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A NOTE ON THE CONSTRUCTION OF MEASURES
TAKING THEIR VALUES IN A BANACH SPACE
WITH BASIS

Maria Congost Iglesias

ABSTRACT

If E is a Banach space with a basis {en} a

neyv?
vector measure m : & ~ E determines a sequence

{mn}nev of scalar measures on @ named its compo

nents. We obtain necessary and. sufigicent con-
ditions to ensure when given a sequence of sca
lar measures it is possible to construct a vee
tor valued measure whose components were those
given. Furthermore we study some relations be-
tween the variation of the measure m and the
variation of its components.

A sequence of elements in a set X will be indicated by
{xn}neN or {xn} simply. In a normed space it will be used an ins
tead of nEan to indicate a series. For the results from: measure

theory used in this paper, see (2).

Let (E,I{i) be a real of complex Banach space. The sequence
{en} is said to be a basis for E if for every x€E there is a uni-
que sequence of scalar numbers {xn} such that x=2xnen, this series
beeing convergent with respect to the norm topology in E. Let L

be the n-projection on E defined by wn(x)=xn. If m:a > E is a vec-
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tor measure on a O-field a of subsets of X, we consider the set
{mn} of scalar measures on E defined by mn=Wn°m(neN), Then
m(A) =Zmn(A)en(Aea) .

The total variation of m is the reai measure V(m) on @ defli-

ned by
v(m)(A)=suﬁ{i%!"m(Ai)”}.

where the supremum is taken over ail finite partitions {Ai};'ﬂ
of A on @(that is to say: | is an arbitrari finite index set and

Aiea, AinAj=0 if i#] and igbAigA' whenever i,1€l. In the samc way
V(mn) will indicate the total variation c¢f m . All the measures
m,m and V(mn), neN, are bounded (2) but V(m) may be nct finite
(2,3). Let us consider the real numbers M=sup{lim(A)li;Ae a! and

Mn=sup{]mn(A)!; A€a}, neN.

Proposition 1. a) Vv(m)(A)S EV(mn)(A)ﬁenn (Aeaj;

b) If inf{"enN; n€EN} #0. ther there is a constant

K>0 such that, for every nreN.
(i) ™M < KM,
n

(i) V(m )< Kv(m).

.
Proof. For every Banach space with basic there is a constant H>0

such that
P i e ' A g
hxli < zix fle I and x i< e T it x
for each xeE. Hence,
H Ho
M < - M / o e—— .
n§lbnﬂ and \(m")Q:hn“ Vim);

if a=inf{Hen"; nGN}#O, for K= g, we obtain (i) and (ii). Now, ler

{Ai}iel be a finite partition of 3 set A on a. Since
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Tm(A) <z m (A) (e I<Z Qe Il T m (A)I< T fle lIV(m ) (A),
iel iel neN neN iel neN

we have V(m) (A) <§3V(mn)(A)Hen”.

A vector measure m:a > E determines a sequence {mn} of sca-
lar measures on a. We may ask if a sequence of scalar measures
on a determines a vector measure or not (the space E and the ba-
sis {en} are supposed fixed). By the uniqueness of the expression
x = anen, it is necessary that m(A) = Zmn(A)en, that is to say,
the series Zmn(A)en must be convergent, whenever A?a. This is al-

so sufficient:

Theorem 1. Let E be a Banach space with basis {en}. I f {mn} is a
sequence of scalar measures on a O-field @ such that Zmn(A)en is
convergent in E for every A€a. Then the set function m:a -+ E de-
fined by m(A) = Emn(A)en is a vector measure on @ such that

m =T _em for every néeN.

Proof. For every n€N, we can consider the set function Sn:a -+ E

n
defined by Sn(A) = I mi(A)ei. Thus m(A)=1im Sn(A) and
i=]| .
(x'om)(A)=lim(x‘oSn)(A) for every x'€E', so that, by the Vitali-

Hahn-Sacks theorems x'om is a scalar measure for every x'€E'. Hen
ce, by the Pettis theorem, m is a vector measure. Because of the
uniqueness of the expression of an element in a Banach space with

basis, we conclude that mn=ﬂn°m, neEN.

The next theorem gives us a sufficient condition in order to

obtain a vector measure from a sequence of scalar measures:

Theorem 2. Let E be a Banach space with basis {en}. I f {mn} is a
sequence of scalar measures on a 0-field @ such that ZMnHeJI is
convergent, then the set function m:@ > E defined by m(A)=Zmn(A)en
is a vector measure of bounded variation; furthermore the series

defining m is absolutely and uniformly convergent on @.
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Proof. The series Zmn(A)en is clearly absolutely and uniformly
convergent so that, by the previous theorem, defines a vector mea
sure m. Since V(mn)< I M, (see (2)), we have V(m)< ZV(mn)"enH

< 4 ZMn“en”<+w, and m is of bounded variation.

This note ends with two examples showing that the inequali-
ties obtained in Prop. 1 cannot be improved. Morever, the first
one shows that ZMn”enU<+w is not necessary to obtain a vector mea
sure of bounded variation.

g
Example 1. Let E=c, with basis {en}, where en=(0, ,0,1,0,...).
Let @ be a 0-field of subsets of a non empty set X and m @ > R,
a finite measure such that mo#o. Since mo> 0, we have V(m0)=mo
Let a = Zanen be an element in o with an> 0 for all neN, and
Zan= +, Let us consider the real measures on a, mn=anm0. Then
the set function m:a - <, defined by m(A)=Emn(A)en is a vector
measure on @, because of I mn(A)en=mo(A)Zanen is a convergent se-
ries in c_. Furthermore, if {Ai}iel is a finite partition of A,
then

L lim(A )= % sup|m (A.)|= % supla_||m (A.)]| <
i€l " iern "N e M0

sup[anl.V(mo)(A)=sup|an\.|mO(A)|="m(A)",
n n

so that V(m)(A) SIm(A)l and m is of bounded variation. However be
cause of Mn=sup{|mn(A)|;Aea}=]an|.sup{lmo(A)|, Aea}=anMo and

Za M = 4o (M #0)  the series tM lle Il is not convergent.
no o n °n

With respect to the inequalities in Prop. 1 we observe that,
for the measure in the example, we have V(m)(A)#ZV(mn)(A)"en" in
a) while in b(ii) we have just the equality, with K=1, because of
sup V(mn)(A)=sup|mn(A)|="m(A)" and Im(a)IS V(mn)(A). But, genera-
Ily, we can only obtain the inequality in b(ii) as the following
example shows.

: b
Example 2. Let E=Zl with basis {en}, where en=(0,...,0,l,0,...).

Let {pn} be a sequence of elements in a set X#@. Leta =P (x) and
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{an} a sequence of real numbers, two of them nonzero at least,
such that Zlan|<+m. For every neN Let m “be the measure weighted

aat p:
m (A) =

Since ZMnHenH=E|an|<+w, we have that m(A)=Zmn(A)en is a vector
measure m:a » g, of bounded variation. From V(mn)(A)=|mn(A)| and
Prop. 1, a), we see that V(m) (A)< Zv(mn)(A)=Z|mn(A)|="m(A)H. Thus
Hm(A)H=V(m)(A)=£V(mn)(A). To see that there is no constant K>0
such that sup V(mh)=K V(m) we can observe that, sinceV(qﬂlPﬂ=lai
and V(m)(pi)=£V(mn)(pi)=|ai|, it should be K=1, but

sup V(mn)(x) = sup|an|while V(m) (x) = ZV(mn)(x)=Z[an|>sup|an|

(if there are two numbers nonzero al least).
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