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ON SOME ISOMORPHISME OF DE MORGAN
ALGEBRAS OF FUZZY SETS

F. Esteva

0. Introduction.

In this paper are studied the classes of De Morgan Algebras
(P(x),N,U,n).

With respect to isomorphisms of such algebras, being P(X) the
fuzzy sets on a universe X taking values in [0,1]1, U and N the usual
union and intersection given by max and min operations and n a pro

per ''complement!''.

So, we start from the existing results on negations in orde-
red sets and lattices 3, 12, on negation functions in lo,11 6, 7,
9, 11, on negations fulfiling either the extension principle or
the generalized extension principle in fuzzy sets 10, 12, 13, from
results on De Morgan Algebras 4, and, particularly, those concer-
ning to De Morgan Algebras of fuzzy sets 2, 5 and from results for
functionally expressable morphisms between De Morgan Algebras of

fuzzy sets 8, 11.

Following this line we obtain that only De Morgan Algebras
defined in universes of the same cardinal can be of the same class
and that, given a universe, there are as many classes as conjuga-

tion classes of involutive permutations of the given universe.

We denote by L(X) the lattice (P(X),N,YU) of fuzzy sets on the
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universe X, being N and U defined by min and max respectively, by
P(X) the Boolean Algebra of crisp subsets of X, by C the unique
‘complement of P(X), by A the complement of A€ P(X) obtained by C,
by 6x the singleton of P(X) defined by Gx(x)=1 and Gx(a)=0 when
a#x, by o the constant fuzzy set equal to o€[0,1] "and by B[O,1]
and N[0,1] respectively the set of increasing bijections from

" [0,1] to [0,1] and the strong negation functions on [0,1].

1. Automorphisms of fuzzy sets lattice L(X).

Definition 1. An automorphisms Hg of L(X) is said to be an auto-
morphism generated by a _permutation s of X if it is defined by,
H_(A)=Aes for all Aep(X).

Definition 2. An automorphism H of L(X) is said to be pointwise

functionally expressable (p.f.e. from now on) for the family
{fxe B[O,1] |xe X} if it is defined by, (H(A)) (x)=Ff (A(x)) for all
x € X and A€ P(X). '

In the particular case of befng all fx equal to the same
feB[0,1] we say that the automorphism H is functionally expressa
ble (f.e. from now on) from function f and the definition of H
will be, H(A) = f°A for all AeP(X).

Obviously HS given by def. 1 and H given by def. 2 are auto-

morphisms and so they are well defined.

Proposition 1. Any automorphism H of L(X) is extension of an auto

morphism of P(X).

Proof. For any Ae P(X) it is B = H(@) = H(A N A)=H(A) N H(A)
and X = H(X) = H(A UA) = H(A)U H(A). Then for any x€X it is
H(A) (x) AH(A) (x) = 0 and H(A) (x)vH(A)(x) = 1, so
{H(A) (x) ,H(A)(x)} = {0,1} for any xe€ X, which implies H(A) € P(X)

and as a consequence, H #(X) is an automorphism of P(X).
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Proposition 2. Any automorphism of P(X) is of the type Ho for a

certain permutation s of X.

Theorem 1. Any automorphism H of L(X) can be obtained by composi
tion of an automorphism Hs generated by a permutation s of X with

a p.f.e. automorphism. Such descomposition of H is unique.

Prdof. H P(X) is an automorphism of P(X), then from prop. 2
it is an automorphism generated by a permutation s of X. Let
H' = H o Hs-1- Clearly H' is an automorphism of L(X) by which
any A€P(X) are kept fixed as
1 = o = = - ‘ =
HU(S,) = HeH 1 (8) = H(S. 1)) = 8,137 (x)) = Ox-
So, H', for any x € X, is an increasing bijection from [ﬁ,ég to

itself, being
le,8) ={aep(X) [ <A<s 1} = {5 r aclo,1]}.

Then, fér any x € X, H' define a fxe B[0,1] given by

fx(a) = (H'(GxAg))(x). Clearly H' is the automorphism generated
by the family {fx €eB[0,1]]|x€ X}. So, H = H‘°Hs, and because of
being s univocally defined, as it is a permutation such that

HP(X) = Hs’ then the descomposition is unique.

