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ABSTRACT

In this paper we survey recent applications of the isomor-
phism between the spaces of all n-homogeneous continu-
ous polynomials and the dual of the space of all n-sym-
metric tensors on the space endowed with the projective
topology. Some of those applications have influenced the
study of the space of all holomorphic functions on a bal-
anced open subset of a complex locally convex space.

1. INTRODUCTION

Let E be a locally convex space over I (K = R or C)
and for n € N let P("E) be the space of all n-homogene-
ous continuous polynomials on E with values in [K. We
recall that the elements in P("E) are the mappings P :
E — [K such that there is an n-linear continuous mapping
A from E X --- x E into [K that satisfies P(x) = A(x, ..., x)
for every x € E.

The spaces P("E) are fundamental in the study of the
spaces of holomorphic functions on the complex locally
convex space E. The main reason is that for a complex
locally convex space E and a balanced open subset U of
E, the sequence (P("E));., is a Schauder decomposition
for the space JH(U) of all holomorphic functions on U
endowed with any of its natural topologies [22]. As Ryan
pointed out in his thesis [38], the space P("F) is algebrai-
cally isomorphic to the topological dual of the comple-
tion of the n-fold symmetric projective tensor product of
E, noted by ®§’ LE. That is

P('E) = (®" E). (*)

The topology we are considering on ®"E is just the re-
striction to that space of the classical projective topology
on ®"E. A natural description of this topology using
only symmetric tensors can be given [26], [28].

This isomorphism has been used recently by different
authors to obtain results on spaces of polynomials, some
of which pass to spaces of holomorphic functions. Our
aim here is to survey recent applications of the above
isomorphism. These applications are related with topolo-
gical properties P("E), so let us recall the usual notation
for the different of natural topologies on P("E):

7, will denote the compact open topology defined by
the seminorms

P € P("E) — sup, x| P(x)]

when K ranges over the family of all compact subsets of
E. 7, is the topology of uniform convergence on the com-
pact subsets of E.

7, will denote the topology of uniform convergence on
the bounded subsets of E. It is defined by the family of
seminorms

P e P('E) > sup, .z P(x)|

when B ranges over the family of all bounded subsets
of E.

B will stand for the strong topology on P("E) as the
dual of ®” .E. Note that if B is a bounded subset of E,
then @B o= {®"x :=x®---®x; x € B} is a bounded
subset of ®} E and

sup |P(x)| = sup |P(®"x)| = sup |P(2)].
xeB xeB e @B

where P denotes the linearization of P through the iso-
morphism (*).

So, 7, < . But since in general not every bounded sub-
set B in ® E is included in the closed convex hull of a
set of the form ®!B, with B bounded in E, we have in
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general (see Section 2 below), that 7, < f on P("E). In
fact, 7, = f on P("E) if and only if E has the so called
(BB), , property: E satisfies the (BB),  property for
n=2,3, .. if for every bounded subset B in ®} _E
there is a bounded subset B in E such that B < co(®” B)
(co denotes closed convex hull). In section 3 we mention
an example of a Fréchet space E such that 7, < f§ on
PCE) forn=2,3, ...

The last topology we are going to consider on P("E) is
the Nachbin ported topology defined as

(P(E), 1,) = indy, P('E,)
when V ranges over a basis of 0 neighbourhoods in E.

Itis easy to see that 7,< 7, < f <1, on P("E). Note that
there are spaces E for which some of those topologies are
different on P("E) [22]. In section 3 an example of a
Fréchet space E such that 7, < 7, < f < 7,,on P("E) for all
n = 2 will be mentioned. For infinite dimensional Banach
spaces we always have 1, < 7, = ff = 7, on P("E) for all
n, so in what follows we only consider locally convex
non-Banach spaces.

