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ON A REPRESENTATION THEOREM OF
DE MORGAN ALGEBRAS BY FUZZY SETS

F. Esteva

ABSTRACT

Once the concept of De Morgan Algebra of Fuzzy
Sets on a universe X can be defined, we give a
necessary and sufficient condition for a De
Morgan Algebra to be isomorphic to (represen-—
ted by) a De Morgan Algebra of Fuzzy Sets.

De Morgan Algebras of Fuzzy Sets.

Let X be a universe of discourse. We denote by L(X)=(P(X),n,V)
the lattice of fuzzy subsets of X with values on [0,1] be?ng v}
and N the usual max and min operations and P(X)=[0,1]X. It is
known that L(X) is a complete, infinitely d?stributive lattice
with maximum X(X(x)=1 for any xeX) and minimum @(@#(x)=0 for any
x€X), and also that boolean elements of L(X) constitute the Boo-
lean Algebra P(X) of crisp subsets of X. We denote by Gx the sin
gletons of P(X), i.e., GX:X + [0,1] is defined by 6X(a)=0 if a#x,
6x(x)=l, and by a, 0€[0,1], the constant function %(x)=a for any

x€X. Then we have:

A=U (8§ NA(x)) =U (§NA), for any AeP(X).
X ~ X ~
xe X X€X
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Definition 1. We say that a sublattice § of L(X) satisfies the

Extension Principle (E.P. from now on) if SDP(X).

Examples.

Let X be a univers and J={J|{0,1}cJcl[0,1]}. For any fami-
ly JE{JXGJ|x€X} we define:

PJ(X) {AeE(X)|A(x)eJx for any xeX},

PL(X) {AePJ(X)|{A(x)|A(x)t{0,1}}is finite}.
Clearly, both PJ(X) and P&(X) are sublattices of L(X) such

that satisfy the E.P. It is also easy to verify that PJ(X)=P3(X)

if and only if X is finite, and PJ(X) is complete if and only if

any Jer is a complete subchain of [0,1].

Proposition 1. A sublattice S of L(X) satisfies the E.P. iff
there exists a family J={Jer| xeX} such that PJ(X)C SC PJ(X).

Proof: If S is a sublattice of L(X) such that satisfies the

E.P. we can define, for any xeX, Iy ={o €[0,1]]| there exists BesS

such that B(x) =a}, and we have the family J={Jx|xeX}. We will
) P!(X) CSCP .
prove that J( ) J(X)

a) If we denote by (4,8, 1 the interval of L(X) defined by 9,8, 1
={Ae£(x)|¢ <A=<6x} = {Aeg(X)|A(a) = 0 for any a # x}, then

= ! = =
[ﬂ,dx] ﬁﬁ,(x) [ﬂ,Gx] ﬁF}(X) [ﬂ,éx] ns {Aelﬂ,GJ |A(X)€Jx}
Taken into account the definition of‘ﬁ,(x)'and Qf(x) it is clear
that [ 8,8 1NP, (X)=[8,8 10 P} (X)={Ac[8;6 1|A(x)€J }, and also
that [ﬂ,dx ]nSCZ{Ae[ﬂ,dx]lA(x)GJx}. We need to prove that if
A€[¢,6x] and A(x)eJx, then AeS. Because of the definition of Jx’
as A(x)GJX, there exists a BeS such that B(x)=A(x). Then A=6xﬂ B

which proves that AeS as 5xeP(X)C S and BeS.
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b) Any Ae€S satisfies A(x)eJX for any xeX, so AePJ(X) and S(:PJ(X).

c) If AeP4(X) and Xl={xeX|A(x)=1}, X,={xex|A(x)é{0,11}, then

A=(.Y 6 )Y (U (6 NA)); but U, 8§ eP(X)C S, X, is finite and
.‘X X p X X.

x€X eX2 xeX2 2
8§ N AeS, thus we have U, (8 NA)eS. We conclude that AeS for any
X xeX2 X

AePy(X) and P(X) Cs.

Reciprocally, if S is a sublattice of L(X) and there exists
a family J such that Pb(x) cSs cPJ(X), then S satisfies the E.P.
(s DP:T(X) DP(X)).

Definition 2. A De Morgan Algebra M(X)=(S,Nn,uU,n) is said to be

a De Morgan Algebra of Fuzzy Sets on X if S is a sublattice of
‘L(X) that satisfies the E.P.

Examples.
1) Let X={x,y}, J ={1/(n+1) |neN}U{0,1} Jy={n/(n+1) [neN}u{o,1}

and J=~{Jx,Jy}. We consider the sublattice PJ(X) of L(X). From
mappings nx:JX > Jy defined by nx(0)=l, nx(1)=0, nx(1/(n+l))

=n/(n+1) for any neN, and n :J Jx being n_ the inverse of N
a strong negation n on PJ(X) can be defined in the following way:

(n(A)) (x) = n_(A(y)) , (n(A)) (y)=n_(A(x)) for any AEPJ(X)-

(
Y
It is easy to verify that n is a strong negation and

(Ps(X),nsuyn) is a De Morgan Algebra of Fuzzy Sets.