2. De Morgan Algebras of Fuzzy Sets.

Let L(X) be the lattice of fuzzy sets on X. In order to get
a De Morgan Algebra it is necessary to define a "complement' such
that adequate properties are fulfilled. In 3, 6, 7, 11 it is clear
that such '‘complement' should be defined by an strong negation or
involution n:E(X) - E(X) such that n is non-increasing, involuti=-
ve, n(@#) = X and n(X) = p.

Now we will ,further study such strong negations.
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Proposition 3. If n be a strong negation on EKX), then n P(X) is
a strong negation on P(X).
Proof. If A€P(X), then it is 8 = n(X) = n(A UA) = n(A)Nn(A)

and X = n(#) = n(A NA) = n(A) Un(A), and this implies that
n(A) €P(X).

Then it is necessary to study strong negations n on P(X)
that are extensions of the strong negations of the lattice P(X).
Such negations are completely described in 12, 13. In order to
give the obtained results in this line, we start from results on
negation functions given in 6, 7, 11 and we recall the following

definition:

Definition 3. A negation n on i(X) is said to be pointwise func-

tionally expressable (p.f.e. from now on) from a family of nega-
tion functions {nx eN[0,1]|x eX} if for any A, n(A) is the fuzzy
set given by,

(n(A)) (x) = nx(A(x)) for any x € X.

Strong negations such that give a De Morgan Algebra structu-

re to the set of all fuzzy sets are of two types:

A.- Negations such that fulfil the extension principle 10, 12,
13 (E.P. from now on), that is, negations n such that nP(X)=C'
Such negations are characterized by the following result:

A negation n on P(X) fulfils the E.P. iff it is p.f.é.”

B.- Negations such that fulfil the generalized extension princi-
ple 12, 13 (G.E.P. from now on), that is, negations n such

that n is a strong negation on P(X).

P(X)
Such negat(ohs are characterized by the following result:
""A negation n on E(X)»fulfils the G.E.P. iff it is obtained
by composing an automorphism generated by a permutation s of
X such that 52=I with a p.f.e. negation n' from a family

1 : 1= '
{nxe N[0,1]|x e X} such that ny "d(x) for any x e X.
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Remarks. 1) The descomposition n = n‘OHS is unique and n' is ca-

Iled the p.f.e. negation associated to n.

2) If Sh is the fixed point of the negation function nes
X .
the simmetry level of a strong negation n is the fuzzy set Sh de
fined by sn(x) = s being n' the p.f.e. negation assocjiated to
X
n.

3. Classes of De Morgan Algebras of Fuzzy Sets.

Now we are going to study the classes of De Morgan Algebras

of fuzzy sets on X with respect to isomorphisms of such algebras.

Recall that H: (P(X),N,U,n) —s (P(X),N,U,n') is an isomor-

phism of the algebra if it is a bijection and it satisfies:

1]

a) H(A U B) H(A) U H(B) for any A,B e P(X),
b) H(A N B)

c) H(n(A))

H(A) N H(B) for any A,Be P(X),

n'(H(A)) for any AeP(X).

As negations we are going to use come from negation functions

we will recall the following notation and result 8, 11:

"Given a strong negation function n on [0,1] we denote by
B
Nn’ Pn and S, the negative, positive and. fixed point of n, that
is, N = {xel[0,1]|n(x)>x}, P, = {xe[0,1]|n(x)<x} and n(s;)=sn“.
"Given two strong negation functions n and n' on [0,1] the
unique increasing and bijective functions h:[0,1] - [0,1] that

commute with n and n' (hen=n'ch) are of the type hY defined by:

v(x) - : if xe N s
(1) hY(x) = S if x = s,
n'(y(n(x))) if x €eP

being vy an increaging bijection from Nn to Nn,”.
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Theorem 2. The De Morgan Algebras (P(X),N,U,n) such that n satis

fies the E.P. constitutes an equivalence class.

Proof. Let n and n' be negations on P(X) such that satisfy
the E.P. and {nxe N[0,1] |x e X}, {n;e N[0,1] |x € X} be the families
“of negation functions that define n and n' respectively. 1t is

easy to verify that (P(X),N,Un')is isomorphic to (P(x),NnuU,n')

by means of the p.f.e. isomorphism H from functions
{h_ €B[0,1]|x € X} given by:
Yx
yx(a) if a€N
X
= S if a =35 s
hYx(a) = ?x Ny
. .

n (v, (n (a))) if ae an,

being Y, an increasing bijection from Nn to Nn,.
X X
On the other hand it is clear that, if n satisfies the E.P.

and n does not, then (E(X),n,u,n) is not isomorphic to
(g(X),ﬁ,U,ﬁ) as'any isomorphism of algebras presefves complements
and transforms P(X) in_itself, and (P(X),ﬂ,u,nlp(x)) is a Boolean
Algebra but (P(X),Nn,U,n P(X)) is not.

