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A MARKOV PROPERTY FOR TWO PARAMETER GAUSSIAN PROCESSES

by

D. Nualart and M. Sanz

This paper deals with the relationship between two-dimensional
parameter Gaussian random fields verifying a particular Markov
property and the solutions of stochastic differential equations. In
the non Gaussian case some diffusion conditions are introduced,
obtaining a backward equation for the evolution of transition

probability functions.

First we examine the Gaussian case and we establish a charac-
terization of random Markov fields by means of two-parameter Wiener

processes.
Let x={x(z)}zeR2 be a random field, defined on a probability
space (Q,@,P). If the random field is only defined on a subset TCR?2

we will extend it by putting X(z)=0 if z¢T.
We consider two increasing families of g-fields:
F, =0<X(z2'),2'S z>,
F, =0<X(z"),x'S x or y'Sy>, z=(x,v), z'=(x",y"),
which have been defined using the partial ordering of R?:

< o < <
(xl,yl) \(leyz) x S x, and y SV, -
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Given a point zeRz, the complementary regions {z'€e R?| z< 2"}
and {z'e RZ x'< x or y'< vy} represent respectively the "future"

and "past" of =z.

Definition 1.1.- The random function X is called a two-parameter

Markov random field iff
P[X(z')/Gz]= Pl Xx(z')/X(x,y"'),X(2),X(x',¥)],
for all z< z'.

Notice that the two-parameter Wiener process W={W(z)}z eR 2
+

and any random field on Ri with independent increments, zeroc mean

and vanishing on the axes satisfy this property.

Letp' = \ F and 7° =V F for all (s,t)e r?. We
st y>0 sy st =0 Xt

will assume that the family of o-fields {Fz}zeRz associated to a
“+

random field X ={X(z)} satisfies the following conditions:

2
ZER
+

(1.1) Fét and th are conditionally independent given Fz'

(1.2) Afp! and AFp? are trivial g-fields.
st st
seR teR

It can be shown (see [ 3] for the Gaussian case) that Markov
property implies (1.1), and (1.2) is true if, for example, the

process varishes in a region QZ = {(x,y)| X <xo or YSQYO} for
o

some z e€R?2.
)

We suppose in this section that X is a Gaussian, zero mean
random field and we will denote by T (z,z') its covariance function.
Let I'(z) be the variance of X(z) and let Rz be the rectangle

(-»,x] x(-o,y] for all z=(x,y)eR>.

We first give a characterization of Gaussian martingales.

Proposition 1.1.- The following conditions are equivalent:

(i) {X(z),Fz} , is a martingale,
ZER

(ii) X has independent increments,

(iii) T'(z,z')=T(zaz'), where zaz' =(xox',yry').
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If ' (z) is absolutely continuous with respect to the Lebesgue
measure on R 2 then the previous conditions are also equivalent to:
(iv) there exists a Brownian measure W on 32 and a function

g€ L2 (R?) such that

1.3) X = dw_.
(1.3) X(z) IRZ¢<C) c

Proof: We will only demonstrate the three first conditions

imply the fourth one, because other implications are obvious.
If F(z)=[R¢(§)dC, property (iii) implies the increment of T
z

in any rectangle A es nonnegative, that is, T(A)=E[Xx(A)]?%? =0,
therefore we can suppose 9(z)= 0 for all CGRZ. and take ¢ (g)=vV p(L).

Let us consider two cases:

(a) If ¢()#0 for all rger?, then W(A)= dx(z), where A is

f 1
A ¢ (2)
a bounded measurable subset of Rz, defines a Brownian measure on R?

which satisfies (1.3).

(b) If ¢ varishes in some point ¢ , we take —a%ET =
Let Wo be a Brownian measure on R2 independent of X (it can
always be consructed modifying the probability space (Q,a,P)) and

D the set {C€R2/¢(c)=0}. Then property (iv) follows from

Ww(a)=/ ax () + w_(pna). O

S
a $ ()
Notice that property (iv) imply conditions (1.1) and (1.2).

Let ¢(z,z') a real function defined by

$(z,2')=T(z,z")T(z',2z') ! if z'S< z, z'#z and TI(z',z')#0,
d(z,z')=0 if z'S z, z'#z and T[(z',z')=0,
d(z,z) =1.

