NOTA BREVE



Stochastica Vol. VI n2 1 (1982)

A SEMANTICAL HIERARCHY FOR
MODAL FORMULAS
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ABSTRACT

In this paper a semantical partition, relati-
ve to Kripke models, is introduced for sets
of formulas.

Secondly, this partition is used to generate a
semantical hierarchy for modal formulas. In
particular some results are given for the pro
positional calculi T and S54.

1. Given any formal system S, if a Tarskian semantics is impo-

sed on S, the set FS of the well-formed formulas (wffs) of S can

obviously be divided into three subsets: the set of the valid
formulas (VAS), the set of the contingent formulas (COS), the
set of the contradictory formulas (CNS). The introduction of the

Kripke models allows a more subtle-partition'qf“the set F We

S*
have two more subsets: the sets of the credible and dialectial

formulas (as we shall say), respectively denoted by CR¢ and Dlg-

The definitions of the above sets are the following (here
and throughout this paper, our notation follows [1]). Let be

any wff of S, then:
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o € VAS iff for every structure <W,R,V> and any w € W, V(oa,w)=1.
a € CRs iff for every structure <W,R,V>, there exists at least a

world weW s.t. V(a,w) = 1, but there exists at least a struc-

ture <W',R',V'> and a world w'eW' s.t. V'(a,w') = 0.
o € COS iff there exist at least a model <W,R,V> for and a

structure <W' ,R',V¥'> s.t. V'(a,w') = 0 for every

wle W',

o € DIS iff for every structure <W,R,V> there exists at least
a world w € W s.t. V(g,w) = 0, but there exist a
structure <W',R',V'> and a world w' € W' s.t.
Vi(oa,w') = 1.

o € CNS iff for every structure <W,R,V> and any w € W, V(a,w)=0.
The terms 'credible' and 'dialectical' are used only for
their intuitive appeal. A wff o (not valid) is credible if whene
ver in a structure it is denied in a world, there is another
world in which it is asserted; and a wff 8 (not contradictory)
is dialectical if whenever it is asserted in a world of a given

structure, it is denied in another world of the same structure.

It is straightforward that the sets VA Dl. and

s» CRg» COg, DIy
CNS are pairwise disjoint, and that their union is the set FS'

Also, for any reasonable systems S, certainly the sets VA

S’
~COS and CNS are not empty.

Finally, it is clear that, if for a system S the sets CRS
and DIS are empty, the Kripkian semantics for S can be reduced
to a Tarskian semantics.

2. In what follows, we want to apply the previous definitions

to some modal calculi. The interesting result we are going to
prove is the construction of semantical hierarchies for sets of
modal formulas. We believe that this can be a useful contribution

towards a rigorous definition of the intuitive notions of modal



A semantical hierarchy for modal formulas 73

complexity and of truthlikeness of a modal formula and towards
an analysis of their mutual relationships. In this short note,
however, we limit ourselves to give some results about the pro-

positional calculi T and Sh.

Theorem 1. For the systems T and Sk, there exists a credi-

ble formula.

Proof. Let & be the formula pvLap, where p is a propositio-

nal variable. Obviously o € VA o EVASh' Now, let <W,R,V> be

T?
any T-(Shk-) model and suppose that V(pvLup,w) = 0 for every weW.
Then we have V(p,w) = 0 and V(Lvp,w) = 0, and there exists w'eW

s.t. V(p,w') = 1, a contradiction.

Theorem 2. For T and S4, there exists a dialectical formula.
Proof. Immediate (see Table 1, below).

Now, we give some tables for the operator L and for the con
nectives ~ and D, which are valid in the systems T and Sh. These
tables can be easily understood and proved. 0f course, tables

for the operator M and for the other connectives can be also ob-

tained.
o VA > ng ¢ CN o e VA > Lo e VA
o € CR > nva € DI a € CR > Lo e CR or La ¢ CO
o€ €O+ o e CO ae CO~> La e CO
a € Dbl > nva € CR o € DI - La e DI or La ¢ CN
o € CN > o e VA a e CN > Lo ¢ CN

Table 1 Table 2
o2 B VA CR co DI CN
VA VA CR co DI CN

CR VA VA/CR VA/CO cCcO0/DI DI

co VA VA/CR VA/CR/CO CR/CO CO
Di VA VA/CR VA/CR VA/CR CR
CN VA VA VA VA VA

Table 3
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All the sets VA, CR, CO, DI, CN, relative to the systems T,
Sh, are decidable. The procedure runs in a very similar way to

that used as a test for validity in T and in S4 (see [1]).

