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Abstract

In this paper we generalise the concept of complex multi-
plication points on the modular curve X (N) to the case of
any discriminant D. We show how to reduce their study
and evaluation of their number to that of primitive O-
ideals of type o O with the norm n () equal to N, where O
is the order of discriminant D of a quadratic field and,
ultimately, to that of the primitive representations of N
by the principal form of discriminant D. When D < 0,
explicit computations are exhibited.

Resumen

En este articulo, damos una generalizacion del concep-
to de puntos con multiplicacién compleja de la curva mo-
dular X(N), para cualquier discriminante D. Reducimos
su estudio y la evaluacién de su nimero al de los O-idea-
les primitivos o O de norma n(x) igual a N, donde O es el
orden de discriminante D de un cuerpo cuadritico y, en
ultima instancia, al de las representaciones primitivas de
N por la forma principal de discriminante D. El caso D <
0 se ilustra con célculos explicitos.

Introduction

In this paper we consider a special type of Heegner
triplets, called complex multiplication triplets, essen-
tially according to Mazur [Ma 77] for the case of com-
plex multiplication points on the modular curve X (N).
They are associated to an order O of discriminant D of a
quadratic field. In the sequel, these complex multiplica-
tion points will simply be called of type (N, D). Complex
multiplication points of type (N, D) are easily seen to be
described by the set of triplets (O, «©, [a]), where 2 Ois a
principal O-ideal of norm N and [a] stands for the class in
Pic*(O) of the invertible fractional O-ideal a. This set of
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triplets is shown to be in one-to-one correspondence with
the I';(N)-classes of primitive integral binary quadratic
forms of discriminant D admitting representatives aNX* +
+ bXY + cY? which are SL(2, Z)-equivalent to aX* +
+ bXY + ¢NY?. This result allows us to compute the num-
ber of complex multiplication points of type (N, D). We
illustrate the methods used with a table and examples.
Throughout the paper we keep the notations and defini-
tions of [Ar-Ba 2000-1].

1. COMPLEX MULTIPLICATION POINTS
ON X,(N)

As in [Ar-Ba 2000-1], we fix an integer N > 1 and a
discriminant D (positive or negative).

Definition 1.1. A complex multiplication triplet
(O, a0, [a]) of type (N, D) is given by an order O of dis-
criminant D of a quadratic field, an element o. € O of
positive norm N satisfying that the quotient O/eO is a
cyclic group, and an element [a] of Pic*(O).

In other words, a complex multiplication triplet of type
(N, D) is a Heegner triplet (O, n, [a]) of type (N, D), whe-
re n is a principal O-ideal generated by an element of
positive norm.

In our next considerations we will show why this defi-
nition is consistent with the usual concept of complex
multiplication point on the modular curve.

Recall that the complex points Y,(N)(C) of the open
modular curve Y,(N) have the structure of a Riemann
surface analytically isomorphic to the quotient space
H/T,(N). Let X,(N) be the natural compactification of
Y,(N). Modifying slightly Mazur’s definition [Ma 77],
we give the following geometric description of a com-
plex multiplication point.

Definition 1.2. Given an order O = O, of discrimi-
nant D = D,r? in the imaginary quadratic field of discri-
minant D,, a Heegner point y = (E, — E,) in Y(N)(C) is
called a complex multiplication point of type (N, D) if
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E,=E, =: E and the endomorphism ring End(E) is iso-
morphic to O.

The following propositions give conditions which will
guarantee the existence of complex multiplication points
of type (N, D).

Proposition 1.3. Given an order O = O, in an imagi-
nary quadratic field, the modular curve Y,(N) has com-
plex multiplication points of type (N, D) if and only if
there exists a principal primitive O-ideal n of norm N.

Proof. We write E = Cl/a, where the lattice a is as-
sumed to be an invertible fractional (0-ideal, and bearing
in mind that the endomorphisms of C/a (passing to the
universal covering space C) are given by multiplications
by complex numbers « such that aa =a, i. €., by a € O.
The kernel of such an isogeny of order N (if a # 0) is
obviously o 'a/a. But, by [Ar-Ba 2000-1 lemma 1.4],
o 'ala~ OlaO. ]

Remark 1.4. If we adopt in definition 1.2 and propo-
sition 1.3 the exact point of view of [Ar-Ba 2000-1] ins-
tead of considering here E, = E, (= C/a say), we should
consider E, = C/a and E, = Cloa if we want the map
E, — E, to be induced by the identity from C to C, rather
than being multiplication by o. By virtue of [Ar-Ba 2000-
1 lemma 1.4], we realise that this entails no essential
difference. But we think that the definition as it stands is
more convenient in the present paper.