¢ represents a transmission function, as in the onedimensional

parameter processes, and satisfies

E[X(z)/X(z")] = ¢(z,2').X(z2'), if z'< z.
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2 is a Markov random

Proposition 1.2.- The process X ={x(z)}ZER

field iff

(1.4) T(z,z")=¢(z,(x',y)) T((x',y),z"), for all "< x'<x, and
<y'<

x
(1.5) T(z,2")=¢(z, (x,¥y")) T((x,¥y"),2"), for all y"
where z=(x,y), z"=(x",y").
In this case the function ¢ verifies
(1.6) ¢lz,2") = ¢(z,2")¢p(z',2") if z2"<z'< z.

As a consequence of this proposition we obtain that under
condition (1.2) definition 1.1. is equivalent, in the Gaussian case,

to the Markov property introduced by H. Korezlioglu in [3].

Proof: The Markov property, in the Gaussian case, is equivalent

to the existence, for all z'< z, of real numbers A1 A2 )3 such that
E[X(2) /G, ]=21X(x,y") + A2X(2') +A; X(x',y);
that means
(1.7) T(z,2") = \T((x,y"),2") +X2l(z",2") + AsT((x',y),2")
for all z'EQz.

Then, it is immediate that conditions (1.4) and (1.5) imply
(1.7) and the reciproque follows taking x'+> - or y'-+> - in

(1.7) and applying property (1.2). 0O

In order to obtain a characterization of X in the Markov case,
we need several smoothing hypotheses about its covariance function.
H1.- T'(z,2') is a continuous function and the set D={zeR2/T(z)>0}
. . c
is either R?or Qz ={zeR2/z>>zo} for a certain point zZ . where z°<<z
o

means X < x and <y.
° Y <Y

H2.- There exists a positive continuous function £:D - R such

that ¢(z,z')=f(z),£(z') ! for all z'< z, z',zeD.

_2
H3.- K(z)=f(z) .I'(z) is an absolutely continuous function on D.
Theorem 1.1.- If the covariance function [(z,z') of the process

X verifies the previous hypotheses H1, H2, H3, X is a Markov random
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field iff there exist a Brownian measure W on R?, a continuous function

¢1(z) on ® and a square integrable function ¢4z)€L2 (R?) such that

(1.8) X(z)=¢,(2).[ ¢,(g)aw(g).
R

z

Proof: The random function Y(z)=f(z)-{ X(z) if z€D, Y(z)=0 if
zgD, has a covariance function
E[Y(z).Y(2"')] = f(ZAz')_%F(zAz'),
which satisfies (iii) of Proposition 1.1, because of hypothesis H3.
Therefore, there exist a Brownian measure W and a function

$2 (z)eL? (R?) such that Y(z)=f oo (z)dW(g). It suffices, then, to
R

take ¢1 (z)=£f(z). z

Conversely, it is clear that every random field X(z) given by

(1.8) satisfies the Markov property. O

Suppose that for all z=(x,y), z'=(x',y'), z'S< z, z,z'€D there

exist the following partial derivatives

' ' 2 1
b(z)=—§gi£iE—L| s a(z)=_aﬁiiii_ll , d(z)= Q_QéELE:lI .
ox g 3y et 3%y oot
zZ=2z zZ=2Z z=2z

Then, using property (1.6) we have
302:2°) _p(aygiz,zty, 2LZZ) oah)g(z,z2n,
ax 9y

2 1
3°0(2:2') 4,y (2,2'), dlz)=a(z)b(z)- 221 g
axdy 5 x
da(z) _ab(z)
9 x 2y

for all z'< z, z',z€eD.

In this situation, the function ¢,(z) can be calculated as

follows:
2 1 1
$o(z) = [Q—E~Xi5l——] Z = £(z) .q(z), where
d X3y
2
q(z)2= Q_LLEL +2a(z) QLLEL +2b(z) QLAEL +(4a(z)b(z)+2i§i5l)r(z).

IxX3y 9 x dY oY
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These random fields can also be considered as aolutions of

linear hyperbolic partial differential equations:

2
& X yaz) 2 i) 2 c(2)X= qlz) E(2),
3xyy dx 3y
with the conditions c=ab+ ga and 2a _ Q_' where g (z) is a white
9 x 3 x Ay

noise distributed on Ri.

