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RESUMEN 

Mostramos un procedimiento para calcular los coefi
cientes de los polinomios de división de una curva elípti
ca, y calculamos sus seis coeficientes de grado mayor. 

ABSTRACT 

We show a procedure for computing the coefficients 
of the division polynomials of an elliptic curve, and com
pute their six coefficients of greatest degree. 

INTRODUCTION 

In this paper, our goal is to give a method for comput
ing the coefficients of the division polynomials of an el
liptic curve. In the first section, we summarize some 
known results on isogenics between elliptic curves defi
ned over fields of characteristic 0. Also, to each finite 
and non-trivial subgroup C of an elliptic curve E we at
tach a polynomial: 

^c{^)=x'^-' -s,x^- +̂ lower order terms. 

where d = \C\, and study the relationship between this 
polynomial and the formulas given by Velu [Ve 71]. In 
the second section, we provide a procedure for comput
ing the coefficients of the division polynomials and com
pute the six coefficients of greatest degree. 

1. ISOGENIES BETWEEN ELLIPTIC CURVES 

Let K be an algebraically closed field of characteristic 
0. In the sequel, an elliptic curve means an elliptic curve 
given by an equation of the form Y^ = X^ + AX + B with 

A, B e K. After fixing an elliptic curve E, we use the 
following notation: 

• O is the origin of E. 

• [^{Q)-> y{Q)) denote the affine coordinates of the 
^omi QeE{K)\{0}. 

• cô  is the regular differential áXIY. 

Let E and E' be elliptic curves. Every isogeny ¡I'.E^^E' 
determines an element ŷ^ e K, individualized by the con
dition: 

It is clear that y^^ = 0 if and only if ¡i is the constant 
isogeny. If ¡i is non-constant, then it is given by an ex
pression of the form: 

Â fc y) = Uixl - y ^ ^ j , with f^ix) E K(x). 

The assignment fi t-̂  ŷ , from the set of all isogenics 
between elliptic curves in the field K, satisfies the fol
lowing properties: 

(1) Composition. If ¡u : E ^ E' and v : £" —> £"' are 
isogenics, then y,,̂ ^ = y, • ŷ .̂ 

(2) Addition. If ix, ¡i' \ E -^ E' are isogenics, then 
y^i+^i' ~ y^i + 7̂ '- Properties 1 and 2 are a conse
quence of the fact that the action of the isogenics 
on the regular differentials satisfies: 

(V / ( ) * = / i * o \^' {¡1 + ¡JL'Y = JU* + ¡Ji'-

(3) 

(4) 

This research has been partially supported by DGES, PB96-0970-C02-02. 

Product by integers. If [m] denotes the multipli
cation by the integer m on E, then yj,,,j = m. 

Q-algebra of endomorphisms. The map Q ® 
End (E) -^ K,a 0 V i-^ ay, is a Q-embedding of 
Q ® End (E) into K. This property is a conse-
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quence of the preceding properties and the fact 
that V = 0 if and only if y^, = 0. 

(5) Twists. Given ô e K^^ and an elliptic curve E : 
Y^ = X^ + AX + B, we denote by E¿ the elliptic 
curve which has the equation Y^ = X^ -\- Aô'^X + Bô^ 
and by /i¿ the isomorphism of E into E¿ given by 
(x, y) ^ (xô\ yô^). Then, y,. = l/ô. 

We note that the normalized model fi(^:E-^Eçïs com
patible with the action of the group Gal {KIQ). That is, for 
each o e Gal(/^/Q) we have that 

\Ec) = CE), %^c) = h^ Q-

Normalized Isogenies 

We say that an isogeny ji is normalized if y^^= 1. The 
set of normalized isogenies is stable under the action of 
the group Gal (K/Q). The following proposition, al
though elementary, shows the significance of these 
isogenies. 

Proposition 1.1. Let ¡i^, ¡i^: E 
isogenies. Then /ij = ¡12-

E' be normalized 

Proof. Let ¡1^ be the dual isogeny oí ¡i^. We have that 
Vj := jUj o fi^^ V2 := 1X2 ° Ai are endomorphisms of £" such 
that 7,j = 7, . Then Vj = V2 and, thus, //j = /¿2- ^ 

Note that to every isogeny ¡LI : E -^ E' there corres
ponds a normalized isogeny /i': E -^ E'\ where £"' = 
E\, and u' = a., o u This normalization u' : E -^ E" 
is determined by the conditions: 

ker fi = ker fi', y^^, = 1. 

