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1. INTRODUCTION 

In a preceding paper (Montesano, 1999b) a systematic 
set of definitions on risk and uncertainty aversion was 
introduced with regard to unidimensional lotteries and 
acts. Taking into account only the preference preordering 
over the set of all possible lotteries and acts represented 
by the certainty equivalent function, many propositions 
were introduced and demostrated on global and local risk 
and uncertainty aversion, comparative risk and uncer­
tainty aversion, and aversion to increasing risk and un­
certainty. 

In this paper the preceding analysis is extended to the 
multidimensional case, i.e., to lotteries and acts whose 
consequences are points of a /:-dimensional Euclidean 
space, which can be interpreted as bundles with k com­
modities. The analysis takes into consideration finite lot­
teries and acts, i.e., the number of the possible states of 
nature is finite. No specific model for the decision-maker 
preferences is assumed, but only the existence of a regu­
lar preference system represented by an ordinal utility 
function. Subsequently some specific models are intro­
duced (the Expected Utility model, the Rank Dependent 
Expected Utility model, and the Choquet Expected Util­
ity model), in order to extend some results already exam­
ined (Montesano, 1999a) for the unidimensional case. 

In Section 2 the Decision Making Under Risk 
(DMUR) and Uncertainty (DMUU) situations are intro­
duced, together with the main assumptions and some 
definitions. In particular, mean preserving spreads are 
also introduced for the multidimensional case, while 
their current definition only applies to the unidimen­
sional case. Section 3 examines the DMUR situation. 
Aversion to risk and to increasing risk are introduced and 
some propositions are demonstrated which relate these 
aversions to some characteristics of the preference sys­
tem. Unlike the unidimensional case, the notion of com­
parative risk aversion (as well as that of comparative un­

certainty aversion) is unattractive, since it requires that 
the preferences of two decision-makers coincide over the 
degenerate lotteries set. This is an overly compelling as­
sumption, which discourages further analysis. Section 4 
concerns the DMUU situation, where both risk and un­
certainty matter. Aversion to them is distinctly introduc­
ed and some propositions on these aversions are pro­
posed. 

Although not all the propositions found for the un­
idimensional case can be extended to the multidimen­
sional case, many of them surprisingly can, providing us 
with tools for investigating real decision-makers' charac­
teristics. 

2. SOME INTRODUCTORY DEFINITIONS 
AND ASSUMPTIONS 

A Decision Making Under Uncertainty (DMUU) situ­
ation is represented by a quadruple <5; Q; F; X} where S 
is a set of states of nature, ÍÍ is an algebra on 5, X is a set 
of consequences and F is the set of possible acts (i.e., 
functions from S to X). In this paper 5 is finite, 0 = 2"̂  (the 
empty set included), and X is a compact and convex sub­
set of the Euclidean /:-dimensional space IR̂ . 

A Decision Making Under Risk (DMUR) situation is 
represented by a quintuple (^S; O; F; X; p}, where j9 is an 
exogenous probability: p E P, where P is the set of all 
possible probability distributions over S = {s^, ..., s,^}, 
i.e., P = {p(s)^0 for J = 1, ..., m : EJL, pis) = 1} 
or P = {p(e,)^ 0 for every e. e 2^ : p(0) = 0, 
p(S) = 1 , and p(e¡ n e^) + p(e^ u e^) = pie^) + p{e^) 
for every pair .̂, e^ e 2*̂ }, so that Z"̂  j p{e¡) = 1 if {e¡)'¡^, 
is a partition of S. The set Q of lotteries on X is the set 
of probability measures on X induced through the acts 
by some probability, i.e., q = (f, p), where f e F and 
p e P, md Q = F X P. 
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Consequently, and act / e F can be represented by 
/ = {x{Sy),..., x{sj) or /= {x{s^)j^ 1, where m is the number 
of the possible states of nature; a lottery qeQ can be repre­
sented by ^ = {x{s^, P(^j))f= 1' where p(Sj) ^ 0 is the prob­
ability of the state of nature Sj, with SJL i p{Sj) = 1. Let e : 
X -^ She the inverse correspondence of fuction/: S ̂  X, 
i.e., e(x¿) = {sj e S : x(Sj) = x¿}. Therefore, an act/can also 
be represented by / = (x-, e(x¡))'¡^ j , where {e(x¡))'¡^ j is the 
event associated with the possible consequence x¡ E X and 
n is the number, with n^m, of the possible conse­
quences of the act, thus a variable depending on the act 
under consideration. Analogously, a lottery can also be 
represented by ^ = {x¡, p(e(x¡)))'¡^, where/?(^(x.)) = S,.e.(̂ -) 
p{Sj) is the probability of the event e¡ or by q = [x-, 
p(e(x.)))'¡^ ^OYq = (x-, p.)";^,,where p. = p{e(Xi)) is the prob­
ability of the possible consequence x- e X, with E-'̂  i P/ = 1 • 
Let F^ and Q^^ respectively indicate the set of all acts and 
the set of all lotteries with n different possible conse­
quences: thus, F = [j';:^, F^ and Q = [j^^, fir 