Those topologies have natural interpretations as linear
topologies on (®;{ E) 1 7, «is» the topology on (®’; E)
of uniform convergence on the compact subsets of ®;’ £
which are symmetric n-tensor products of compact sub-
sets of E. In many cases, these compact sets are, modulo
absolutely convex closed hulls, the compact, subsets of

C>A<)’S" LE. This happens, for instance, when E is metrizable
(it follows easily from [33, 41.4] using the symmetriz-
ation map, see [26] or [28]). As we have already seen, 7,
«is» the topology on uniform convergence on the

bounded subsets of ®" E of type ®"B where B is a
bounded subset of E (see [33, 41.5]). f5 is already defined

as the strong topology on (®" .E) and 7, on (®" E) is
the inductive limit indw(®fj' E)yo where W ranges over

the family of all absolutely convex open subsets of
®" .E (see [26] for the details).

2. THE z, = 7, PROBLEM ON H(U)

The first application we mention allowed Taskinen
and the first author to solve in the negative the 7, = 1,
problem on H(U) for Fréchet-Montel spaces. t,, is the
compact open topology on JH(U) defined as on spaces of
polynomials but now the compact subsets are contained
in U and t,, is defined by the seminorms p on JH(U) such
that there exists a compact subset K in U such that for
every open neighbourhood V of K in U there is a positive
constant C verifying that p(f) < C sup,., |f(z)| for all
fe H(U). This topology on H(U) induces the t,, topol-
ogy on P('E) [22].

Taskinen constructed in [39] a Fréchet-Montel space F
to solve (in the negative) the «Probléme des Topologies»
(see [31]) and it happens that F Q) ,F contains €, as a

complemented subspace. Hence F ®S, .F is not a Montel
space and then F has not the (BB), , property (it is easy to
see that if E is a Fréchet-Montel space, then E has the
(BB), , property if and only if E®, E is a Montel
space). As we have already mentioned this implies (in
fact it is equivalent) to 7, #  on P(*F) and hence 7, # 1,,
on P(*F). Then we have the following

Theorem 1 ([8]). t,#71,0n H(U) for any open sub-
set U of F.

The above isomorphism has also proved useful in giv-
i;f partial positive answers to the problem 7, = 7, on

(U) by using the fact proved by the authors [7] that for
balanced open subsets of Fréchet-Montel spaces E, 1,=1,,
on H(U) if and only if 7, = 7, on P("E) for every n e N.
In this direction results by the authors [7], Dineen [23, 25],
Galindo-Garcia-Maestre [29] and Defant-Maestre [19]
should be mentioned. All these results concern scalar-
valued functions. In the vector-valued case an interesting
result follows by combining results by Bierstedt-Bonet-
Peris [11] and Boyd-Peris [18] and states that there are
Fréchet-Schwartz spaces such that 7, # 7, on H(U, X)
for some open subset U of them and some Banach space
X. This contrasts with the scalar case where it is known
from Mujica [35] that always 7, = 7, on H(U) for bal-
anced open subsets of Fréchet-Swchartz spaces.

3. THE QUASINORMABILITY OF (P("E), 1)

Quasinormable spaces have been introduced by
Grothendieck ([30]) as a class of spaces which share the
Banach space property: for every equicontinuous subset
x in the dual there is a neighbourhood V of the origin
such that on y, the strong topology and the topology of
uniform convergence on V agree. Most function spaces
are quasinormable.

When is (P("E), 1) quasinormable? For t = 1, it is
quasinormable for any Fréchet space. This result has
been obtained by Nelimarkka [36] using operator ideals
and reobtained by Dineen [24] using a different tech-
nique; both proofs are not elementary. Let us see how the
isomorphism we are considering gives an easy proof: If E
is a Fréchet space, then @'j LE is also a Fréchet space, so
its dual with the topology of uniform convergence on
compact subsets is quasinormable (these kind of spaces
are gDF spaces and hence quasinormable [32]), but this
space is (P("E), t,). Note that we are using the fact, al-
ready mentioned, that when F is a Fréchet space the com-
pact subsets of ®" E are liftable.