With a finite and non-trivial subgroup C of E(K) fixed, 
we denote by /i^ : E —> E^ the normalized isogeny such 
that its kernel is C. If £ and E^ are given by the equations 

E\Y^ = X'' +AX + B Y^ = X^ -\-AcX + Bc. 

then the expressions for fi^, A^ and 5^ have been com
puted by Velu [Ve 71]. The isogeny ¡i^ is given by: 

L"c(-̂ . 3')= /cW-J 
dx 

/cW=x + X, .QeC\(0) 
t{Q) ^ _ u{Q) \ 

- xiQ)f/ 

(1.1) 

where t(Q) = 3xiQf + A and u(Q) = 2{x{Qf + Ax{Q) + B). 
The values that we give for t{Q) and u{Q) are different 
from the values given in [Ve 71]. The reason for this dis
agreement is that, here, we take summatories extended 
over the set Q e C\{0} instead of the set {C\[0})l~, 
where ~ denotes the equivalence relation Q~Q' if and 
only if (2 = ±Q'. 

The coefficients of E^ are obtained by: 

{Ac=A-5t, with t=Y.Q,c\{oAQ), 

\BC=B-1W, with W = XQ.CMOI («(Ô)+4ÔW0). 
(1.2) 

Polynomial attached to a finite subgroup 

As before, let C be a finite and non-trivial subgroup of 
E{K). We consider the polynomial: 

x¡J¿X):= n {X-x{Q))eK[Xl 
QeC^{0] 

Letd = |C|. Put 

iAc(X) = X''-' + X(-i) 'i ,-^' '- '- ' ' , 
i> 1 

where s- = 0 for i > d - 1. 

Every root of il^ci^) is double or simple. The polynomial 
il/c{X) has simple roots if and only if C\[0} contains a 2-
torsion point and, in this case, the simple roots are the 
values x(Q) with QeC n E[2]\{0}. We note that if E is 
defined over a subfíeld L of K, then 

Ĉ = CforallTGGal(/^/L) if and only if il/¿X)eL[X]. 

When this happens, that is, if £ and C are L-defined, then E^ 
and /i^ are L-defined. 

Proposition 1.2. The values s^, S2, s^ and the integer 
úf = |C| determine the subgroup C. 

Proof. Indeed, applying to (1.2) the relations: 

X x(Q) = s,, X x(Qf = s]-2s2, 
QeC\{0} QeC\{0} 

X ^(Qy=^^i -3^,^2+3^3' 
QeC\{0} 

we obtain that 

Ac = -15^^ + 30̂ 2 + (6 - 5d)A, 

Br = -35s\ + 105̂ ,̂ 2 - 105̂ 3 - 21A5̂  + (15 - l4d)B. 
(1.3) 

The curves E and E(^ determine a unique normalized 
isogeny ¡i^ : E -^ E^ and, thus, its kernel C. D 

In fact, by Proposition 1.1 the values t and w determine 
C, but the statement of Proposition 1.2 is more suitable 
for our purpose. Next, we will show the procedure for 
determining/(^ and C from the values d, s^, 2̂ ^^^ ̂ 3̂- To 
simplify certain expressions, we sometimes write t and w 
instead of their values in the variables 5-,, s2, s-^ and d. 
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a) Computation off^{X)from d, s^,.... s^_-^. The for
mula (1.1) for/^(x), shows that/c(x) = jc + P(ix)l\¡/cix) 
with Pcix) e K[x\ and deg P^ < deg i/̂ .̂ The coefficients 
of Pc{x) can be computed without the mentioned for
mula, using the fact that/^(x) is a solution of the differen
tial equation: 

fl{x)+ AJ¿x) + B^ = / c ( x ) V +AX + B) (1.4) 

For instance, we obtain that 

P¿x) = íjc -̂2 + (w - ts,)x^-^ + (̂ 2̂  - s,w + t{t - A)l?>y-^ + 

{-6B+nAs^-?>?>s^+9w-\\s^t)t+{-\5A + 33s^w 

33 
(1.5) 

Observe that if x + PfJ^x)lij/çix) is a solution of (1.4) then 
X + j^PC{X)I[J^\IJ J^x)) is a solution too. Thus, taking into 
account that s- = Qiovi>d- 1, the expression (1.4) is 
true although J - 5 < 0. 

b) Computation of {s¡}-^^from d, s^, s 2, s y We pro
ceed as follows. We put 

8c(^) := I ifcO/x) - l/x) = 

y ^(6) y __xu{Q)__ 

QeC\{0] 1 "" XX{Q) QeC\{0} (^ " XX{Q)) 

We obtain the following relation: 

d'gc 
dx' 

f (0) = / ! X ^(Qy~ '{KQ)x(Q) + /^^(0) = 
Q€C\{0] 