We can attach a more precise meaning to these equations within

the frame of the generalized stochastic processes theory.

As it is shown in [2] , the only stationary Gaussian Markov

process {X t} with non vanishing absolutely continuous variance
st€ R?
function I'(z) is the two-parameter Ornstein-Uhlenbeck process, that

is xst=[ exp [—a(s-x)—B(t—y)]dny, where o,B > o.
R
st
Besides, using the rules of It®'s stochastic differential
calculus in each coordinate, we obtain the following differential
expressions for X:

d; X =-b(z) X (z) d x + ¢, (z) a; (2) W;l)(dx),
(1.9)

2
d; X =-a(z) X (2) dy + g, (2) 6z (2) W' ) (ay).

In these formulae d;X=X (x+dx,y)-X(x,y) and d;X=X(x,y+dy)-X(x,y)
represent the differential increments in each coordinate, and
o1 (z), 02(z) are
Yy 2 1/2 b 1/,
a1(z)=[f ¢2(x,manl , o2(z)=l [  ¢3(E,y)adE]

- -

1 (2)
The functions W( )(A), Wx(A) defined by

1 y
ugay=f f7 22LEn) ayg,n,

A -0, (E;Y)
2 X
e =) f 22ln) gy,
=® A axx,n)

A being a Borel set in R, are ordinary Wiener measures when both

variables y and x are fixed.
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In particular, notice that X(z) is a diffusion process in

each coordinate.

In the same way, the rules of the two parameter differential
stochastic calculus, developed in [1], and [5] give rise to the

differential expression

1
dx=q(z) dwW(z) + d(z) X(z) dz - al(z) ¢, (z) o, (z) dy W;)(dx)

(1.10)
“b(z) ¢, (2) a, (z) ax W' (ay),

where dX denotes the increment X (x+dx,y+dy)-X(x,y+dy)-X(x+dx,y)+X(x,y)-

This situation leads us to introduce some diffusion conditions
for two parameter random Markov fields in order to consider the
process given by (1.8) as a two parameter diffusion process and to
provide some elements to study and characterize random Markov fields

in the non Gaussian case.

- 2 -
Let X={X(z)} be a two parameter random Markov field,
2
zeR+
there exist a function
P(er Wi, W, Wy Z,,A),
defined for all w = (wy,w,wy)€ R, z,, zzeRi, z,< z,, and Borel

sets A, for which the following properties hold:

(1) P(z,,w; z,,A) is a Borel function of w,
(2) P(zy,w; 2z,,.) is a probability for fixed zl,zz,G,
(3) PIX(zp)e A/X(X1,y2)=w;,X(z))=w, X(X,,y;)=w,]=

= P(z,,%w; 2z,,A), w.p.1.
This function will be called the transition probability for X.

It also satisfies an equation of the Chapman-Kolmogorov type,

that is, given a fixed point g=(gf,n) such that z1<{<z;, we have

(2.1) P(z1,w; 2z,,A)= ff!P(C,‘—l;zz,A).P((xl,n),(wl,wi,v);(g,nz),dvl).
R

LPO(E M) s (vowd ywe) i (X2,n ,dvy) . P (2, (w],w,w));g,dv).
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This relation must be true for all w/, w; € R.

If we know the transition probabilities P(zl,G;zz,A) and the
distributions of {X(o,y), o <yl and {X(x 0)’° <x}, we can deduce
r
all the finite dimensional distributions of X by using (2.1) as

in the one parameter case.

If X vanishes on the axes, then X is a Markov process in each

coordinate and its transition probabilities are:
(2.2) Py(xl,w,xz,A)=P[X(x2.y)e A/X(x;,y)=w] =P((x,,0), (w,0,0);(X,,y),R),
where y is fixed, and

(2.3) P _(y,,w,y,,A)=P [ x(x,y,) €ea/X =w ] =P((o,y,),(0,0,w);(x,y ) ,A),

(xIYI)
where x is fixed.

We assume in the following that X vanishes on the axes and has
continuous sample paths. We also suppose the existence of a density
p (z,,w;i z,,u).

