounds 0 and 1. Let's denote by '"'"A' and "V' the meet and join

operations in L, by " <" the ordering of L.

Let X be a nonempty set and F(X) = {A: X > L} the set of
all fuzzy sets of X [7]. F(X) is a complete lattice with respect

to the following relation and operations defined for any x € X:

A<B iff A(x) < B(x),

(AAB) (x) A(x)AB(x),

(AvB) (x) = A(x)¥B(x),

where A, Be F(X).

Definition. A fuzzy relation R between two nonempty sets X and Y
is an element of F(XxY). We define inverse of R the fuzzy rela-
tion R Ve F(XxY) as:

R-I(Y,X) = R(x,y) for any (x,y) € (XxY).

Definition. Let be Qe F(XxY) and Re F(YxZ) two fuzzy relations.
We define the fuzzy relation Te F(XxZ), T=RoQ as:

(RoQ) (x,z) = Vv [Q(x,y)a R(y,z)] ¥(x,z) e (Xx2).
y€ey

Definition. We define the fuzzy relation Ue F(XxZ) as:

Ulx,z) = (Q@R)(x,2) = A [Q(x,y) o R(y,z)]  ¥(x,z) e (xxz)
yeyY )

where
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1 if Q(x,y) <R(y,z)

Q(x,y) o R{y,z) =
R(y,z).

v

R(y,z) if Q(x,y)

Let suppose that X = {x;,...,x }, Y = {y;,...,y,}

Z = {21,1..,zp} are finite sets, we put hh = {1,...,n} the set
of first n natural numbers and IO = @§. Furthermore we put:
Vodel s el kel |

Q(xi,yj) = qij

T(xi,zk) =t

R(yj,zk) = rjk'

Now let's consider the fuzzy relational equation
RoQ = T (1)

where R is an unknown fuzzy relation. Let R denote the set of

all solutions of Eq. 1, and let's suppose that R # @, then the

relation S = Q_] o T is the greatest element of R (see [4]).

From now on we suppose that R # 0.

3. Lower solutions.

We call lower solution any element L or R such that the fol-

lowing proposition holds
""for any Re R,R <L implies R = L',

Now we establish a theorem for determining a lower solution

of Eq. 1.

Let's consider for any he ]m and for any ke ]p the sequences
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G e
h

of h different elements of lm such that, by defining the sets

B('j(w)’swk) = {ie In/qij(w)Aswk = tik} (2)

where

s = V t; (3)

ik
Wkie e IO NI
Wlelw‘]

for we Ih’ it must be

¥ i€l v q..,y As =t (4)

noLe ]h IJ(W)\ wk ik

Let's denote by TI'(h,k) the set of the sequences above defi-

ned for any h €lm and for any ke 1

Theorem. For any kel , let h(k) E]m be an index such that for
any h'<h(k) it is I'(h',k) = @ and T(h(k),k)#8. Furthermore let

V(D=0 ey

and

y(h(k),k) e T(h(k),k)
then we have that the fuzzy relation Re€ F(YxZ) defined as:

s Yw e |

Vokel wk h (k)

( -
Tiw)k
- (5)
rig = O Vjelm~{j(w)}we]h(k)’

is a lower solution of Eq. 1,

Proof. Let's prové that firstly ReR. Indeed for any ke |p
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and for any 1 €l from (4) it follows that there exists and in-

]
dex w elh(k) such that
TeB(j(w'),s v\)
and then

G5 ) Sk T Bk (6)

Thus from (4) and (6) it follows that

‘evl lagjargyd = we"l 975 () Swkd = Tk
3Ty A h(k)

and this proves that ReR

Now let's prove that R is a lower solution. Firstly we ob-
serve that from the hypothesis it follows that for any ke Ip it

must be, for any w,w' € such that w#w', the sets B(j(w),swk)

|
h(k)
and B(j(w'),sw,k) are not confrontable with respect to the inclu

sion relation and this implies the following proposition

Mw'e 1 Twt) el such that 99 (o) g (w) APk T <81 () &

1 1
Y we Ih(k) and w # w'. (7)
Let's suppose that there exists a solution R' of Eq. 1 such
that
R' < R, (8)

then from (5) and (8) it follows that for any ke lp it is
rjk =0 Yje lm'{j(1),~-~,J(h(k))} (9)

and that there exists an index o€ | such that

h(k)



Alberto Di Nola 38

r:i(a)k < rj(a)k = Sak (10)

furthermore
! < or.

Tk S Tk M Tk (1)
By (7) then there exists 1(a) € In such that tl(a)k=5ak thus we
have that

. ‘

9y (@) j () * TStk 181 (a)k (12)

from tl(u)k = sk and from (3) and (4), it follows that
Y we lh(k) such that w#a ql(u)j(w)Aka<t1(a)k' (13)

From (11) and (13) it follows

Loy ()™ TSk “tr(ak Y We The o} (14)

Furthermore from (9), (10), (11), (12) and (14) it follows

. ! = v . Ar! t . 1
M D L9y () ) ™5 d <Erayks (15)
J weE |
m h (k)
But (15) is in contradiction with R' e R, then there no exists an

index ae€ |l satisfying (10) thus (8) does not hold, and then

h(k)
R is a lower solution.

4. An algorithm of calculation of a lower solution.

The above theorem justifies the following algorithm of cal-

culation of a lower solution R of the Eq. 1.
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Start

Put k:=1 (1)

Else h(k):=1 (2)

| f I'(h(k),k)#8 then Y(h(k),k) € T(h(k),k)

Y(h(k),k)=(J(W))w elh(k) and
Fiw)k = Swk Vowe (k)
rjk=0 Vj'e_!m—({j(w)}welh)

if k < p increase k:= k+1 go to (1)
if k = p stop.

If T(h(k),k) = @, increase h(k), h(k):=h(k)+1 go to (2).

Example. Find a lower solution of the equation RoQ = T where
Q= -3 -7 .6 1 T = 6

.5 .8 .2 b . b

.6 .3 .9 .2 - l.6

R= (0 0o .6 .4

is a lower solution.
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