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QUASI-METRIZATION AND COMPLETION FOR
PERVIN'S QUASI-UNIFORMITY

*
V. Gregori and J. Ferrer

ABSTRACT

R. Stoltenberg characterized in [2] those qua-
si-uniformities which are quasi-pseudometriza-
ble, as well as those quasi-metric spaces which
have a quasi-metric completion. In this paper
we follow Stoltenberg's work by giving charac-
terizations for quasi-metrizability and quasi-
metric completion for a particular type of qua
si-uniform spaces, the Fervin's quasi-uniform
space. '

Introduction.

In the following (X,T) will be a topological space. Up will
be Pervin's quasi-uniformity associated to (X,T), i.e., the one
generated by the subbase S={SG:G€T}, where SG=(GxG) U(X~G6xX).
(X,UP) will denote Pervin's quasi-uniform space. The elements of
a quasi-uniformity will be called bands; if U is a band U(x) will

represent the. set {yeX:=(x,y)eU}.

We say that (X,T) is quasi-pseudometrizable if there is a

quasi-pseudometric d on X whose deduced topology, Td,:is T. In an

* This paper has been done under the help and constant déi%nté-
tion of Professor M.LOpez Pellicer to whom the authors are grateful.
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analogous way, (X,U) is quasi-pseudometrizable if there is a
quasi-pseudometric d on X whose deduced quasi-uniformity, Ud’
is U.

Proposition 1. (X,Up) is a quasi-pseudometrizable space if

and only if T is a countable family.

Proof. If U is quasi-metrizable then it has a countable ba
se, {Un}:=1’ see [2]. For each n, there is some finite number of
n

open subsets G,,G ,Gn such that N{s s 1<i<k lcu .
1 k n n n

n

Let's consider the families Sn={G?:1< i<k 1, S={Sn:n>l]'and

n
22

let J(S) be the family of finite intersections of members of S.
Obviously, J(S) is countable and it suffices to show that each

proper open subset of X is a finite union of members of J(S5).

Let G be a proper open subset of X, then there exists n

such that UnC S For each xeG, the set Ix={i:1< i< kn,xeG?} is

o
non-empty, otherwise X= N{s n(x):l< i<klc Un(x)C S
G,
i
is a contradiction. Next we prove that ﬁ{G?:iGIx} CG; if y £ G

G(x)=G which

then (x,y) ¢ S., thus (x,y) & N{s n:1< i < kn} and therefore

G,
i
. . - n..
(x,y) ¢ ﬂ{SGn.IGIx} consequently, y ¢ ﬂ{SGn(x).leIX} ﬂ{Gi.lelx}.
i i
Consider now the family of subsets of {1,2,...,kn} given by

G

IG={IX:x€G}; this family is finite and G= U{ ﬂ{G?:iGIx}:xeG}=

= Y h{(;?: ieIx}:IerG}.

Conversely, suppose T is countable, then so is the family
of finite intersections of its members, therefore U admits a
countable base (see [1]) and thus by Theorem 1.6, page 228 of

(2] Up is quasi-pseudometrizable.
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Consequences.

1.1. If T is countable, (X,T) is quasi-pseudometrizable.

1.2. There are quasi-uniform spaces which are not quasi-

pseudometrizabie.

1.3. Pervin's quasi-uniformity Up is quasi-metrizabie if and

only if X is T1 and T is countable.

1.4, If Up is quasi-metrizable then X is countable.

Proof. The three first statements are direct consequence

the former proposition.

Define a correspondence f from X to T such that f{x)=X~{x},
since X is T] f is a one-to-one function. Countability of T im-
plies the same for X.

How we are going to study the quasi-metric completion for
any Pervin quasi-uniform space. Before doing this we need a few
definitions and results given by R. Stoltenberg in [2], we use

the same references:

2.1. Definition. A net (Sn,neD) in a quasi-uniform space

(X,U) is U-Cauchy iff for each UelU there exists n €D such that

(Sn,Sm) €U whenever m>no,n>no,m}fn and m,neD.

2.2. Definition. A quasi-uniform space (X,U) is U-complete

iff each U-Cauchy net converges to a point in X relative to TU

2.3. Definition. A quasi-uniform space (X,U) has a U-comple-

tion iff (X,U) can be embedded in a U*-complete quasi-uniform
space (X*,U*) in such a way that X is dense in X* relative to

TU*'

5.3. Theorem. A quasi-metric space (X,d) has a quasi-metric

d-completion if and only if all d-Cauchy sequences in (X,d,d')



V. Gregori and J. Ferrer 154

which converge relative to T also converge relative to T

d’ d’

(X,d,d") denotes the bi-quasi-metric space where d'(x,y)=d(y,x).
In order to achieve our own results we introduce a new con

cept: U; will denote Pervin's symmetric quasi-uniformity associa

ted to Up’ i.e., the one whose subbase is S'={Sé:G€ T} and

Sé=(GxG) U (XxX~G). The topology TS induced by U: in X is usua-
1ly different from T and it will be called the symmetric topolo
gy of T. Needless to say, (X’Ts) will be the symmetric topologi-

cal space of (X,T).

Proposition 2. Let (X,T) be a topological space. The family

of T-closed subsets of X is a base for the symmetric topology
Ts'
Proof. Consider F as a non-empty closed subset of (X,T);
let G=X~F. For each x in F we know that Sé(x) is a Ts-neighbor-
hood of x; if yeSé(x) then (x,y)e(GxG) U (XxX~G) and therefore

y€X~G, thus Sé(x) CF and F is T -open.

Now we show that every Ts—open set is a union of T-closed

sets. Let G' be an open set of Ts with G'#X. 1f x€G' then by

construction of TS there is a finite family {Gi}?= of T-open-:

1

sets such that R Sé (x) CG'. Now, Sé (x) is either X, if x€G
i=1 i i

or X~Gi if,xﬂGi. Then if we call Ix={i:1 <i<n, xéGi}, we obtain

A s¢ (x) is X, if I=g, or N (X~G,) if I _#B; but G'#X, so

i=1 i ] leIx
Ix#ﬂ. Then x€ N Sé (x) = n (X~Gi) CG'. Obviously,
i=1 i iel
x
G'=U (N (X~Gi)), i.e., G' is a union of T-closed sets, since

x€G' i€l
X

N (X~Gi) is T-closed.
\ ieIx
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Consequences.

2.1, If X is a T1 space, then Ts is the discrete topology.

2.2. If X is a regular space, then T is finer than T.

Proof. The first consequence is quite obvious from last pro

position. -

Now, if G is T-open, for each x in G there is G]ET such

that xeG]C G.C G. The set G,=X~G., is T-open and x€X~G,C G. Sin-

=X~ , c . _ ]
ce SG2 (x)=X G,, then SGZ(X) G and thus G is T_-open, for it
is a Ts'neighborhood of each of its points.
Theorem.

If a Pervin quasi-uniform space (X,Up) is quasi-metrizable

then it has a quasi-metric completion.

Proof. Let d be the quasi-metric in X which generates U
and therefore induces 7. The symmetric quasi-metric d' induces
Ts’ since d' induces U;. By consequences 1.3 and 2.1 TS is the

discrete topology.

Now, let {xn}:=1 be a d-Cauchy sequence d'-convergent to x.

Since TS is the discrete topology, for some positive integer ng
we have X =X for all n;:no; clearly {xn}:=l converges to x rela-

tive to T,i.e., {x_}

n is d-convergent. The conclusion follows
from Theorem 5.3 of -
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