= i\(3 + 2i) X x(0'-^^ + /!A(l + 2/) X 4 0 ) ' + 

QeC\{0} 

Changing x by l/x in (1.3) and replacing/(^(l/x) and 
f¿(l/x) by the relations 

fcil/x) = xgc(x) + l/x, /¿(l/x) = 1 - x % c W + xg'cix)), 

we obtain that g(^(x) is a solution of the differential equa
tion R(x, y, y) = 0, where 

R(x, y, y) = -x\l + Ax^ + Bx^)y^ + 

+ 2x(l - yx^)(l + Ax' + Bx^)y + x V + 

+ x\2 - Ax' + Bx^)/ + (5 + 2Ax' + A^x:' + 2Bx^)y + 

+ A^.-A + x ( 5 c - i B ) . (1.7) 

For each /-th derivative, we have a differential equation 

R'\x,y,y, . . . , y + i)) = 0. 

When / > 1, the replacement of the value x = 0 in these 
equations and the values (1.6) yield s- as a polynomial in 
A, B, d, ^ j , ..., 5-_i. For / < 2, the value x = 0 and (1.6) 
yield the formulas of Velu for the coefficients of E¿. 

i = 0: gc(0) = (A - Ac)/5, and gc(0) = t. 

/ = 1 : g'¿Q) = (B- Bc)ll, and g'¿Q) = w. 

For / = 2, 3 we have the following equalities: 

/ = 2 : g'iiG) = -2gc(0)(2A + A^ + 2g^(0))/9. 

i = 3: g^'(0) = (-6gc(0)(Ac + 4A + 2^^0) ) - 125^^(0))/! 1. 

Introducing (1.6) in these, we obtain 

(-2 + 3d- (f)A^ 4- ( 48A + l2Ad + 6̂ 2)̂ 2 
SA = -

84 

(2B + 14̂ 3 - 8s^S2 + 4A5'i -Ads^ + 2s])s^ 

14 ' 
(1.8) 

_2AB(3~4d+d^)+l2Bs2(5-d)+As^i-ni+l5d)+15s2S^ 

165 

where P E Q[A, B, d, s^, S2, s^ s J. 

(1.9) 

This procedure yields gc(0) as a polynomial in the 
variables A, B, t and w with rational coefficients. When 
the function gcix) is known, the relation 

f¿x) = X + 
g^d/x) 

(1.6) provides the function fc{x). 

2. ON DIVISION POLYNOMIALS 

Let E be an elliptic curve given by the equation F ' = 
= X^ -I- AX + B. By the theorem of Riemann-Roch, every 
function on E which has a single pole at O is a poly
nomial in the functions X and Y, and can be written as a 
polynomial of the set K[X] © YK[X] in only one way. 
As in [Si 86], for each integer m > 0 the polynomials 
I/^,„GZ[A, B, X] ® YZ{A, B, X] denote the m-division 
polynomials for E. These polynomials are viewed as 
functions on E and satisfy 

div i/̂ „ {Q) - {m'- \){0), 
QeE{m\\[0] 
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Thus, \¡/,^ e Z[A, B, X] if m is odd and i/̂ ,„ E YZ[A, B, X] if 
m is even. The polynomials i//,^ are determined by the 
values 

t„= 

'1 

\3X''+6AX-+12BX-A^ 
[AYiX^+SAXUlOBX^-SA^X^-AABX-

if m = l, 
if m = 2, 
if ra=3, 

?2-A^ if m=4, 

and by the recursive relations 

¡^^2,,, +1 = "Am + 2'Am - 'A,„-1 lAL : if m > 2, 

The polynomials iAm(̂ ' ^) ^̂ ^̂  be written as follows: 

iP,„{X, Y)lm = 
L>-o(-m.„?( 2 

where mS, .„ G Z for all / > 0. 

if m is odd, 

if m is even. 

Proposition 2.1. For all m>l we have SQ „, = 1. The 
polynomial \¡jl^{X)lm~ coincides with the polynomial 
^E[niP^) CLttG,ched to the subgroup E[m]. 

Proof. We will prove that SQ^^=1 by induction on m. 
The assertion is true for m < 4. Let us assume that m > 4 
and SQI^= 1 for all k < m. Using the recursive relations, 
we obtain 

_ k{{k+2)ik-lf-ik-2){k+2f)l2=2k=m if m=2k, 

^ °'" ~ \ik+2)e-{k-\){k+lf=2k+l=m if m=2kA-l 

Therefore, SQ ,„ = 1 for all m. We recall that the squares of 
the division polynomials satisfy: 

il/leZ[AB,Xl dtgilyl = m'-L 

Since the polynomials \¡j^J^X)lm^ and il^E[m](^ ^^^ monic 
and have the same divisor viewed as functions on E, they 
are equal. D 

We put: 

^l(X)/m' = x¡j,a^) := X-̂ -̂  + X (-!)'• .,,, X"' 

In this case, s¡ ,„ = 0 for i > m^ - 1. The following prop
osition provides the values {s¡ ,„},„ for 1 < / < 5 and shows 
the procedure for computing s¡,,, for a fixed /. 