Let z=(x,y) be a fixed point of Ri and let us consider the
increments

X (A,)=X(x+Ax,y)-X(2)

X(Ap)=X(x,y+Ay) - X(z)

X(A) =X(z')-X(x+Ax,y) -X(x,y+Ay) +X (2),
where z'=(x+Ax,y+Ay) and Ax>o, Ay>o.

The stochastic differentials for the random Markov field X we
have obtained in the Gaussian case have suggested us to introduce

some conditions for X to be a two parameter diffussion process.

For the sake of simplicity we will omit truncations of the

moments, stating only the usual conditions in strong sense.

Definition 2.1.~- A random Markov field X is called a diffusion

process in each coordinate iff:

" a,(z,w) if k=1
E[ X(A,) /X (z)=w]

(2.4) 1lim =1lim K:T f wz-w)kpy(x,w,x+Ax,w2)dw2= b(z,w) if k=2
Ax>0 Ax Ax+0 R o if k>2

a,(z,w) if k=1

k
(2.5) 1lim E[X(A,p) /X(Z)=W]=lim A; f(w;—w)kPx(y,w,ymy,Wl)dw1= b, (z,w) if k=2
Ay~0 Ay ay»0 °Y R o if k>2
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where a; ,b; ,azb; are continuous functions, and represent the

coefficients of diffusion and displacement in each coordinate.
Let us introduce the function

P(z,w;Z'.(W1,UIWz))=p(z,§;z',u)-py(x,w,X+AX.Wz)-px(y,W.y+AYrW1)

for all z Lz', §=(w1,w,wz)€R3, u€ R,

which verifies, using the Markov property, that

plz,wiz', (w; ,u,w;))=P [X(z')=u, X(x,y')=w,, X(x',y)=w,/X(z)=w],

w.p.1.

Definition 2.2.- A random Markov field X will be called a two

parameter diffusion process iff it is a diffusion process in each

coordinate and possesses the following properties:

E[X(A)k /X(z)=v] =11 ! fff(u—w;-w2+w)k

lim im —_—
Ax, Ayro Ax . AY AX, Ay+oAx-Ay Ks

a(z,w) if k=1
(2.6) pl(z,w;z',(w;,u,wy)) dw;dudw,={b(z,w) if k=2 .
o if k>2

E[x (M) %x(a,) Y% (8,0 /% (2) =w]

lim A% R = lim i fff(u—wz—wZ+w)K(w1-w)?
Ax,Ay>o - Ax,Ay+oAx'Ay R’
i cy(z,w) if k=i=1, j=o,
(2.7) -(WZ-W) .plz,wiz', (w; ,u,w,))dw, du dw,=lc, (z,w) if k=j=1, i=o,
d (z,w) if k=i=j=1,
0 if k>1 and i+j>1.

a(z,w) and b(z,w) will be called, respectively the two parameter
coefficients of diffusion and displacement, and ¢, (z,w), c, (z,w), d(z,w)
will be called mixed diffusion coefficients. All of them are supposed

continuous functions of (z,w).

Proposition 2.1.- If X is a two parameter diffusion process, we

have
i 3 al(z.w).az(z,w) if i=j=1,
lim E[X(A1)7 X(A,) /X(z)=w]_ Ja,(z,w).b,(z,w) if i=1, j=2,
b;(z,w).a,(z,w) if 1=2, j=1
Ax A . 1 ’ 2 v ] ’
» Ay>o Ax Ay b, (z,w) .b, (z,w) if i=j=2,
if i>2 or js2.
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In fact, the Markov property implies

E[X(Al)i x(Az)j / X(z)=w]= E[X(Al)i/x(z)=w]. E[X(Az)j/x(z)=w].

Finally, the main result of this section is a "forward equation"

for the evolution of the conditional probability density.

Theorem 2.1.- (Kolmogorov's Forward Equation). Let X be a two
parameter diffusion process such that the transition probability

density p(zl,a;zz,u) has the partial derivatives

2 4
—A——E—, 32, ﬁiB'aiB and a'p continuous and also bounded in (z,u)
9x 9y du  Ju? ju3l gub

- 2
for each fixed z €T, zl< z, weRa. We also assume that - P is
ax3y

uniformly continuous in z with respect to (wi,w2) and u, that it

is continuous in (wl,wz), and bounded

2
|——§—2—|< g(u) for fixed z, and w,
90X 3Y

g(u) being a Lebesgue integrable function.