3. Now, we give the following definition:

Definition 1. Given a wff o € CR we say that o is (h,k)-

S ’
credible (relative to S), if h is the least integer such that

Mha € VAS and k is the least integer such that Lkaezcos.

- Theorem 3. For every wff o € CRT, there exist two integers

h, k, s.t. a is (h,k)-credible relative to T.

Proof. Use at the beginning a procedure similar to that gi-
ven in [1] for T-validity. So, let W be a certain world and
suppose that V(a,wo) = 1.

In this way a finite set W of worlds is constructed and for
each w € W, some subformulas of g are given truth-values by means

of the rules for truth-value assignments explained in [1]. Since

o0 € CRT’ a world w' €W exists s.t. V(g,w') = 1 and woRnw', for
a suitable n € N. From this result one can easily infer that in
any T-model <W,R,V>, V(M"y,w) = 1 for every w € W.

Now, starting from each w € W, such that V(a,ﬁ) = 1, genera
te a sequence Q0= &, &1, &2,..., satisfying the following condi-
tions:

(i) w,Rw (i >0);

1 i+1
(ii) for every i =0, if in Qi there are prescriptions for

worlds accessible from &i’ construct the world &i+l

fulfilling such prescriptions. Otherwise let Qi+l= &0’
and the procedure stops.

Every such sequence is obviously finite and moreover there

is a finite number of them (one for each w € W s.t. Vi{a,w) = 1).
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if m denotes the length of the longest one, we have built in

this way a model for the wff Mo, Therefore, L"a eCOT. We have

proved that o is (h,k)-credible relative to T, where h is the
least n for which Mna € VAT and k is the least m for which

m
€ .
L a COT

Now, let us consider the wffs Yo o n given by
3
p v L™ p (m>0, n > 0).
Notice that the wff of Theorem 1 is pfecisely Y] 0
9

Theorem 4. ¥ m,n : Y neCR

m, T
Theorem 5. MhY €CR (¥ h < m)
—_— m,n T e
My eva (¥ h >m)
m,n T :
Theorem 6 ka e CR (¥ k < n).
— m,n T . ’
ka €CO (¥ kK > n).
m,n T

The proofs of Theorems 4,5,6 are obtained by means of a method
similar to that adopted in [1] as a test for T-validity, already
mentioned. Some minor changes must be introduce in order to test

whether a given wff has at least a T-model.

As a consequence of Theorem 5 and 6, the wffs Yo.op 27e
3

(m,n+1)~credible relative to the system T.

So far, we have shown that the set CRT splits into a denume
rable collection of nonvoid cells depending on two indices. Ob-
serve that the same result can be found for the set DIT by a dua
lity argument.

The following picture shows to what extent the formulas be-
longing to each cell are close to the sets VA_ and CO_ and justi

T T
fies the informal meaning suggested above to such hierarchy.



Salvatore Guccione and Roberto Tortora 76

T-credible wffs

T-valid 1,3 2,2 3,2 T-contingent
wffs 1,2 2,1 wffs
1,1
L, Now, consider the system S4. Table 3 for the operator L and

its dual for the operator M, together with the Sh-theses LkBE LB
and MkBEM B(k =>1), imply that for every wffB €CRoy s only the
following cases are a priori admissible:

1) LBe CRSL, and MBe CRSM

2) LBe COSH and MBe COs)+

3) LBeE CRSQ and MB € VASh

Ly LBe cosh and MBe VASli'
But cases 1) and 2) are ruled out by the following Theorem 7,
while cases 3) and 4) do actually occur, as shown in Theorem 8.

Theorem 7. If B € CR then MBe VASh'

Sk’
Theorem 8. There exist wffs ae€ CRSI-; such that Lo € CRSI-;‘
and there exist wffs B GCRsl; such that LB GCOSA.

The proof of Theorem 7 is immediate. In order to prove Theorem 8

we have only to exhibit two examples.

k
Example 1. Let o be a wff of the type L Y’m,n' 1f a eCRTﬂCRsl',

k+1
and L Ym,n € COT, then Lo € CRSh'
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Example 2. The wff Y, OGCRsh and the wff Ly] Oeﬁosh.

Finally, the relation of inclusion which hold among the sets
of wffs so far analyzed for the systems T and S4, can be visuali-

zed in the following picture

R
s/ ,\\\
VAs, ¢RL, 1%\ N, Nsy
J P’-l COsh N Sk
// / \ N
VAT /CRT , COT\ Dl?\ CNT
Y
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