This last result says the De Morgan Algebras of fuzzy sets
on a given universe X such that contain the Boolean Algebra P(X)
as subalgebra, are isomorphics. Then (E(X),O,U,1-I) can be taken

as a representant of the class.
.

In order to study the case of De Morgan Algebras with nega-
tions such that verify the G.E.P. it is necessary to recall that
any isomorphism H from £(X) into E(X) restricted to P(X) is an
isomorphism, that any automorphism‘of P(X) is of the type HS and
that any negation n such that satisfies the G.E.P. is descomposa-

ble in._the form n=n'oHS with n CoHs.

P(X)

Proposition 4. Hc:(P(X),U,n,CbHS) > (P(X),ﬂ,U,C°Ht) is isomorphism
iff oges = teg.
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Proof. We have to prove only that for all xeX, it is
H((Cot ) (6,)) = (CoH) (H (8) (s)

It is clear that HO((COHS)(GX)) = Ho(c(ss(x))) = Ho(ss'(xf&q(s(_x))
and (COHt)(HO'(Gx)) = (C°Ht)(60(x)) = C(Gt_(o‘(x))) = -ét(o(x))'

So the necessary and suficient condition for the equality (&)

hold is that oge°s = teg.

Definition 4. Two permutations s and t of X are said to be conju-

gated iff there exist a permutation ¢ of X such that t = g°s°g¢

Clearly such relation is an equivalence. |ts classes are ca-

lled conjugation classes and {1} is one of them.

Theorem 3. (E(X),O,U,noHs) is isomorphic to (P(X),ﬁ,U,n‘°Ht),
being n and n' p.f.e. negations on P(X), iff s and t are two con-

jugated permutations.

Proof. If the isomorphism is satisfied, then prop. 4 show

that s and t are conjugated.

If s and t are conjugated we will construct an isomorphism

H between both Algebras:

Recall that by theorem 1, it is H=Fo- Hm’ being F a p.f.e.
" isomorphism from a family {fx EB[0,1]|x € X} and m a permutation
of X. As H P(X)=Hm’ m has to be a permutation, which exist becau-

se s and t are conjugated, such that mes = teom.

. On the other hand we know that F°Hm is always an isomophism
of the lattices, so it is necessary to choose adequately the fami
ly {fxlx GX} in order to get H morphism for the negation. To mana
ge it we have only to impose the condition of being motphism to

the elements of the type GXA g.'

It is clear that, (n'eH ) ((FeH ) (8. a@)=(n'o ) (6 (  Af ()

=8 (m(x)) "™t (m(x)) Fn(x) (@)
————
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and that, (F°Hm)((n°HS)(6XAg) (Fon)(Ss(x)vns(x)(a)) =
- /'\...—/

Gm(s(x)me(S(X))(nS(X)(a))'
/—'"\_/
So to get Fon a isomorphism, it is suficient that mes = tem and
to take f =f as a function of B[0,1] which commutes
m(x) "m(s(x))
i = ! = 1 : . .
with ns(x) N and "t (m(x)) nm(x). This function always exists

as (1) shows.

Corollaryb3.1. The number of classes of De Morgan Algebras of

fuzzy sets on X is equal to the number of conjugation classes of

involutive permutations of X.

It is clear that theorem 3 says that in any class of De Mor
gan Algebras one of theﬂtype (E(X),ﬁ,U,(l-l)°Hm) can be taken as
its representative and this algebra has, as symmetry level, the
fuzzy 1/2.

4, Conjugation classes of involutive permutations.

Let X be a set, GX the group of permutations of X and IX the
- 2 _
Iy = {meGy|m 1},

set of involutive permutations,
Clearly for any me IX there are only two types of elements:

¢
a) elements which are fixed by m,

b) elements a € X such that m(a) = b # a. In that case m(b)=a.

Then we can asure that, for any me | X is descomposed in Fm’ set

X,
of elements which are fixed by m, and a family Pm of subsets ot
two elements {a,b} such that each one corresponds to the other by

m.

Proposition 5. Any permutation which is conjugated with one of
|X is of IX'
Proof. If me IX and n = somos
1

=soles = |.

