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ABSTRACT

It is shown that each Banach space with property
(kNUC) has the Banach-Saks property. As a consequence
of this result it is noticed that there exists a Banach space
which is (NUC) but not (kNUC). Criteria for property
(kNUC) in Orlicz function spaces and Orlicz sequence
spaces are given. In Orlicz function spaces property
(kNUC) coincide with uniform convexity. In a contrast to
this result, in Orlicz sequence spaces property (kNUC) is
essentially weaker than uniform convexity and it is
equivalent to reflexivity.

1. INTRODUCTION

Let (X, ||-|]) be a real Banach space, and let X* be the
dual space of X. Let B(X) (S(X)) be a closed unit ball (a
unit sphere) of X.

In 1937, J. A. Clarkson [4] introduced the concept of
uniform convexity.

A Banach space X is called uniformly convex (write
(UC)) (see [4], [5], [6], [14] and [20]) if for each ¢ > O
there is 0 > O such that for x, y € S(X) the inequality
[lx = y|| > ¢ implies

<1-9.

1
E(X'*')’)

Let k =2 be an integer. Recall that a Banach space X is
said to be fully k-rotund ((kR) for short) if for every se-
quence {x,} = BX), ||x,, + - +x,||—>kasn,n,, ...,

n, — oo implies that {x,} is a Cauchy sequence (see [7]).

' 1991 Mathematics Subjects Classification: 46E30, 46E40, 46B20.

It is well known that (UR) = (kR) = ((k + D)R) and
(kR) space is reflexive and rotund.

The next notion is a generalization of the nearly uni-
form convexity ((NUC) for short) introduced by Huff (see
[9]). For an integer k > 2, a Banach space X is said to be
compactly fully k-rotund (CkR) if for every sequence
{x,} = BX),||x,, +x,+ - +x,[|~>kasn,ny, ....,n,—
oo implies that {x,} is a relatively compact sequence
(see [13]).

If k£ = 2 is an integer, a Banach space X is said to
be (kNUC) if for any ¢ > O there exists 6 > 0 such
that for every sequence {x,} < B(X) with sep(x,) =
=inf{||x, — x,|| : n#m} > e there are n, n,, ..., n, € N for
X, F X, F X,

hich
whic X

<1 -0 (see [12]).

A Banach space X is said to have the weak Banach-
Saks property if every weakly null sequence {x,} in the
unit ball B(X) of X admits a subsequence {z,} such that

the sequence of the arithmetic means <— (z; +z, + -+~ + z,)
n

is convergent in X.

Denote by N and R the sets of natural and real
numbers, respectively. Let (G, X, u) be a measure space
with a finite measure u. Denote by L° the set of all u-
equivalence classes of real valued measurable functions
defined on G. Let [° stand for the space of all real se-
quences.

A map @: R— [0, c0) is said to be an Orlicz function
if @ is vanishing at 0, even, convex and not identically
equal to 0. An Orlicz function is called an N-function at
oo (resp. at 0) if
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lim M = w <resp. lim ) = 0>.

u—> o u u—0 U

By the Orlicz function space L, we mean

Ly= {x eL’: Iy(cx) = J O(cx(9) dp, < oo for some ¢ > 0}.
G

Analogously, we define the Orlicz sequence space by the
formula

ly = {x el Iy(cx) = i ®(cx(i)) < oo for some ¢ > 0}.

i=1

Ly and [, are equipped with the so called Luxemburg

norm
x| = inf{s >0:1, <’—£> < 1}

or with equivalent one
1
xllo = inf - (1 + I (ko)

called the Orlicz or the Amemiya norm. It is well known
that if ® is an N-function, then for every x # O there exists
k > 0 such that

1
llxlly = A (1 + Iy (kx)).

To simplify notations, we put Ly, = (Lg, [|*1), Lo = Ugs |- 1lo)s
Ly = (Los 1I-llo) and I3 = (L5, [I+1lo)-

For every Orlicz function ® we define its complement-
ary function ¥ : 'R — [0, o) by the formula

‘P(v)=sgp0 {ulv] = O(u)}

for every v € R.