Definition 1.5. Given an order O of, positive or ne-
gative, discriminant D = D,r?, we consider the Z-basis of
O given by (1, rw), where

D
7" if D,=0 (mod 4),

=
—1_+2v Dy it p,=1 (mod 4).

The principal form of discriminant D is

, D .
X -=-Y° if D=0 (mod 4),
fD(X7Y) =

X2+ XY + <ﬂ>yz if D=1 (mod 4)
J = .

The normic form of discriminant D, (X — Yrw)(X — Yro'),
where ' stands for the conjugate of w, is equal to

D

X2 - y? if D,=0 (mod 4),

nyX, Y) = D
o

X+ XY+ r2< >Y2 if Dy=1 (mod 4).

For any discriminant D, the principal form has the pro-
perty of being a representative of the unit class in the
group H(D) of SL(2, Z)-equivalence classes of primitive
integral binary quadratic forms of discriminant D.

Lemma 1.6. A primitive binary quadratic form of
discriminant D is a representative of the unit class in
H(D) if and only if it represents 1. In particular, the nor-
mic form lies in the unit class.

Proof. Let f(X, Y) be a primitive binary quadratic
form which represents 1. Then fis SL(2, Z)-equivalent to
2 —

a primitive form of the type X* + bXY + Y2 (cf.
the proof [Za 81 Satz 1, § 8, p. 60]) The following equa-

lities
Eo1fjo 2|0 1 b D

if D=0 (mod 4); and
Q ]
2
b2-D
4

oot LM s
sty =2 flo 1 7Ly

if D=1 (mod 4), show that f(X, Y) is SL(2, Z)-equiva-
lent to the principal form in both cases. O

Proposition 1.7. Given an order O of, positive or ne-
gative, discriminant D and an integer N 2 1, there exists
a principal primitive ideal n = O of norm N generated by
an element of positive norm if and only if the unit class in
H(D) represents N primitively.

Proof.  Assume that the ideal n satisfying n< O,
O/n~7ZINZ,is principal, i. e., n = 2O, with « € O having
positive norm n(x). Then, N = n(n) = n(e)n(O) = n(x),
so that the normic form n, represents N, but it remains
to be shown that « yields a primitive representation of
N. By the theory of elementary divisors, there exists a
Z-basis (&, n) of O such that

n=(, Ny 0=, n);

and, in particular, the coordinates of ¢ in any Z-basis of
O are coprime. But £ € 20, so that, for some p € O, & = ap.
Now, write this equality in terms of the usual basis
(1, rw)of O.If o =5+ trwm, E=p + grw and p = u + vro,
then

p+gro =& = (s + tro)(u + vrw) =

=su + tr’w? + (sv + tuwro.
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Now consider the two cases

D, .
7 if D,=0 (mod 4),

(¥}

D, .
—w-—7 if Dy=1 (mod 4).

separately. In the first case, we have
D

= su + tor* =2,
P 4

q = sv + tu,

and, in the second,

4

p = su — tor’ % g =sv+tu-— tr}

so, in either case, ged (s, 1) = 1, since ged (p, q) = 1.

Conversely, if the normic form represents N primitive-
ly, then there exists an element o € O ={1, rw) such that
n(o) =N and o = x — yrew with ged(x, y) = 1. The primitiv-
ity of o implies that there exists § € O such that (o, f) is a
Z-basis of O. Obviously, «@ is principal and n(¢O) = N.
Moreover, by the theory of elementary divisors, we know
that there exists a Z-basis (&, n) of O and integers s, ¢
such that (s&, stn) is a Z-basis of o @, but if s > 1, o would
not be primitive, so s =1, O= (&, i), aO=(&, ty) and 1 =
= N = n(e0). Thus O/aO is cyclic. O

Let us recall that the group I, (N) acts on the set
H(N, D) of integral quadratic forms of type aNX> +
+ bXY + cY? with b* — 4Nac = D and gcd(aN, b, ¢) =
= ged(a, b, ¢N) = 1. If O stands for the unique quadratic
order of discriminant D, then the quotient H(N, D) =
HN, D)/T(N), which is a finite set, is in one-to-one co-
rrespondence with the set of pairs (n, [a]), where n is a
primitive @-ideal of norm N and [a] is the proper class of
an invertible fractional O-ideal a (see [Ar-Ba 2000-1]
thm. 3.4]).

In what follows we are interested in the subset of this
latter set where n is O-principal generated by a primitive
element of positive norm. Then we have, with our pre-
vious notations, the following

Theorem 1.8. Given a quadratic order O of discrimi-
nant D, the set of pairs (0O, [a]), where n(o) = N and 0 ©
is primitive, is in one-to-one correspondence with the
subset of classes of H(N, D) defined by representatives
aNX? + bXY + cY? which are SL(2, Z)-equivalent to aX*
+ bXY + cNY?.