For 1 = 1, the situation, as far as we know, is not com-
pletely solved yet: The following result from Bonet-Peris
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[17, Sc. 2&3] (see [37]. Ex 1.3.3 for the details), has been
proved using the isomorphism (*).

Theorem 2 ([17]). There exists a Fréchet space such
that (P('E), 1) is not quasinormable.

On the other hand, several examples of Fréchet spaces
E such that (P("E), 1,) is quasinormable are known. We
should say that apart from the particular example we are
going to comment on now, all Fréchet spaces E for which
it is known that (P("E), 1,) is quasinormable are spaces
such that 7, agrees with some of the other topologies. For
instance, for spaces with the (BB), , property, 7, = f§ (see
[2]). This class includes the spaces with unconditional
basis of type (T) and the density condition, in this case
7, = 17, (see [25]). Basis of type (T') have been introduced
by Taskinen [39]. Note that (P("E), f}) is quasinormable
because

(PCE), p) = (&} E)j

and since ®’; .E is a Fréchet space, its strong dual is DF

and hence quasinormable (see [32]). For t =7,
(P(E), 1,) = ind,, P('E,,)

and every countable inductive limit of a sequence of

Banach spaces is DF [30], and hence quasinormable.
((V,) denotes a countable basis of 0 neighbourhoods in E.)

So the quasinormability of (P("E), 1) is clear for 7 =7,
p and 7, and as we have mentioned before there are
Fréchet spaces such that (P("E), t,) is not quasinormable.
What follows is an example of a Fréchet space such that
(P('E), 1,) is quasinormable but 7, # 7, and 7, # f8. In fact
this space has the property that 7, < 7, < f <1, 0on P('E).
The example is due to Blasco and the authors [3]. It is
modeled on a Taskinen space similar to the one men-
tioned previously: If we take a Fréchet-Montel space F
such that F ® .F contains a non-distinguished 1A' (A)
space (Tasklnen proved that such spaces exist [40]), then
for E = ¢,®,F we have the following result.

Theorem 3 ([3]). For the above E, (P('E), 1,) is
quasinormable and 1, < 1, < f§ < 1, on P("E) for n =
=2,3, ..

We remark that (P("E), 1,) is quasinormable when E =
= {¢,® F with an arbitrary Fréchet-Montel space F (the
p'lrtrcular choice of F is in order to have 1, < 7, < f < 1,
on P("E)). To get the quasinormability of (P("E), t,) we
use among other things the fact that £,("E) is isomorphic
o€ ((®"FY, 1,) (note that F is a Frechet Montel space).
The fact that all the natural topologies we consider on
P('E) are different follows from results in [13] and the
fact that F @ _F contains a non-distinguished space (for
details see [3]). It is possible to consider another Fréchet
space, similar to the above, such that theorem 3 is also true
for n = 1, with the natural exception 7, = f on E’ [16].

For a Fréchet E the space F,(U) of all holomorphic
functions of bounded type on a balanced open subset U
of E endowed with its natural topology of uniform con-
vergence on the bounded subsets of E which are strongly
contained in U, is quasinormable if and only if P("E) is
quasinormable for all n [24, Prop 3.6]. So for the space E
in Proposition 5, ,(U) is quasinormable for every bal-
anced open subset U of E.

4. BARRELLEDNESS AND REFLEXIVITY
OF (P("4,(A)), 7))

For a Kéthe matrix A and 1 < p < oo let us denote by
2,(A) the corresponding Kothe sequence space. In this
section we will be interested in knowing under which
conditions on A, p and n the space (P("4,(A)), 7,) is bar-
relled or even reflexive.

We recall that a Kothe matrix A satisfies a certain con-
dition (D) on its coefficients, if and only if the K&the
sequence space 4 (A) satisfy the Heinrich density condi-
tion [10].