We say an Orlicz function @ satisfies the A,-condition
{0,-condition) if there exist constants k = 2 and u, > 0
such that ®(u,) > 0 and

OQu) < kD(u)
for every |u| = u, (for every |u| < uy), respectively.
_ We say an Orlicz function O satisfies the V,-condition
(0,-condition) if its complementary function ¥ satisfies

the A,-condition (d,-condition), respectively.

An Orlicz function @ is said to be uniformly convex on
[0, u,l, if for any ¢ > 0, there exists ¢ > 0 such that

u+v M(u) + M(v)
<I)< 2 >S(1—5)———2-———

for all u, v € [0, u,] satisfying |u — v| = € max {u, v}.

We say an Orlicz function @ is strictly convex if for
any u # v and o € (0, 1) we have

O(au + (1 - 2)v) < 0 D) + (1 — a)D(v).

For the above informations and more details on Orlicz
functions and Orlicz spaces we refer to [2], [11], [16] or
[17].

2. RESULTS

Theorem 1. Let X be a Banach space. If there exists
0e(0,1) such that for every weakly null sequence
{x,} = B(X), there exist n;, n,, ..., n, € N for some ke N
for which

X, F X+t
h

g

<1-0,

then X has the weak Banach-Saks property.

Proof. For every weakly null sequence {x,} < B(X),
there exist n{", ni", ..., n{"’ € N such that

X0 4 x4 gD

np na g

k

<1-0.

o, there exist also

n>nk

For the weakly null sequence {x,}
n®, n$, ..., n? € N such that

D 4 D 4y D
St e D
k
In such a way, we can get a system {x¢, x, ..., x} 2, of
subsequences of {x,} such that
@ D g g D
xn| +xnz-;<- +‘xnk <1- 0

for each i € N.

D 4D gy D
Xy T X0, -xﬂk. Then {y,} is a weakly null
k(1 —0)

sequence in B(X). In the same way as above, we can get a

[s.¢]

s}}llstem Ly, oo Y }i2, of subsequences of {y,} such
that

Puty, =

<1-0

(i) (i) . (i)
ym, + y:112 + + ymk
k
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for each i € N. Hence, for each m,, ..., m, € N
] AR I it RN
k k(1-0) k(1-20) ’
ie.,

ny g

1
( (my, (my) 2
2 [l e x4 X+ x] < (1 - )

Let ¢ > 0 be given. There exists / € N'such that (1 — 0)’
< ¢ Repeating the above procedure / times, we have

ki1
Y (D X 4+ XD)

ny na

1

7 <(1-0)'<e.

Jj=1

By Theorem 2 in [18] , we get that X has the weak Banach-
Saks property. O

Corollary. If a Banach space X is (kNUC) for some
k =2, then it has the Banach-Saks property.

Proof. Notice that X with property (kNUC) is reflexive
and that X has the Banach-Saks property if and only if X is
reflexive and it has the weak Banach-Saks property. So,
by Theorem 1, the corollary follows. O

Remark. There is a Banach space X which is (NUC)
but it is not (kNUC) for any k > 2, k € N.

Proof. Kutzarova [12] has shown that if for some k > 2,
ke N, X is (kNUC) then X is (NUC). It is well known
that the Baernstein space B is (NUC) (see [1] and [20])
and it has not the Banach-Saks property (see [20]). So by
Corollary, we know that the Baernstein space is not
(kNUC) for any k =2 2, k € IN. This means that property
(kNUC) is essentially stronger than property (NUC). O

Theorem 2. Ler ® be a Orlicz function. L, (or Ly) is
(kNUC) if and only if ® is a strictly convex Orlicz func-
tion satisfying the A,-condition and ® is uniformly con-
vex outside a neighbourhood of zero.

Proof. The sufficiency follows from the fact that L,
(or LY) is (UC) under the assumption that @ is a strictly
convex Orlicz function satisfying the A,-condition and ®
is uniformly convex outside a neighbourhood of zero.
We only need to prove the necessity of the theorem.

Obviously, every Banach space X with property (kNUC)
has the Kadec-Klee property.

In the case of L,, the proof of the necessity of strict
convexity of @ for the Kadec-Klee property we can find
in [19]. Next, we will show that ® must be strictly con-
vex in the case when L{ has the Kadec-Klee property.

