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A CLOSURE CONDITION WHICH IS EQUIVALENT
TO THE THOMSEN CONDITION IN QUASIGROUPS

M. A. Taylor

ABSTRACT
In this note it is. shown that the closure con
dition, XJYZ:XZYI’ XY, =X Y g, XY =X, ¥, > X, ¥,
XY, (and Zts dual) is equivalent to the
Thomsen condition in quasigroups but not in
general. Conditions are also given under which
groupoids satisfying it are principal homoto-
pes of cancellative, abelian semigroups, or
abelian groups.

The relationships between the Reidemeister condition and
group isotopes and the Thomsen condition and abelian group isoto
pes are well known. In [1] groupoids satisfying one or both of
these clbsure conditions are investigated. The closure condition
(and its dual) presented here is equivalent to Thomsen for quasi

groups and certain other groupoids but not in general.

This closure condition has been used to solve certain clas-
ses of functional equations for which the Thomsen condition pre=

sented technical difficulties [2].
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Definitions: The Thomsen condition is said to hold in a groupoid:

(G,-) if for all Xi» Y,€G (i = 1,2,3)
X1Y2 = XZYI and X1Y3 = X3Y1
imply
X2Y3 = X3Y2

Closure condition A is said to hold in (G,:) if for all Xi’ Yi

(i = 1,2,3,4) XTY2 = X2Y1 and XIYQ = X2Y3 and

X3Y3 = XMYI implyXl‘Y2 = X3Y4'

The dual of A, B, is given by

>
<
]

[}

X,Y. and XMY

172 2Yq X,Y, and X,Y, = X Yh

1 732 33 1

imply Xth = X4Y3.

A groupoid (G,-) is right cancellative equivalent, r.c.e.,

if for all X], XZ’ Y]e G

XlYl = XZYI implies XIY = XZY for all Y € G. Left

cancellative equivalent, l.c.e., is similarly defined and a grou-

poid is said to be cancellative equivalent if it is both left and

right cancellative equivalent.

ITlustrations of the closure conditions:

X < X, <o X, N
X, S— X, X N
X, X, X,
v Yy Y3 X, X,
Y, Yy, YooY, Yy,

Thomsen A B
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A solid line through the intersection of Xin and Xle re-

presents the equation Xin = XkY1; a broken line represents the

implied equation.

Basic Results:

Lemma. A groupoid, (G,-), in which A (B) holds is l.c.e. (r.c.e.)

Proof: Suppose XYy = xlyz, Yi» Y0 Yo € G. Let x € G.

Then the hypothesis of A is satisfied with Y] = Y2 = Y3 = Y
Yy = Yo Xy = X, = xy, X3 = X, = x. The implication is that
Xy, = Xy,.

The dual form is similarly obtained.

It does not follow that a groupoid satisfying A is necessa-

rily r.c.e. Let S be a non empty set for which there exists a bi

jection f: SxS =+ S, and let X1 X5, Yy ES. Define (S,-) by
st = f(s,t) s #ox,, t#y,

and
*2Y1 T Ny

Then this groupoid satisfies A but not B. The dual of this grou-
poid satisfies B but not A, and T holds in both groupoids. This

demostrates that A, B and T are not in general equivalent.

Theorem 1. The closure conditions A and T are equivalent in grou

poids (G,:) for which there exists a € G such that a*G = G-G.

Proof: Let (G,') be a groupoid and let a € G satisfy
a'G = G-G.

Suppose that the closure condition A holds for the groupoid.

Assume that X1¥p = Xp¥qs Xq¥3 = Xg¥y. X, v € G (1=1,2,3.)

The groupoid's properties ensure there exist Yy YgiYg g G
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such that XYy = avys x3y2 = ay5 and x]y5 = ayg-

The equations
ayy = X ¥y, ayg = x1y5 and ay5 = x3y2

satisfy the hypothesis of A in a degenerate form, and the impli-
cation is x3y4 = ayg- This leads to the equation, x3yh = % 5

The hypothesis of A is now satisfied by
X3Y4 = X1Y5, X3Y1 = X1Y3» Xo¥q T oavy

with the conclusion that

273~ %Vs°

Consequently, and T is thereby satisfied in the grou

x2y3 = x3y2
poid.

For the converse, suppose that T holds in (G.:) and assume
x]y2 = x2y1, ><1yli = xzy3 and x3y3 = xhy]. Let yS, Ygo y7, y8€ G
be such that

X1Y2 = aYS7 x]Yh = aY6’ x3Y3= ay7’ x3Y[_‘= aYS
x2y3 aye and x3y3 = ay7 imply x3y6 = x2y7; T A ay5 and

XpYyq = ay7 imply xhy5 = XoYg3 XqYy < ayg and x3yh = avyg imply
x3y6 = X,vg- As a consequence of these three closures, xhy5=x1y8.

Then

This equation together with XYy = ay5 gives the closure
XYy = 3vg-
The required result that Xp Yy = x3yh is then immediate.

The dual of the above yields,

Theorem 2. The closure conditions B and T are equivalent in grou

poids (G,*) for which there exists b € G such that G'b = G-G.
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Corollary. The closure conditions A and B are equivalent to the

Thomsen condition in quasigroups.

The Main Theorems.

Theorem 3. Let (G,-) be a groupoid in which A or B hold. If the-
re exist elements, a, b € G such that a-G = G*b = G:G = S then

the operation * given by
(xb) * (ay) = xy for all x, y £ G

is a cancellative, abelian semigroup operation. Moreover, (S,%*)

has a unit element.

Proof: The lemma shows that (G,-) is cancellative equivalent

and this ensures that the operation * is well defined.
It is easily checked that ab is a unit element for (s,=).

That T holds in (G,*) is a consequence of theorem 1 and it
is easily shown that (S,*) inherits T from (G,'). The theorem is
completed by employing theorem 3 of [1] which states that a grou
poid with a uqit element is a cancellative abelian semigroup if

and only if it has T.

The final theorem is analogous to theorem 5 of [1].

N

Theorem 4. Let (G,:) be a groupoid in which A or B hold. If the-
re exist a, ¢ € G such that a*G = G:-G = S and for all y € G the-
re exist x € G satisfying xy = ¢, then for all u, v € G the ope-

ration * defined by
(xv) * (uy) = xy for all x, y € G,

is an abelian group operation.

Proof: A similar theorem is proven in [1] for groupoids sa-

tisfying T. In view of this, and theorem 1 all that remains is
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th prove that if B holds in (G,*) then T also holds. This will
be achieved by showing that there exists b € G such that G-b=G-G.

Let b be any member of G which satisfies ab = c¢c. Now let y
be an arbitrary member of G and consequently ay is arbitrary in

It is then possible to find x; € G to satisfy XqY = ¢ = ab.

There exists Y, € G such that x,b = ay, and in turn there

1
is X, € G satisfying x ab.

271

This establishes a set of equations which constitute the
hypothesis of B in a degenerate form. The conclusion is that
x2b = ay.

It follows immediately that G:-b 2 a-G and therefore, G-b=S.
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