Then we have,

(2.8) 22 P __alp M) , 1932(p M) _ 1 3%p Ms) , 1 g*(p M)
9x 3y Ju 2 du? 2 Jul 4 Juk

where the infenitessimal moments of order i, Mi(z,u), i=1,2,3,4,

are given by

Hx)Y x)® x0,)8/x(2) =ul

(2.9) Mi(z,u)= z lim
oa+B+y=1i Ax,Ay+ro AX . AY
o,B, Y€ N
that is,
Ml =a

M; =b+2c,;+2c,+2a,a,
M3 =a;b,+a,b;+2d
Ml, =b1 bz .
We also suppose the terms in the limit (2.9) to be bounded by a

finite constant ki independent of (z,u).



A Markov property for two parameter... 11

Proof: Let f:R-R be infinitely differentiable with compact

support, and, for fixed (z,w), consider the function defined by
¢(z)=El£(X(2)) / X(z1)=w, X(x1,y)=wi, X(x,y1)=wz]=[f(u)p(z,wiz,u)du.
R

We know there exist

2

3 i 3%p(z,,w;z,u)
(2.10) _Laxay = }{ £ (u) du,

X oy

and e is continuous and bounded in (w,;,w,,z) for fixed (z,,w).

Therefore, diffusion conditions in each coordinate imply

3% ¢ . 3%

(2.11) (wy,wy,2)=1lim f (w',wh,z)p (x,w,:ix',w})

ox 3y Ax, Ay 0 Rl 9% 3y v Y, 2 z
le(Ylwl:y',wi)dw'l dw}y ,

where x'=x+ Ax and y'=y+ Ay.

Using the mean value theorem,

] - 1 - ' 32
ele) - plloy) ce Uy ) W) (yi uyy = 28 (wliwgzt),
bx - AY

where z<< z"< z"'.

2
Uniform continuity of 2 in z gives

9X3y
. 3% 29
lim [ 'Lwl, _ a2%¥ swh,z"
AX, AY~>0 I{ axay (WirWieR)T gy (whewieztl
R
Py (X, waix',w} )PXI(y,wl;y',w;)dW{ dw; = 0,

1
then from (2.11) we obtain

X 1
(2.12) 1lim A——XA—Y f{[ Y (z")w (x'y)-p(x,y")+p(z)] (wi,w).

Ax,Ay>o R

(W ,wy,2).

] ] . ' ] ' | - 322
PY (x,w2 ;x ,wz).le(y,wl,y ,wl)dw1 dw2 SX3y

1

Using Chapman-Kolmogorov's equation, we write
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[plz")-p(x",y)-p(x,y")+p(2)] (wi,w}h) =
=f f(u')p(zl,(w;,w,wg);z',u')du'-f f(u2)p(z1,(wy,w,w})i(x',y),u,)du, -
—f:f(ul)p(zl,(w'i,w,wz);(x,y'),ul)dr:l1+f f(u)p(z,,w;z,u)du =
=f f(u'Hff]3p(z,(ul,u,uz);Z',u‘)p((xI%y),(w;,wl,u);(x,y'),ul)
p(ixryl),(UTwz,wi);(x',y),uz).p(zl,ﬁ;z,u)duldu du,]du' -
=) EQu [ pU(x,y,) ., (u,w,,wh)i(x',y),u,)p(z, ,wiz,u)du] du,-
_]Rf(ul)[f:p((xl,y),wi,wl,u);(x,y'),ul)p(zl,ﬁ;z,u)du] du, +

R

+j f(u)p(zl,a;z,u) du.
R
If we substitute in (2.12) taking into account that
p, (X uix',uy) =[Rp((x,y1),(u,w2,w5);(X',y).uz) pyl(x,wz;x'ng)dwb and
p (y,uiy',uy) =pr((x1,y).(w{.wl,u);(x.y')ul)pxl(y,wl:y',W{)dwi.
we have

3%
ax3y

(wy ,wo,z)=1lim

f E[f(x(z')—f(x(x‘,y))—f(X(x,y'))+
Ax,Ay~>o R

1
AX AY
+£(X(2z)) / X(z)=u] . p (z,,w;z,u)du.

Using a Taylor expansion of f and the hypotheses for the moments

Mi(z,u), we obtain

3z _ , 1 . 1 , 1 v
seay = J Mz £ g (2w £ () 5 Mg (2 ) £ (), (2w £ () ]
p(zl,a; z, u)du.
Finally, integrating by parts and using f(k)(tW)=O, we conclude

the theorem proof by means of the identification with formula (2.10).0
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Let x={X(z)} be a two-parameter diffusion process and
2
zeR+
f(z,u) a monotone function in ueR for all zERi. Let g(z,w) denote

the inverse function of f(z,u).

