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A CLASS OF FUNCTIONAL EQUATIONS
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ABSTRACT

Consider the class of functional equations
glF(x,y)1=Hlg(z),g(y)],

where g:E~X, F:EXE~E, H:XxX+X, E is a set and (x,d) is

a complete metric space. In this paper we prove that,

under suitable hypotheses on F, H and 8(z,y), the exis—

tence of a solution of the functional inequality
A(FIF(x,y)1,HIf(x),fly)])<8(x,y),

implies the existence of a solution of the above equa-

tion.

1.- D.H. Hyers in [2] proved the following stability theorem

for the Cauchy equation:

I1f f:E>E', E, E' Banach spaces, and there exists §>0 such that
lE (x+y)-£(x)-£ () <68 for every x,Y€E,

then there exists a unique additive function g:E-+E' such that

lg(x)-£(x) 1 <8 for every xeE.

The existence of an additive function is part of the theo-
rem above; therefore it can be also view as an existence theo-

rem.

%) .
*) Work partially supported by G.N.A.F.A.-C.N.R.
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In the present paper we consider the following class of

functional equations
(#) gl F(x,y)] = H[g(x),q9(y)],

where F : EXE + E, H: XXX - X are given functions, g: E + X is
the unknown function, E is a set and (X,d) is a complete metric

space.

We prove, under certain hypotheses on F and H, that the

existence of a solution of the functional inequality.
d(f[F(le)]l H[f(x)lf(Y)]) < 6§ (XIY)I

+ . . R . .
where §: EXE o R is a suitable function, implies the existence

of a solution of the equation (#).

If 8(x,y)=const, we obtain as a corollary, a generalization

of the Hyers theorem of stability. .

2.- Consider the functional equation (#). We put G(x)
:=E(x,x), K(u) = H(u,u) and we assume that X be a modulus set
for X, i. e. K(X) = X (see [3]), and K is invertible.

For a non-negative integer n, ¢" and k" will denote the

n-th iterates of G and K respectively; K~ ™ denotes the n-th ite-

rate of K-1.

For every x€E, we define x° = x, 0 = Gn(x).
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For every f:E+X and every x,y€E, we set §(x,y)
=a(£[F(x,y)] ,H[£(x),£(y)]); instead of & (x ,y") we write §_(x,y)

and instead of Sn(x,x) we write 6n+1(x).

We prove the following existence theorem:

THEOREM 1.- Assume that:

(i) there exists a function k:R++R+ strictly increasing, super-
additive, such that for every u,veX, d(K(u),K(v)xk(d(u,v)),

moreover for some constant c>1, k(t) =ct for every t€R+;
(ii) for every u,veéx, H[H(u,v) ,H(u,v)]=H[H(u,u) ,H(v,v)];
(iii) H is continuous;
(iv) for every x,Y€E, F[F(x,y),F(x,y)]=F[F(x,x),F(y,y)].

If there is a function f:g»x such that for every x,y€eE,

6n(x,y)=o(cn) and the series z c-nsn(x) converges, and for some
n=1

X,Y€E it is lim inf k "[d(£(%X™),£(3"))]>0, then the equation
n->+oo

(#) has a non constant solution.

PROOF.- Let k,(t)=k(t) and k (t ,...,t )=k[t +k (t.,...,t Dl

1

Fix xeE; then for every n 21 it is

(1) a(E(x™) K EEI DS 8 () +k 18, (%), eu8_ (x)].
This follows by induction: for n=2 we have
2 2 2 1 1 2

(£, KTI£(x) 1) SA(E () K[ £0x ) D+ K[ £(x ) LKTT£x) D=8, x)+x[8.x) 1,

by (i); #assume that (1) holds for n-1, then
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ate ™ K Ee] ) <aE ™) K ECETHD+HaE "D L £@ D) =
_ n-1 n-1 _
=8 +kla(Ex ),k £ DI<S +lS ok [6 0,8 0] )=
=5n(x)+kn_1[51(x),...,‘sn_1(x)], since k is increasing.

Now we define the sequence of functions {qn} by
qn(x)=K-n[f(xn)]; a, is defined for every n=0, since X is a mo

dulus set for K.

We claim that, for each xe€E, hn(xﬂ is a Cauchy-sequence

in X.

Let n>m, then

dlay (x),q () =a® [ ] K TEE D=k aEle™ ) LK £ D ]

(k_n is the n-th iterate of k-1, the inverse function of k);

k" is subadditive and increasing and Gj(xm)=5j+m(x), therefore

dla (x),q, (x)) <k {8 (x)+k__ (8 1 (x), ... 8 _

n-m-

n .
-n -n+1 ~m-1 < =3
<kTTI8(x)] +k [6 _ 0ol +...+k (8,1 ()]s } ¢ 5j(x),

o B
the convergence of the series z c-nﬁn(x) implies that {qn(x)}
n=1 :
is a Cauchy-sequence.,
X is complete, thus {qn} converges pointwise to a function g.