(m- l )(m-hl)(m2 + % 

= 

[0 if i = 1, 

if i = 2, 

if i = 3, 

if i = 4, 
(m - l)(m + Dim - 2)(ni + 2)(m^ + 16m"̂  + 54m^ + 261) An , • - / : • ;_ C 

6930 ^ ^ ^ (/ ^ - - ' • 

30 

(m - 1 )(;?; + I )(w4 + m^ + 15) p 
105 ^ 

(m - Dim + Dim - 2)(/?i + 2)(m4 + 75m^ + 294) 4 2 
10 Ann ^ 

Proof. First, we prove that 5i ,„ = 0. We consider the 
polynomials in X 

f = 
J m 

•A„ if m is odd. 

ij/JY ifmiseven. 

Let S be a set of polynomials in one variable (with coeffi
cients in any field) having the property that the sum of all 
its roots is 0. We have that: 

i) I f / g G S t h e n / g G S . 

ii) Iff g E Sand d e g / - deg g ^ ±1, then/± g E S. 

In our case, the polynomials/¡^^(X), 1 < m < 4, and X^ + 
+ AX + B satisfy this property. For m > 4, it is easy to 
check that the recursive formulas provide polynomials 
f^,{X) with this property. Thus, 5i ,„ = 0 and ĵ ,„ = 0. 
When ^ is a subfield of C, we can give the following 
alternative proof. Since the condition s^^^^ = 0 is invariant 
by twists, we can consider that the elliptic curve E is 
given by the equation Y^ = 4X^ - AX - B. By the uni-
formization theorem for elliptic curves, we can choose T 
in the upper half-plane such that g2(T) = A and ^3(1) = B. 
Here, gj and 3̂ denote the usual modular functions of 
weight 4 and 6 for the group r ( l ) = SL2(Z). Now, we 
consider the function 

v-̂  11 + 1 
h(T)= X M — - ' ^ ^ 

0<i,j<m-\, \ ^^ 

where p(z; T) denotes the Weierstrass p-function for 
the lattice (1, T). It is easy to check that the function h is 3. 
modular function of weight 2 for the group r( l ) . Since 
the unique modular function of weight 2 for r ( l ) is the 
constant function zero, it follows that h = 0 and 1̂ ^̂  = 0. 

Now, we consider C = E[m]. In this case, d = \C\ = m^ 
and the coefficients of the elliptic curve E^^ are Â^ = Am'^, 
B^ = Bm^. Applying (1.3) we obtain 

Am^ = 30̂ 2, m + (6-5m' )A, 

Bm^ = -105.̂ 3 ,„ + (15 - l4m^)B. 

Therefore, s^ ,„ = {m" + 5m' - 6)A/30 

and 

Proposition 2.2. For all m> I, we have 53 ,̂̂  = -(m^ + I4m^ - 15)5/105. 
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For / = 4 (resp. / = 5), the statement is obtained from 
(1.8) (resp. (1.9)), replacing ^i, 5,, ̂ 3 and (i by 0, 52,„„ 3̂,,„ 
and m^ respectively. D 

Note that in the two preceding propositions we have 
proved that SQ „̂  = 1 and 5̂  „̂  = 0. The computation of 
S- ̂ „, 2 < / < 5, can be obtained from the relations 

S5,m - '^^5, m + ^ 5 2 ,,^^3 „̂  + e , „ ( ^ ^ 3 , m ~ ^ ^ 2 , m)' 

where 8,,̂  = (1 + (-l)'^0/2. 

The proposition 2.2 provides a method for comput
ing ^̂  ,̂  for a fixed /:. Indeed, it suffices to compute an 
analogue relation to 1.9. This relation can be obtained 
computing K\x, _y, ..., y ^ '̂ ) for / < ̂  - 2 and using (1.6). 

Finally, the previous values ĵ „,, ..., s^_^^^^ provide 

We also observe that from the recursive formulas of 
the division polynomials, we can deduce that 

\m- Z a^J^m)A!'B^, with n^a^ ^m) elL. 
Ir +3j = k 

The differential equation (1.7) and the procedure pres
ented here show that a,^ ,.(^) = ^k, r(^^)' where P^ X-̂ ) e 
G Q[x] and P^ X^~) = 0 ^ r Ĥ integers / ^^ 0 such that 
i^<k+l. 
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