Assume the contrary, i.e. there is an interval [a, b]
such that right-hand derivative p of @ is constant on
[a, b). Take G° = G such that 0 < u(G\G") < u(G) and
choose ¢ > 0 and G’ = G\ G’ satisfying

¥(p(@)m(G®) + ¥(p(©)u(G') = 1.

Divide G into two subsets G, and G} such that G° =
= G, U G, with u(G}) = u(G3). Suppose that the sequence
of sets (G/~!, G57', ..., G3.0)) is already defined. Every
set G/~' we divide into two subsets G5,_,, G5; such that
Gl=GL_ UG and (Gl )= (G (i=1,2, ...,2"").
In such a way, we obtain a system of partitions (G7,
G, ..., G3) of G° such that

wWGH =2"w(G%» (i=1,2,..,2".

Denote
a+b o ,
k=1+® 5 WG + O(c)u(G")

and put

1
X, = P (aye, , + bXEz_ )

n

n—=1 on—1

where E, ,= () Gy _, E,, = |J Gy (n=1,2, ..).
= k=1

k=1
Since Iy(p(kx,)) = 1, we have
1
[|x, |l = p (1+ Iq)(kx”)) =1 (n=1,2,...).

By the reflexivity of Lg,, we can assume that there exists
x € B(Ly) such that x, = x.

+b
Since v = p(aT Ao + c;{(;,> defines a functional

0

which supports x, (n = 1, 2, ...), so x € S(Ly). But

b-a wG° 2
- = . p-!
HX” 'xlll H() k 2 <#(G0)>

(n,m=1,2, ..., n#m).

This contradicts the Kadec-Klee property.

The necessity of the uniform convexity of ® outside a
neighbourhood of zero and of the A,-condition is proved
in [2], Theorem 3.15. O

Theorem 3. The Orlicz sequence space [, is (kNUC) if
and only if ® satisfies both the d,-condition and the d,-con-
dition, i.e. 1, is reflexive.
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Proof. We need only to prove the sufficiency of the-
orem. Suppose that the implication is not true. Let an
arbitrary ¢ > 0 and any (x,) < B(/;,) with sep(x,) > ¢ be
given. By ®@ € J,, there exists 0 = d(¢) > 0 such that

inf {Iq, (x” ; x’”> n# m} 2 0.

Next, we will show that for any j € N there exists n; € N
such that

R

(1) S o, () > =
=]

Otherwise, there exists j, € N such that

« 0
i=j
for any j € N.

Defining X, = (x,(1), x,(2), ..., x,(jo), 0,0, ...) forn € N,
we easily get that there exists a subsequence {Xx, } of {x,}
such that

for any i # j. Hence

Jo
X, — Z (xl‘l,-(k) - x”j(k)) ek
Iq)<u> — I(l) k=1 N
2
S o
PRI x/!/‘(k)) e, > (x, (k) — x”j(k)) e,
tzlor] < k=1
+1y > <l 5 +
0 1 o )_Cl. ~ :;C".
Y Ox, ) +5 Y O, k) =1, <_4> N
k=jo+1 2 k=jo+1 5
y J
+1 Z (I)(X"(k)) Z (D(x” (k)) < (S + — ¢ +é _ 5 < (S.
2k=j()+l ' k=jo+1 Y 6 6

This contradiction shows that (1) holds.

Since ® satisfies the d,-condition, there is 0 < ® < |
such that

(D(u)

) @<k><(1 - 0) (VO <u<@'(1))

(see [2], [3] and [8]).

By ® € 9,, there exists § > 0 such

®o
3) o(x +3) = I@0)| < =

whenever I,(x) < 1, I,(y) < 0 (see [2], [10]).

Take n, <n, <
that

v < Mgy, Ny, By, ..., 1 € N. Notice

I x,”+x,,2+-~~+x,lk_l <
(W] k -

and Iy(x,) < 1fori=1,2, ...,

k — 1. There exists j, € N

such that

@) i cD(x’”(i) +xn2(i) +o X, I(i)) <0
i=jo+1 k

and

> s, 0) <2

i=jo+1

G=1,2, ... k=1).