Theorem 4 ([14]). If the Kothe matrix A does not
satisfy the density condition (D) and 1 < p < o0, then
(P("2,(A)), 1) is barrelled if and only if n < p.

The key fact is that, for n < p, the space ®Z, A (A) 18
reflexive (independent of A) [14] and hence distin-
guished. Note that in this case 7, = f because Kothe
spaces have the (BB), , property [23]. If n > p then a copy
of a certain non-distinguished 4, is complemented in
®’; <4,(A) [14], which implies that this space is not dis-
tinguished.

From the above result it follows that (P("1,(A)), 7,) is
barrelled for all n € N if and only if A satisfies condition
(D) [14].

We recall that a Kothe matrix A satisfies condition (M)
if and only if the Kothe sequence space 4,(A) is a Montel
space [12]).

Theorem 5 ([14]). For 1 <p < oo, (P("A,(A)), 7,) is
reflexive for all n if and only if A satisfies condition (M).

In this situation the reflexivity of (P("A,(4)), 7,) is
equivalent to being Montel. The key is that when A satis-
fies condition (M), A (A) is Montel and hence ®" A (A)

> s, t’'p

is Montel (the spaces 4,(A) have the (BB), property)
This implies that its strong dual is Montel, hence reflex-
ive (note that 7, = f§). On the other hand if A does not
satisfy the condition (M) and n = p, ®" 1 (A) is not re-

S, TP

flexive because a certain non- dlstmgurshed A, is comple-
mented in ®” 1 (A) [14]. This A, can be chosen so that

its matrix doésnnot satisfy the condrtlon (M) and hence it
contains a complemented subspace isomorphic to €, (see
[41]). Hence ®" 4 (A) cannot be reflexive. Note fmally

s, n’p
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that this implies, by duality, that (P("4,(A)),
reflexive.

7,) is not

Remark. The above result has also been obtained by
Dineen-Lindstrom in [27)] in a different way.

Given a Banach space X with a basis (e,) and a Kothe
matrix A = (a,, ,) consider the following space defined by
Bellenot [9]:

m, n

IA) = {(x) e CV: X* | a, x.e,€X for each m e N}

(A4(A) is a Fréchet space called a X-Kothe sequence
space.)

Theorem 6 ([15]). If X is a Banach space with an
l-unconditional basis, then @” X(A) is reflexive for
every matrix A provlded that ®” X is reﬂexwe and then
(P("24(A)), T,) is reflexive when (?(”X) T,) is.

This can be applied for instance to show that
(P("Ap(A)), 1) is reflexive (T" is the original Tsirelson
space). Note that in [1] it is proved that (P('T), t,) is
reflexive for all n. If we take a matrix A without condition
(M) still (P("2,(A)), 1,) is reflexive for all n (compare
this result with the analogous for X = €, in Theorem 5).
For the details see [15].

5. POLYNOMIALS ON STABLE SPACES

Let E be a stable locally convex space (i.e. E= E X E),
then (P("E), t,) and L,("E) are isomorphic. This result
has been obtained by Diaz-Dineen in [21] and can also
been obtained from the following

Theorem 7 ([6]). If F, and F, are two locally convex
spaces, then

R (FLOF,) = ®)_[®F F&® [®"FF,].

for all symmetric tensor topologies (including ¢ and ).

For instance, for n = 3 the isomorphism is given by:

®%(x), x,) =

= (5L,®x,Q X, X, ®x, R Xx,, X, X, X, X, xR x,).

When E is a stable locally convex space we can write
E=F, @F, with F, = F, = E and then the formula gives
and from it, one obtains that ®’j .E and ®ZE are
topologically isomorphic, this implies (by considering
7 =) and using the isomorphism (*) that (P('E), 1,) =
= [L,("E) which is the Diaz-Dineen result mentioned be-
fore.