Proof. We refer to the proof of [Ar-Ba 2000-1]
thm. 3.4] and keep the same notations used there. To be-
gin with, consider the restriction to the subset {(x O, [a])}
of the map constructed from the set {(n,[a])} into

H(N, D). Now, if n = 0O with n(2) = N, as a= o(l, 1)
andnla=o""a= % (1, N7) are, obviously, properly equi-

valent, we see that (1, t) and (1, Nt) are, also, properly
equivalent. As both (1, t) and (1, Nt) are oriented bases,
we conclude that Nt is SL(2, Z)-equivalent to t. In other
words, aX? + bXY + cNY? is SL(2, Z)-equivalent to
aNX? + bXY + cY? Conversely, let aNX? + bXY + cY? of
discriminant D be SL(2, Z)-equivalent to aX? + bXY +
+ ¢NY?. Then the respective roots 7 and Nz, of the corre-
sponding dehomogenised equations such that both (1, 7)
and (1, Nt) are oriented bases, are SL(2, Z)-equivalent,
i.e., {1, 7) and (1, Nt) yield the same element of Pic*(O)
and it only remains to be shown that (1, T)(1/N, ©)" is
principal and generated by an element of positive norm.
In fact, as (1, 1) = p{l, N 1) with n(p) > 0, we have
(1, ©)(1/N, )" = p{1, NT)(1/N{1, NT))™' = pNO, and, ob-
viously, n(pN) > 0; actually n(pN) = N. O

Corollary 1.9. The number c(N, D) of complex multi-
plication points of type (N, D) is

r*(N, fp)

¢(N, D) = D)

h*(D).

Proof.  Since h*(D) = #Pic*(0), we only have to
count the number of primitive ideals «©® with n(x) = N.
To this end recall first that o and f both of positive norm
generate the same O-ideal if and only if o and f differ by
a multiplicative factor of O of norm 1. Now, each gener-
ator o of positive norm of a primitive principal ideal of O
of norm N yields, according to the proof of proposition
1.7, a primitive representation of N by f,,. But every ele-
ment of the form ea, with ¢ a unit of @ of norm 1, obvi-
ously yields an O*(D)-equivalent representation of N,
where O*(D) stands for the group of proper automor-
phisms of f,, and, conversely, as a consequence of [Ar-
Ba 2000-1] lemma 3.2]. The result follows. a

2. THE KRONECKER CONGRUENCE

In this section we review some properties of the ellip-
tic modular function j. An element 7 in the upper half-
plane H is called imaginary quadratic, over @, if it satis-
fies an integral quadratic equation at® + bt + ¢ = 0 with
a, b, c € Z and gcd(a, b, ¢) = 1. We shall denote D(7) =
=D = b* - 4ac < 0 the discriminant of 7.

Theorem 2.1. (cf. [We 08], [Si 49]) Let t be a com-
plex algebraic number in H.

i) Iftis not quadratic imaginary, then the value j(t)
is transcendental.

ii) If 1 is quadratic imaginary of discriminant D,
then the value j(t) is an algebraic integer of de-
gree (D) over Q. In this case, the value j(1) is
called a singular modulus. In particular, if h(D) = 1
then j(t) € Z.
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One of the most remarkable properties of singular mo-
duli is the following:

Theorem 2.2. (cf.[We 08]) Let O be an imaginary
quadratic order of discriminant D. For each SL(2, 7)-
reduced primitive positive binary quadratic form of dis-
criminant D, a,X* + b, XY + c,Y?, let T, be the root belonging
1o H of the quadratic equation a, X’ + b,X + ¢, = 0, for
1 <i < W(D). Then the class polynomial associated to O,

h(D)

HyX) =[] (X - j(r)),

i=1
is an integral irreducible polynomial of degree h(D).

Let I'(1) := SL(2, Z). For fixed N > 1, let y(N) =
1
=NIL,y <l +I_7> and let o, for 1 <i < y(N), stand for the

a b
W(N) distinct integral matrices a0 such that, ad = N,

a>0,0<b<d, and gcd(a, b, d) =1 (see [La 73
Ch. 5 § 1]). Then, we have the following equalities:

{a € GL(2, Z) la primitive, det(o) = N} =

N O a b
_m)[o 1]“1): I, m)[o d:|=

0<b<d,
ged(a, b, d) =1

Y
=) I'(\e, (disjoint).

i=1
We consider the polynomial

YW
FyX) =[] X -jeow)eZ[jlX],

i=1

where j(o(z)) := j<az b

>. We may consider F(X) =

=F\(j, X) € Z |j, X] as a polynomial in two independent
variables. F(j, X) is called the modular polynomial of
level N. The equation F(j, X) = 0 is the modular equa-
tiqn of level N. We recall its main properties in the follo-
wing:

Theorem 2.3 (cf. [La 73], [We 08])
i) F\j, X) is irreducible over C(j) and has degree
Y(N).

ii) Fy(j, X)is symmetrical injand X, i. e., F\(j, X) =
= Fy(X, ).

iii) If Nis a prime number, then F (X, X) € Z[X], and
its leading term is —X*".