2) Let X ={x,y}, Jx={0,1}, Jy=[0,%0 U {1} and J={Jx,Jy}. We con-
sider the sublattice PJ(X) of L(X). From nx:Jx > Jx’ defined by

nx(O) =1, nx(1) = 0, and ny:J > Jy’ defined by ny(O) =1,

n (1) = 0, ny(a) = % -a  for any ae(O,%), a strong negation n on

PJ(X) can be defined in the following way:

(n(A)) (a) = na(A(a)) for any AePJ(X) and any aeX.
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It is easy to verify that n is an strong negation and

(PJ(X), N, U,n) is a De Morgan Algebra of Fuzzy Sets.

Remark. Clearly not every De Morgan Algebra of Fuzzy Sets is a
subalgebra of a De Morgan Algebra on L(X) (see [2],[3]). For ins
tance, PJ(X) in example 1 is clearly a subalgebra of a De Morgan
Algebra on L(X) but this is not the case in example 2 since nx,ny
ny from example 1 are restrictions to JX, J  of negation func-
tions on [0,1], whereas n_ from example 2 could never be a res-

triction of a negation function on [0,1].
A representation theorem.
Given a De Morgan Algebra A=(4,A,v,n) with maximum u and mini
mum o, we will find the conditions required so that it is iso-

morphic to a De Morgan Algebra of Fuzzy Sets on a X.

Definition 3. A De Morgan Algebra 4 is %aid to be of Fuzzy type

if there exists a set X and a -De Morgan Algebra of Fuzzy Sets S

on X, such that 4 and S are isomorphic.

Note that f:(4,A,v,n) - (S,N,U,n) is a morphism if it satis

fies:

a) f(a v b)

f(a)u f(b),
b) f(a A b)

c) f(n(a))

f(a)n f(b),
n(f(a)).

]

Proposition 2. A is of Fuzzy Type iff there exist a universe X

and a sublattice S of L(X) which contains P(X) and such that

(4,A,v) and (5,Nn,U) are isomorphic when considered as lattices.

Proof: If 4 is of Fuzzy type the condition clearly holds.
Conversely, if there exists X, a sublattice S of L(X) which con-

tains P(X) and a isomorphism f:(4,A,v) > (S,N,U), then 4 is of
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Fuzzy type since n:$S » S defined by E(A)=f(n(f—](A))), for any
A€S, is a strong negation on S and f is an isomorphism between
the De Morgan Algebras (4,A,v,n) and (5,N,U,n).

Theorem. A De Morgan Algebra A=(4,A,v,n) is of Fuzzy type if and

only if A satisfies the following conditions:

a) The Boolean Algebra B of the Boolean elements of the

distributive lattices (4,v,A) is complete and atomic;

b) For every atom x of B there exists JXeJ and an isomor-
H . -> .
phism Gx.[O,x] Jx’

¢) For every pair of atoms x,y of B such that
x # Y, IO’X] n [O’Y] = {0};

d) For every aed, it is a =xz%(an), where

X = {xeB|x is an atom of B}.

Proof: If A is of Fuzzy type there exists a De Morgan Alge-
bra of Fuzzy Sets S on a universe X such that (4,A,v,n) is iso-
morphic to (S,n,U,n). It is clear that the Algebra of Boolean
elements of S is P(X) which is complete and atomic, that the
atoms of P(X) satisfy b) and c) and that for every A€ES is
A=xgx(6xﬂA), and, therefore, the same conditions must hold for
A.

Conversely, if A satisfies the conditions of the theorem,
then since B is complete and atomic B=P(X) being X=p@B|x is atom of B}.
If we denote by J the family J={Jx|xeX}, where Jx are the inter-
vals given in b), we will prove that a one-to-one morphism can

'be stablished between A and PJ(X).
We define f:(4,A,v) + (5,N,U) by f(a)=_uU, (6 no_(an x)).
XeX VX T X

Firstly it is easy to prove that f is a morphism so it is
only necessary to see that (f(a))(x) = cx(an) for any xe X and

to take into account that cx is an isomorphism.

Secondly f is a one-to-one morphism since if f(a)=f(b), for

any x€X (f(a))(x)=(f(b))(x) that is ox(an)=ox(be) that is
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aAx = bAx and so a =£éx(an) =£%X(be) = b.

Lastly f(4)D P(X) since f

(8
it is f(y)éxgx<sx No, (yAx)) = 8-

) = P(X) because, for every yeX,

Therefore f is an isomorphism between the lattice (g,A,v)
and the sublattice (f(4),N,VU), of L(X), which contains P(X). In

accordance with proposition 1 this proves that 4 is of Fuzzy type.

Remarks. 1) It is easy to see that, the condition b) can be subs
tituted by: b') '"For every atom x of B there exists a one-to-one
morphism ox[O,x] =+ [0,1]". In that case we take Jx=0x([0,l]) and

the proof is the same.

2) It is also clear that, in general, condition c) can
be replaced by: c¢') "For every pair of atoms x,y of B such that

x # y, any 0,B€4d such that o<a <x, o <B<Ly satisfy aAB=o0'.

3) Besides, it is easy to prove that, for A to be iso-
morphic to a De Morgan Algebra on E(X) or on any complete sub-
lattice containing P(X) the condition d) should be replaced by:
d') "4 is complete and infinitely distributive lattice'". In such

a case d) is deduced form d') as follows:
For every a€A, it is a = uaa = (X%Xx)Aa =X¥X(an).

Besides, it can be proved that f is a bijection between 4

and a complete sublattice SCE}X) as f is onto:

for any AeS there is a=_U

-1 L
Ly Oy (xAa) such that f(a)—xt.eix(sxﬁox(a/\x))
=xtéx(6x NA(x)) = A.
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