By (1), there exists n, € N such that

- 0
(5) Z ( nk(l)) g

i=jo+1

So, in virtue of (2), (3), (4) and (5), we get

Xy +o X,
fot5n)-

_ iq)(xn](i)+- +x”k(i)> .
i=1 k
+ i (D<x,,l(i)+ -

i=jo+1

”"A(’)> s% Z 3 D(x, (D) +

. @5 1 & b
. ( (i )> ST L X, @) +
+1 A A

i=jo+

-0 Z @5 1 & & )
2 Ofx, )+ 7 2 20k, 0) -
k i=jo+1 kj:l i=1 !
O] (0% ® O ®d
_?.—%H(I)(X”/(l))-F"-_ 1 “_3;4-@- —5
This completes the proof. O

Theorem 4. For any N-function ® at O the Orlicz se-
quence spaces I3, is (kNUC) if and only if @ satisfies both
the d,-condition and the d,-condition, i.e. I3, is reflexive.
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Proof. We only need to prove the sufficiency. Let an
¢ > 0 and any (x,) = B(I3) with sep(x,) > ¢ be given. By
® € 9,, there exists 6 > 0 such that

inf {Iq, (x"—_z_xm> in# m} 2 0.

By the arguments as the Theorem 3, we have that for any
J € N there exists n; € N such that

< 5
(6) 2, O, (D) 2 3

=7

Take k, = 1 such that

1
“xn”O = k_ (1 + I(I)(k X ))

n-n
n

Since ® satisfies the &,-condition, the number
ko=sup{k,:n=12,..}

is finite (see [2]). Fix n, <n, < ---<n,_,n,n,, ..., n,_, €N.
For any n, € N, put

By ®@ € §,, there exists 0 < @ < 1 such that
O(Au) < (1 - ©)ADw), (0<u<d'(k))

(see [2], [3] and [8]). Since @ is convex, for any [ € [0, 4]
and u € [0, ®'(k,)], we have

O(lu) =0 </1 % u> <{1- @)MDG u) <
<1 -0) % D(u) < (1 — O)ID(w).

hy hy ko
1+ k5™

; = A, there holds

(7 of 1 <(1-0) khk

S h, S

i=1 i=1

D(u)

whenever 0 < u < ®7'(k,). By @ € J,, there exists 0 > 0
such that

I(IJ(x+y)—(I)x| 1+kg_1

if I(x) < k, and I(y) < 0 (see [2] and [10]).

. xn|+‘xno+ “.+x'lk~1
Notice that I, 7 < o0 and Iy(x,) <

<owfori=1,2,..., k- 1.So, there exists j, € N such that

> <I><’“,,,<i> P F A, '(i)> <0

izjo+1 k
and
- o 0
> (I)(xnj(l))<§ G=1,2, .., k=1).
i=jo+1

By (6), there exists n, € N such that

=%

Y Bfx, (D) >

izjo+1

3

Hence

== 14 Z [} TH# (xn[(i) 4o +xnk(i)) +
H i=1 Zh
i=1 l
+ i o kH (xnl(i) 4o+ x”k(i)) =

e A P
2

k nyvny
2 h

i=1 i=1

k,x, (D) |+

7 g
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+ Z d x ('xn;(i) + -t xﬂk—l(i)) & x"k(l)
i=jo+1 Z hi Z
i=1 =1
k
Z@
< =1 1+ Z (kmxny(l)) k (I)(k"kx""(l))
i=1 Zh ;
o SOk
+ Y O kox, () |+
P K 6(1 + k5"
i=jo+1 hi 0
x
X
Z h; Jo
S'—:—l—— 1+ k (kmxn](l)) k (D(k"/\x""(l))
H i=1
Z h, Z h
i=1 i=l
P Ok

h
+(1-0) " Y Dk,x, )+ .
- K 6(1 6(1 + K1 h
hAt Jjo+1 0
i; '

k
1
_Z: k— (1 + I(I)(kﬂ n; )) k Z (knk.x",\(l))
-1 Ky, Z -
i=1
IOk @ o_ i . OOk:
6l 6(1+K " =k T+KT % 1 (koxnk(l))‘FmS
Ok, & . SOK:
< k - i‘ﬁ{‘k(;—_l ,‘=j20:+| CD('xnk(l)) + m <

<k Ok S, OOkE OOkt

[+ &3 (1 F AT T60 + KD

This completes the proof.
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