We point out that the minus sign in the third item is
missing in [La 73].

The main relationship between the class polynomial
and the modular polynomial is given by the so-called
Kronecker congruence.

Theorem 2.4, (cf. [We 08]) Let f,, be the principal
form of discriminant D < Q. Then

FyX, X)==]] HyX)™?, where
D

(N, fp)
0*(D)

tN, D) =

In particular, one obtains the Kronecker-Hurwitz class
number relation:

deg Fy(X, X) =Y c(N, D).

D

We point out that the c(N, D) = h*(D)t(N, D) different
complex multiplication points of type (N, D) in H/I'y(N)
exactly produce h*(D) different points on X,(N )(O).

In table 1 we list all possible discriminants D < 0, for
3 <N <11, which give complex multiplication points of
type (N, D), as well as their number c(N, D). The follo-
wing proposition illustrates the calculation of complex
multiplication points in the case N = 11.

Proposition 2.5. Let N = 11. The exact values of D < 0
for which there exist complex multiplication points of
type (11, D) are:

D =-7,-7-2% -8, 11, -11 - 2% -19, =35, —40, —43.

The corresponding values to the four I (11)-inequivalent
complex multiplication points of the upper half-plane for
D = =35 may be given by

19+ /=35 —19+ /=35
hETT T BT T e
3+ /=35 ~25+ /=35
’[3 = ‘C4 =
2 110

Proof. In fact, given a discriminant D=0 (mod 4),
there exist complex multiplication points of type (11, D)

D
if and only if the principal form f,, = X — n Y? represents
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Table 1
N D c¢(N, D)
3 -3 1
-12=-3.22 1
-8 2
—-11 2
other values 0
5 -4 2
-16 = -4 . 27 2
—11 2
-19 2
=20 2
other values 0
7 -3 2
-12=-3.2?2 2
27 = -3 .32 2
-7 1
28 = -7 - 22 1
-19 2
-24 4
other values 0
11 -7 2
28 = -7 . 22 2
-8 2
-11 1
—44 = -11 - 22 3
-19 2
=35 4
-40 4
-43 2
other values 0

11 primitively. This condition is verified for the discrimi-
nants D = =7 - 22, -8, —11 - 2%, -40.

Now, if D =1 (mod 4), then there exist complex multi-
plication points of type (11, D) if and only if the principal

form X2 + XY + —

Y? represents 11 primitively. This

condition is verified for the discriminants D = -7, —11,
—-19, =35, —43. Observe that, in this case, if D < -43, we

1.\ D, 1 _\? 5
have f,, = X+5Y —ZY> X+5Y +ZY.

Let us now show representatives of the four I;,(11)-
inequivalent complex numbers t,,..., 7, in the upper
half-plane, corresponding to the complex multiplica-
tion points of type (11, —35) (cf. thm. 1.8). First of all,
observe that there are two principal primitive ideals of

norm 11 in Q({/-35), i. e., t(11, =35) = 2, namely, o, O,

3+./-35 3-/-35
> s oy = 5 »and O =

2,0, where o, =
1+./—
=Z®Z <~+—2—3é> We take as representatives of the
two SL(2, Z)-classes of forms in Q(,/-35):
X%+ XY +9Y%,  3X?+ XY + 312

They are in one-to-one correspondence with the classes
in Pic*@ of invertible fractional O-ideals

-1+./-35 -1+./-35
w=\bm ) == (T )

Then, recall that we have the complex multiplication
points (0, [a]) for I <i<2and 1 <j<2. We will detail
the calculations of («, 0, [a,]). We have

O 3+./-35 -19+./-35
0= 2 2 '

Now we search for an w, € a, 1. €.,

-1+./-35
W, =i+ ,u<—+2—> ged(4, w) =1,
3+./-35

2
can complete to a Z-basis of a, with w, = —1. Then

such that @ /11 € o;'a,. We can take o, = and

-3+./-35
T= (1)2/&)1 = —22—

Of course, the different choices in our previous selec-
tions yield different possibilities for T which, however,
are I'y(11)-equivalent in accordance with thm. 1.8. Mo-
reover, it is easy to check that the points 7, and 7, are
SL(2, Z)-equivalents, and 7, and 7,, too. In fact, (cf. [Ka-
Yu 91)):

F\(X, X) = H(X)’H_(X)’H_,,(X)H_o(X’H_5(X)*
H_y5(X)*H_y(X)*H_y3(X)’H_yy(X),

with H_(X) = X2 +29 - 32- 52X - 2% . 5°, 0
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