A decision-maker in DMUU situations is represented 
by the preference system <F, > > where > is a prefer­
ence preordering over F. A decision-maker in DMUR 
situations is represented by the preference system {Q, > >. 

Assumption 1. The preference system <F, > > can 
be represented by means of an (ordinal) bounded utility 
function w : F ^ > , i . e . , / ^ / ' if and only if u(f) ^u{f). 
Let us indicate with u(x) the utility of the degenerate act 
/ = (x, 5), where x e X. Analogously the preference sys­
tem <(2, > > can be represented by means of an (ordinal) 
bounded utility function u : Q ^ R, i.e, q >^ q' if and 
only if u(q) ^ u{q') and u{x) is the utility of the degener­
ate lottery q = (x, 1). 

Assumption 2. The ordinal utility functions u : F,^ -^ 
-^U and u: Q^-^R are differentiable and monotonically 
weakly increasing functions of (x-)"̂  j for every n = 1,..., m 
(where «monotonically weakly increasing» here means 
that the gradient of u with respect to (xf )'•=i is a semiposi-
tive vector for every h = I, ..., k). 

Remark: The assumption that u(f) and u(q) are dif­
ferentiable with respect to (x-)"̂ , for every / G F,̂  and q e Q,^ 
does not imply that they are dilFferentiable with respect to 
(x.)"̂  1 e X" at the points of X' where two, or more than 
two, possible consequences coincide (if this happens, 
then/G F,̂ . and q G F̂ ^ with n' < n). 

While Assumption 1 is required to hold throughout the 
paper, Assumption 2 is required only by some proposi­
tions and it is specifically recalled when adopted. 

Definition 1. (Expected consequence): The ex­
pected consequence function F : g —> X, or, equivalently, 
E : F X P -^ X defines E(q) = H"^, ppcj, where q = (x-, 
Pi)'!=i, or E(f, p) = U¡^, /?( .̂)x. where/= (x-, e^J^, andp is 
a probability distribution. Note that the expected conse­
quence function is onto. 

Definition 2. (Value of a commodity in an act or a 
lottery): If Assumption 2 holds, we can introduce, for 
every commodity h= I, ..., k with respect to an act/G F 
or a lottery q e Q, a normalized marginal value r'Xf) or 
r''(q) through the relationships 

L Q h 
rHq) = 

^du(q) 

^ ^ du(q) y yàu{f) 
Lu LJ ^^ ¿^ ¿^ ^ s 

5 = 1 V = 1 ^ - ^ V S = \ V=\ ^-^V 

Assumption 2 implies r^\f) > 0 and r%q) > 0 for every 
h = I, ..., k, while normalization means E^^, r'Xf) = 1 
and Hi ̂  1 r\q) = L If we take under consideration the 
acts/(0 or lotteries q(t), where t e [0, I], f(t) = (x.(0, 
e¡^;^, and q(t) = (x.(0, P/)"= i with x.(0 = x -i- i(x. - x), we 
can introduce the local value r'\x) = lim^^o ^'Xfi^)) = 
= Hm^̂ Q r^(q(t)): we find 

r̂ fx) = 

ôu(x) 

y du(x) 

d^m 

since u{x) = lim _̂̂ o u{f{t)) = Hm^̂ Q u{q(t)), so that 

dx' .-o.f^, dj^Kt) ^ ^ /-o.f^, 

and, analogously, 

du(x) ,. " du(q{t)) 
-J- = hm ) dx' dx%t) 

Note that local values of commodities only depend on 
the limit consequence x. 