2 -1 -1_ 2 -1_
, N =semes " osomes =som o5 =
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Propositién 6. If mynel, are conjugated, that is, there exist s

X
such that n = seomos ], then s is a bijection of Fm in Fn and it

transforms subsets of Pm in subsets of Pn'

Proof. If ace Fm’ then s(a) € Fn as n(s(a))=(somos_1°s)(a)=
s{m(a)) = s(a). If b = m(a) # a, then s(b) = n(s(a)) as
n(s(a))=(semes™ ') (s(a)) = s(b).

Theorem 4. m,n eIX are of the same conjugation class iff Fm is

coordinable with Fn and Pm with Pn.

Proof. Previous proposition says that the condition is nece-
ssary. Conversely, let s er the permutation which transform Fm
in Fo and a pair {a,m(a)}, with a ¢ For into a pair {b,n(b)}
with b ¢ Fn. Clearly such a satisfy sem = nes.

Corollary 4.1. If X is finite, m,n€ |, are of the same conjugation

X
class iff Fm and Fn have the same number of elements.

Corollary 4.2. If X has n elements the number of conjugation clas-

ses of IX is (n/2)+1 if n is even, and ((n-1)/2)+1 if n is odd.

5. Isomorphisms between algebras of fuzzy sets on different
universes.

Let X,Y be two universes and P(X), P(Y) the set of fuzzy sets
on X and Y respectively with values in [0,1]. A similar proof to

proposition 1 allows to state that:

Proposition 7. If H:P(X) » P(Y) is an isomorphism of such latti-

ces, H P(X) is an isomorphism from P(X) to P(Y).

Corollary 7.1filf L(X) is isomorph to L(Y), then X and Y have the

same cardinal.”

Proof. Any iSomorphism H defines an isomorphism from P(X) to
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P(Y) and any isomorphismvfrbm P(X) to P(Y) bijectively maps atoms
of P(X) into atoms of-P(Y). Then a bijection s:X > Y can be defi-
ned as s(x) =y iff H(GX) = Gy.

Definition 5. Let s:X > Y a bijection. An isomorphism

HS:P(X) + P(Y) is said to be an isomorphism defined by s if it is
defined by, Hs(A) = A o s for any A€P(X).

Theorem 5. Let X,Y be sets with the same cardinal. Any isomorphism
H from the -Tattice L(X) into L(Y) is composition of an isomorphism
Hs generated by a bijection s:X - Y and an p.f.e. automorphism of
P(Y). Such descomposition is unique. '

In order.to stab]Tsh‘the classes of De Morgan Algebras of
fuzzy sets it seems clear that given the previous results it is
necessary to generalize the concept of conjugated involutive per

mutations.

Definition 6. s eIX and t elY are said to be conjugated iff there

exist a bijection m:X = Y such that me$ = tom.

Clearly if s,t are conjugated, then X,Y have the same cardi-

nal.

Proposition 8. Let X,Y be two universes such that have the ,same

cardinal. s elx and t eIY are conjﬁgated iff FS and Ft have the
same cardinal and so have PS and Pt'

Theorem 6. (E(X),ﬂ,u,noHs) is isomorph to (E(Y),n,u,n'oHt) iff

X,Y have the same cardinal and s,t are conjugated.

Proof: If H:P(X) > P(Y) is an isomorphism we already know
that X.and Y have the same cardinal, that H = Fon and that
HIP(X)=Hm|P(X):P(X) - P(Y) is an isomorphism. So .

Hm((CoHS)(GX)) = (C°Ht)(Hm(6x)) for any x€ X. A similar proof of
proposition 4 shows that, in order to be Hm a morphism of algebras

it should be tem = mes.
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On the other hand if X,Y have the same cardinal and s,t are
conjugated -there exist m such that mes = tom - Hm is an automor-
phism from (P(X),n,U,nOHS) to (P(Y),n,U,nOHt) being n the p.f.e.
negation defined by the family {n

n = n_ for any x € X} and
. m(x) | m(x) x
by theorem 3 (P(Y),ﬂ,U,nOHt) is isomorph to (P(Y),ﬁ,U,n'oHt) and

theorem is proved.

In the particular case that the universe is finite, theorem

6 give-the following result.

Corollari 6.1. If the universe has finite cardinal n the number

of classes of De Morgan Algebras that can be defined is (n/2)+1
if n is even-and ((n-1)/2)+1 if n is odd.
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