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A METHOD FOR THE CALCULUS OF
BERNSTEIN'S POLYNOMIAL

Albert Llamosi

ABSTRACT

A systematic method for the calculus of
Bernstein's polynomial is described. It con-
sists on reducing the problem to a homogeneous
linear system of equations that may be cons-
tructed by fixed rules. Several problems about
its computer implementation are discussed.

0. Introduction.

For any feC[x .,xn] there exist a polynomial B(s) and a differential

e
operator P(x,s,D) that satisfy

P(x,s,D) f°= B(s) £ (1)

The set of B's which are solution of the preceding equation is an ideal.
We note b(s) (Bernstein's polynomial of f) its generator. An excellent report
about its interest and properties is available at Jean-Michel BONY, '"Polyn8mes

de Bernstein et monodromie (d'apres B. Malgrange)', Lecture Notes in Mathema-

tics, 514, Springer Verlag, 1976. A main result is that the roots of b are

all rational and less than one (Malgrange).
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Let a,b,iGNn;a,w:N + N; and zeK". | will use the notation
a) z' = zI1 zIn
1 °°""n
n
b) |i]l = I i
k=1 K
w(b)
c) P is the sum over all a(a ) <i <m(bk)
i=o(a) k k

that hold af(la|)<|i|<w(|b]|). In the case where a and w are constants this

is equivalent to the usual multiindex sum r
as|i] <w

Using the above conventions f and P can be written as

qﬁ i
f(x) = T fi x X
i =0 X
X
9i 9i gi lx is ld
P(x,s,D) = T z ) a, ;; x"s°0D
ix=0 is=0 id=0 x s d
liyl#0

1. Derivating fs.

iy
The expression obtained applying D d to f° has the form

iy gl kagm]ig] i -k
D f° =1 T Ciong X x b f
k=1 i.=0 'x"'d
X
k-1 k 9
where Y, = T (s-i) = £ m ,s  (by definition of m's),
ko iso =1 <

This can easily be proved by induction on id'
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The step of induction also provides an algorithm for the calculus of c's

(for lid‘ >1) because the first equality and

|d1 ldm ldn . l|d|-1 kgf-{le|-1)-l
D1 ...Dm ...Dn f° = X X
k=1 i =0
X
ix s-k
G 1) e M ki, iy, 1ei, X W
m X X X d d d
1 m n 1 m n
lidl"1 kgf-(lid“1) Qf‘]
+ z T T ¢, . . .. U
k=1 i =0 i |xk g oeeiy 1...|d Ix] 0...1%..0
X X 1 m n
i i
X x s-(k+1)
Uy f
relate the c. , . . . 's. to thec. [ . A . 's
i k L R 'xk g iy l...:d
1 m n 1 m n
and the c, m 's,

i k0...1...0
X

This assumes the previous evaluation of the first order derivatives:
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2. Developing PfS.

Applying P to £° and rearranging its terms the following expression is

obtained:
9y 9.tk
d s .
pfS = = 1 A gl sk
. ki
=1 i=1
where
g kloe=) ¢ 9 mingk, 1)
A= T NES ¥
|x=0 |d=0 2§=max(1,l-gs)
}idl> k

mln(lx,kgf- 'd)
T

a. _ .o . c LW (2)
2X=max(0,ix-gx) Ly T 1y 2xk 'd k L

By its generation Aki are only defined for 1 < i < gs+k. In the following

Aki also denotes the null polynomial if i >k+g, (1<k< gd).

3. Reducing Pf° to the form B(s)fs'l.
The coefficients a. . ., must be such that Pf° may be reduced to the form
x s d
B(s)fs 1. The system that expresses all the possible ways of simplification is
gd'1
h
= <i<
Agdi hi Rgdi h f (I\I\gs+gd)
A gd-k k=1
i = s 1K<
M T Ry ih T 5 Rk 6 (< k<gys 1< T<g.+gy)
; h=1 h=1
"‘:A sk <i<
! 1i + 7 Rk"'h,i,h = Hi (]\I\gs+gd)

h=1
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‘where RQih are polynomials in x and Hi are polynomials of degree zero whose
independent term is bi’ coefficient of degree i of the searched Bernstein's

polynomial (or any of its multiples).

d 2-1 Uy
Definition of the aggregates Rki = X I Rlih fh (2=k)-1
2=k h=L-k+1
allows the reduction of the preceding system to
A i =fR . (1 <i <g_+g))
94 9
A = < g, 1< i<
kit R, T PR USkSog 1Si<gg +gy) (3)
A = i<
1it Ry T (I<i<ggtgy)

It is also possible to prove by induction on k (from 94 to 1) that the degree
of R is less or equal to gk+k(gf-l)-gf. The discussion of the degree of R
allows to establish the form of fR

ki

ki®
gx+k(gf-l) kx min(gf,kx)
fR . = T X T foor .
ki _ _ } i 2. TkyiLk -0
kX—O Q,X—max(O,kx (gx+k(gf 1) gf)) X x X

A simple accounting leads then to establish that this system has

94 n+g, +k(g 1)

(95+9d) T | n )  equations and
k=1
g
n+g n+g d n+g_+k(g —1)-gf
95+9gH(agt D (  VLC D1 w (gre) 2 (¢ T
. k=1

unknowns. (There are three types of unknowns: the coefficients bi’ those of P
and those of R's).

The coéfficients of (3) are zeros, ones, those of f and those obtained
from (2). They can be placed systematically by an adequate numbering of

unknowns.
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4, Solving the System.

The system (3) is only derived from (1). But, as noticed earlier, the
set of solutions of this equality is an ideal and we are only interested in

its generator.

It would seem reasonable to expect that essaying values of 9, and 94 in
a way that its sum is increased by no more than one at each step until (3) ad
mits non-trivial solution (B(s)#0) the first polynomial found is the one of
smallest degree. But this is a thing that nobody has proved yet. The absence
of results about that question leads to foresee the possibility that (3) can
have as a result a family of multiples of b expressed in terms of a set of ar
bitrary constants. In this case we shall take a base of the subspace of solu-
tions, calculate its roots and take as result the polynomial product of the
binomials derived from its common roots. As we are dealing with multiples of
Bernstein's polynomial, there is no guarantee that rhe found roots be ratio-

nal. Those roots shall not be taken into consideration.

5. Concluding Remarks.

The method described is systematic enough to allow its computer implemen-
tation. In fact, there exists a Fortran program that is operative. As it uses
exact rational arithmetic, exact rational roots of b are obtained. Unfortuna-
tely, the amount of memory and time necessary grows fast with 9¢r 9,0 9 and
n, being the bottleneck the solving of systens (3). This amount would be
strikingly reduced if the caracteristics (gs, 9y gd) of the operator to be
essayed for a given f were known or at least bounded. The only bound known at
present, that the degree of b is less than or equal to p+1 (U is the Milnor's
number of f), is merely a hint on gS+gd. For 9y there is no hint at all but

experience shows that generally it is not too large.