We prove that g is a non constant solution of the equation

(#). For every x,y€E, we have
ax MHEr ",y 1 LT E £ (™) £y T D =

=a(k el {F(x,y) M, EEK PLE™ 1L,k M E(y™) 1 ha(gl F(x, 1,85 g(x) ,g(n)])
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as n-+»+o, by the hypotheses (ii), (iii) and (iv); moreover becau-

se Gn(x,y)=o(cn):
ak Melrx,y™ 1),k P rlE(x™ , e(y™ 1) ) =

=k acelr (M y™ LEIEGT £ D TS S ¢S (k3020 as e+ o,
thus g [F(x,y) |I=H[g(x),9(y) ].
g is not constant, since d(g‘;‘)'g(f’”ﬂﬂ‘w AR PLEGED 1L, f(§n)])=

=lim k "“[a(£(x™) ,£(3™))]>0 by the hypothesis.
n->+eo

.REMARK 2.- It is possible to substitute the hypotheses on the
sequences {6n(x,y)} and {5n(x)} by the following ones:

oo

a) for every xX€E, the series z k_J[éj(x)] converges;-
=1

b) for every x,y€E, lim k "[&§ (x,y)]=0.
n--+oo n
The hypotheses a) and b) allow us to drop the assumption

k(t) =2ct for some c>1.

COROLLARY 3.- In the hypotheses of Theorem 1, there exists
a unique solution g of thewfunctional equatidn (#) such that for
every x€E, d(g(x),f(x))< ] k—n[dn(x)].
n=1
Furthermore if E is a topological space, G is continuous and
sup{én(x,y):11>0, X,y€E}=8<+o, then the continuity of f implies
that of g.

PROOF.- If {qn} is defined as in theorem 1,
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S dlg (%), E£(0)=aK T [E(xD) LE) =K [AEED K [ExD] <

-n —.
SKHS +k_([8, (x) e8RS J_Z=1 LR CHCIP

k™3 (6 (x) 1.

ne~18

‘Let ns+w, we have d(g(x),f(x))<

j=1

Let'azE*X be a solution of the equation (#), such that for

d(g(x),£(x)) < Z k-j[dj(x)] and g(z)#g(z) for some

every X€E,
. j=1

Z€E.

We have §(zn)=Kn[§(z)], g(zn)=KnI9(Z)], hence

a@(z" ,g9(z"=aK" [§(2) 1,K [g(2) N=k"[d(§ () ,g(=)) ],

and

(=" ,9EN<aEEN FEMHaEED <2 ] K g ENI<

j=1
<2 7 ¥ 8 (2)] } s
j=n+1

thus kn[d(é(z),g(z))]++m as n»+eo and

x"[d(§(z),g(2))]1< 2k"{ ) k-jléj(z)]}, so d(g(z),g9(2))<

j=n+1
g .
<2 ) k 3{6.(2)]1+0 as mr+=, a contradiction.
j=n+1 J

If sup{Gn(x,y): n=> 0, x,y€E}=8<+» , we have alq, (x),qp (x))
n s )
<. ) c¢” 36§, n>m, so {qn} converges uniformely to g. If E is a
j=m+1
topological space, since K—1 is continuous at 0 and d(K-1un,K—1hﬂ)=
-1 -
=X [d(u,v)], K 1,is continuous, then the continuity of G and £

implies that a, is continuous for every n. Thus, because of the

uniform convergence, g is continuous.
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EXAMPLES.- 1) Consider the functional equation
gl (x)+1_(y)+yl=T [gx)1+T_[g(y)],

where g:L‘(R)»L1(R), x,y,weL1(R), aeER, Ta is the translation ope
rator related to a, that is (Ta(x))(t)=x(t—a).

Obviously the hypotheses (i)-(iv) of Theorem 1 are satisfied.

Let Q:L1(R)+L1(R) be a linear operator which commute with
T_ . Then
a

ol T, (x)+T_(y)+p]-T_(Qx)-T_(Qy) Il ,=louvl,.
We can now apply Corollary 3 and obtain the solution
T -k
g(x)=0x+ [} 2 T_, [0 ]
k=1
2) Consider the Cauchy equation
g(x+y)=g(x)+g(y),

where g:%Z+%. Let £:%Z+2 be defined by f(x)=[x/2] ([t] is the in-
tegral part of t); then |f(x+y)—f(x)-f(y)|<1, but for every
additive function g, the difference g-f is unbounded. Corollary

3 fails because Z is not a modulus set for K(u)=2u (see [4]).

3) Consider the functional equation
37——— 3 "~
/ 2 2
g2V xy? +11=2V g0 [ g(yn 2,

where g:R+pR. In this case the hypothesis (iv) of Theorem 1 is

not satisfied. Let f£(x)=x, we can construct the sequence

qn(x)=x+1—2_n,

g (x)>x+1 as n>+~, but the function g(x)=x+1 is not a solution
n

of the equation.
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4) Consider the functional equation

3 33—
g(gy/xy2)=£\/g(x)[g(Y)]2 +1,

where g: R*R. In this case the hypothesis‘(ii) of Theorem 1 is not

satisfied. Let f(x)=x, we can construct the seguence

qn(x)=x—1+2_n,

qn(x)éx—l as n»>+o, but the function g(x)=x-1 is not a solution

of the equation.
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