Then, the random field Y (z)=f(z,X(z)) is also a Markov random
process with transition probability P (zl,ﬁ,zz,A) related to the

one of X by

Bz, ,wiz, \A)=P (2, ,(g((x;,¥,),w ),g(z,w),g((x2,¥1),W,))iz,,9(2,,R)).
If f is differentiable and bounded enough (i. e.,

4 3 3 2
9 f ’ 9 f, o f B 9 £ and f is continuous and bounded), then
du* 3x Ju? 3y 3u?  3x jy

Y is a two parameter diffusion process. Boundness hypotheses can be

eliminated weaking diffusion conditions by means of truncations.

The coefficients for the diffusion process Y in each coordinate

are given by

- £ £ 1 3%f

a, (z,w)= %; (z,u)+a, (z,u) %E (z,u)+5b1(Z.u);:;(zru)=D1(f)(Z,u).
- f 2

by (z,w)=b; (z,u) [ g—u (z,u)] .,

Ez(z,w)=g—§ (z,u)+a, (z,u) g% (z,u)+ -;- b, (z,u) —fo-z(z,u)=Dz(f) (z,u),

- £ 2
B2 (2,w)=b, (z,u) [2% (z,w)],
where u=g(z,w) and D, ,D, denote the diffusion operators in each

coordinate. Using a Taylor expansion of f we can also calculate

two parameter coefficients:
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g(z,w)=D](-g§) +D2(%§) ai;§ +Mlg% + ;—MZZZf + ;_Mazaf + 1 Mu-::—f-,
5(2,W)=b.[g—§]2 +b1bol zzf]2+ 2a. 3£, :zf .
c1(z,w)= %5 .[bl.Dz(g—ﬁ) + cy. g—ﬁ +d. zz—f],
u
G2 (z,w)= g—i .[bz.Dl(%E) +cy. -3% + 4. 2:1
d(z,w)=d. [g_ﬁla +b1b2[%§]2 . 22: ,
u

where we have omitted for simplicity the dependence with respect

to (z,u) in the second term.

For example, given the coefficients of the two parameter Wiener

process W={W(z)} as a diffusion process:
ze R2
+
a;= a; = 0, b;= y, b= x,
b=1,a=c¢ =c¢, =d-=0,

we can calculate by means of the preceding formulas the coefficients

of X (z)=f(z, W(z)):

=z aof 1 92 f - £.2
ar—ﬁ**;y 2—D1(f).b1=y- [g;] ’
2u
- 5 f 1 32 £ = £,2
a;-—i’—+—-x =D (f),b= . AT ’
Y 2 3u? 2 2% [3u]
D,) (f),

225,

3u?

'
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These results can be compared with the differential represen-
tation of the random field X(z) obtained by using the rules of the

two parameter stochastic differential calculus [4]:

d1(X(z) = D1(f) dx +/y . g—iw;l)(dx),
dr (X(z) = Dy (£) dy +/ x . g—fw(Z)(dy),
u X
_ 3f — 3%f (1) (2) 3f. (v
d X(z) = I aw +v xy — Wy (dx) wx (dy)+ Y‘DZ(au) dy WY (dx) +

du

£ 2
+f—x.D1(-%-u-)dx w)(( Y(ay) + (Do D,)(£) d x dy,

(1)

where W
Y

(x) = Ei§4ll , w;z)(y) = EiELXL are Brownian motions in
y x

X and y respectively.
Xy
Finally, the Gaussian random function X(z)=g (2) f ]ﬂzkﬂ a Wiy,
o' o

z = (x,y), introduced in Section 1, is also a two parameter diffusion

process with coefficients
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