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INTERPOLATION AND FORECASTING

IN POISSON'S PROCESSES
by

E. Bonet and D. Nualart

The problems of interpolation and forecasting in a

Poisson's Process N(t) of one parameter t, have -as the si-

milar problems in the Brownian Functions [ 1] - simple solu-

tions because of the total order in the parameter space T.

sses N(tz)-N(t1) is a Poisson random variable with A=t

Let's recall that in the homogeneous Poisson's proce-
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and, in the general processes A=F(t2)-F(t1), where F(t) is

the distribution function of a measure on T.
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1 2
N(t)-N(t1) is a binomial variable with n=n

For t_<t<t_, and given N(t1)=n1 and N(t2)=n2;
27Ny and p=

=t—t1/t2—t (in the homogeneous process) or p=F(t)-F(t1)/

1
F(tz)—F(t1) (in the general process). So we have

t-t
B[N(£)-N(t,) /N(t )=n_,N(t,)=n,]= — nymn )
27t
oF F(£)-F(t,)

E[N(t)-N(t,)/N(t )=n ,N(t )=n,]= ﬁt—z)_F—(t1) -(n,-n).

This function is linear in N(t1) and N(t2).
For t>t_, given N(t3)=n

3
variable with )=t-t

37 N(t)—N(t3) is a Poisson's

3 Or 1=F(t)—F(t3); and, then

E[N(t)—N(t3)/N(t3)=n3]=t—t3 [or F(t)—F(t3)] .

This interpolation is not always useful because it
takes continous values. A way of having integer values is

to study, for the period t2—t , the random time for the

1

n,-n, events, which are independent and have uniform dis-

tributions. The estimations of these instants divide t2-t1

into equal parts (in the homogeneous process).

POISSON'S PROCESSES OF TWO PARAMETERS.

Let's recall that a Poisson's Process N(x,y) in
the parameter space E=[0,1]x[0,1]has the properties:

- N(0,y)=N(x,0)=0. '

- N(x,y) is a Poisson's random variable with A=x.y.

We may consider the process defined in the parame-

ter space of the Borel sets S of E:



- N(S) is a Poisson's random variable with A=m(S),
where m(S) is a measure on E.

- If S1rE2=¢ , then N(S1) and N(SZ) are indepen-
dent.

- If S1, 52, ey Sm is a partition of E, then

m
E[N<s)/N(s1),N(sz),...,N(sm)]=i§1E[N(sfbi)/N(si)]=

m(ss,)
—_—T
m(Si)

M8

N(S.)
i=1

because P[N(Srbi)=k/N(Si)=ni] has a binomial law with
p=m(sﬂsi)/m(si) and n=N(S,) .

ESTIMATION IN POISSON'S PROCESSES OF TWO PARAMETERS.

1.- If N(xi,yi)=ni are known in a finite family of
points and if this family is closed for (xiij, yiij);

then, as a consequence of the partitions property,
E[N(x,y)/N(x1,y1),...,N(xn,yn)]= E[N(x,y)/N(S1),---,

m m{s.ﬁ([o,x]X[o,y])}
N(s)]=2Z wN¢s,)
moog=r 7

where B=s Us U [ . Us |
. 1 72 m

nis;) + m([o,x]x[0,y]-B)

We can write this equations in the form

E[N(x,y)/N(x1,y1,-..,N(xn,yn)]=

n n
=2 A.N(x,,y.) + (x.y- Z A.x.y.),
o 337 P

where the coeficients A. are calculated -as in the Brow-
nian Functions [1]- in a linear system obt&ined from the

Wiener-Hopf equation.
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2.~ Given two points (xo,yo), (x1,y1) non comparable
for the partial order in R~, the estimation of N(x,y) is
not linear in N(xo,yo) and N(x1,y1), because we do not
know the values of N(S) for a partition.

If, for instance, x0<x1 and y1<y0, then

E[N(x,y)/N<x0,y0)=no, N(x1,y1)=n1] =

nol\n1
k
z k.P[B(yO/y1,n0)=k].P[B(xo/x1,n1)=k]. =
k=0 (xoy1)
Nohny . '
Z P[B(y,/y,/ny)=kl.P[B(x /% ,n)=k]. "
k=0 (XOYO)

where B(p,n) is a binomial random variable.

3.~ Given the values of the process in the points
(1,y), for each ye[0,1], we know the number of events and
1 XopeserX

1772 n
are independent and uniformly distributed random variables:

their coordinates y1,y2,...,yn. The abcises x

E[N(x,y)/N(1,n), ne[0,1]]=x.N(1,y).

This estimation is linear and coincides with the re-

sult obtained for Brownian Functions.

4.- Given N(1,y) for ye[0,1] and N(x,1) for xe[O0,1],

we have:
E[N(x,y)/N(1,n),ne[0,1];N(E,1),E€[0,1]] =

N(x,1)AN(1,y)
) k.N(x,1) .N(1,y)
k=0 k [N(x,1)-k] [N(1,y)-k] N(1,1) °
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This result do not coincide with the linear estima-

tion in the Brownian Functions, given by

x.N(1,y)+y.N(x,1)-xy.N(1,1).
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