6. BARRELLEDNESS OF (P(E; F), 7,)

The space (P('E, F), t,,) is always ultrabornological
when E is a Fréchet space and F is a Banach space. Itis a
countable inductive limit of Banach spaces. This is not in
general the case when we consider polynomials with
values in a Fréchet space. Mangino in her thesis, using
the isomorphism (*), found necessary and sufficient con-
ditions for the space (P("E; F), t,,)) to be ultrabornologi-
cal. When we consider polynomials, with values in a
Fréchet space, 7, is the projective limit of the spaces
(T(”E Fy), 1 3 where F,, are the normed spaces
asociated to a countable nelghborhood basis (W,) of 0
in F.

Theorem 8 ([34]). Let E and F be Fréchet spaces,
one of which is nuclear, then (’P("E; F), ‘L'w) is ultrabor-
nological if and only if the functor Ext‘(@’; E, F) van-
ishes.

This means that for every exact short sequence 0 — F
-G — ®§', .E—> 0, g has an inverse (g is the map be-
tween G and ®;{ .E). Other hypotheses, different to nu-
clearity, can be placed on the spaces and the theorem

remains true. In general, if Ext‘(@’; LE. F) = 0 then
(P(E; F), ,) is ultrabornological (see [34] for details).

7. THE THREE-SPACE PROBLEM
FOR SPACES OF POLYNOMIALS

The isomorphism (*) also has applications to the problem
of whether equality between topologies on P("E) is a
three-space property. That is, suppose E is a locally con-
vex space, F is a closed subspace of E and two of the
topologies t,, 7,,  or 7, agree on P("F) and on P("E/F).
Do they agree on P("E)?

The equality between 7, and 1, is a three-space prop-
erty [4], but this is not the case for the equality between
7, and f. In proving this the isomorphism (*) is used:

Theorem 9 ([4]). If E, is the projective limit l

= Nysplyp With 2 < p < 00 and E, = C,, the [*-sum ofa
sequence of finite dimensional Banach spaces dense in
the set of all finite dimensional spaces with respect to the
Banach-Mazur distance, then t, =  on P('E,) and on

P('E,) but t, #  on P("(E, x E,)).

So the equality 7, = f is not a three-space property
even for complemented subspaces. Using again the
isomorphism (*) the following result can be obtained:

Theorem 10 ([4]). Let E, be the Banach spacel and
E, the Kithe sequence space 1,(A) where A is the
Grothendieck-Kothe matrix and p is a real number bi-

gger than n (a given natural number). Then f = 1, on
P("E,) and on P('E,) but f # 1, on P("(E, x E,)).
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So the equality § = 1, is not a three-space property
even for complemented subspaces. Using any of the
above theorems it can be shown that the equality 7, = 1,
on P("E) is not a three-space property even for comple-
mented subspaces.

8. COINCIDENCE OF TOPOLOGIES ON P('E)
FOR HIGHER DEGREES

Another problem in which the isomorphism (*) has
succeeded is the problem of determining if two of the
topologies on P("E) agree for all n if coincide for a finite
number of n. Of course, when they coincide for a certain
n they agree for every m, m < n [13].

This problem, for the 7, and f§ topologies is again very
much related with property (BB), .. In fact, if we have an
space E with a certain property (BB),, ; but without prop-
erty (BB),, ,, for some m > n, then 7, =  on P("E) but
7, # f on P("E).

The counterexample is built on the space /,,, consider-
ed in section 6, and a Banach space X such that the
couple (/,,, X ") does not have the (BB) property. This
space is constructed in [20]. For the space E = lp+ x X' we
have the following:

Theorem 11 [5]. For 1 <p < 2 and X as above the
space E =1, x X' has property (BB), but does not have
property (BB); ..

Corollary 12 [5]. For the space E in Theorem 11
we have t, = B on PCE) but 1, # B on PCE) and also
1, =1, on PCE) but 1, # t,, on PCE).
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