Definition 3. (Expected value): The expected value 
function FV : g ^ [R or, equivalently, EV \ F x P -^ R 
defines EV{q) = r{q)E{q\ i.e., EV{q) = 1^1 ^¡= i r\q)p^¡, 
or EV{f, p) = r(f)E(f, p). We can also introduce the ex­
pected local value functions EV{x, q) = r(x)E(q) and 
EV(x, f, p) = r(x)E(f, p). 

Definition 4. (Marginal weight of an event for a 
commodity in an act or lottery): If Assumption 2 holds, 
we can introduce for every event / = 1,..., n and for every 
commodity h = I, ..., k with respect to an act /G F or a 
lottery q e Q, B, normalized marginal weight p%f) or 
p%q) through the relationships 

p'Hf) = 

z dujf) 
dxt 

p"M) = 

du(q) 

z du(q) 
ax!; 
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Assumption 2 implies pf ( /) ^ O and p^(q) ^ O for every 
i = I, ..., n and h = I, ..., k, while normalization means 
that Z;̂ ,̂ pf(/) = 1 and U;^, p%q) = 1. If we take into 
consideration the acts/(i) = (x.(i), ^•)"^, and the lotteries 
q{t) - (x-(i), P/)"= 1, with x-(r) = X + i(x- — x), we can intro­
duce the local weight p%x, f) = lim^_^Q p'j{f(t)) and p'¡(x, 
q) 
= lim,_,oP%(r)), with 

1 a^/(0) 
du{x)t-^o dx!¡{t) 

P%x,q) = 
1 

lim 
du{ci{t)) 

Note that local weights of events generally depend 
not only on the limit consequence x, but also on the acts 
/ = (x-, e.f.^, or lotteries q = (x-, p^]^,. 

Definition 5. (Marginal Expected consequence): In­
troducing marginal weights of events in place of prob­
abilities we have the marginal expected consequence 
functions M£ : F -> X and M£ : Q ^ Z, with ME{f) = 
(2; i , P : X / ) 4 ) L 1 and ME{q) = {^^, P%q)^'X = ,- We can 
also introduce the local marginal expected consequence 
functions ME(x, f) = {!/;_, p'lQc, f):^¡)\ , and ME(x, q) = 
{i:'l-_,p%x,q)^%,. 

Definition 6. (Marginal Expected Value): The mar­
ginal expected value function MEV : F ^ IR or MEV : 
2 -> IR defines MEV{f) = r(f)ME(fl i.e, MEV(f) = 
= Z t , ^;= 1 r\f)p%f)^l or MEV{q) = r(q)ME(q) = E ^ , 
^i= 1 ^^\q)P%q)^¡' We can also introduce the local mar­
ginal expected value functions, MEV{x, f) = r(x)ME(x, f) 
and MEV{x, q) = r(x)ME(x, q). 

Definition 7. (Probabilistic mixture of two acts or two 
lotteries): for/, = {x^is.))¡l „ / , = (^.(^,));i, and k e [0, 1], 
we indicate with 1/, © (1 - l)fi, the act [q(Sj))jl j , where 
q(s^) = (xjsj), À; Xi^(s^), 1 - A) is the lottery that, if Sj oc­
curs, gives x^^(sj) or X/^iSj) with probabilities 1, 1 - A. The 
set F of all possible acts is assumed to include also the 
probabilistic mixture of acts and the preference system 
<F, > ) can be represented by an ordinal utility function 
even for these mixtures. Analogously, for ^, = {^a(^j)^ 
p(Sj))jl i,qi, = [xi^iSj), p(sj))jl,, and 2 G [0, 1], we indicate 
with Àq @ (1 — 1)^¿ the lottery {q(s-), p(^;))jLi, where 
q(Sj) = (x^^isj). A; x¿,(^p, 1 - A), i.e. A^, © "(1 - A)q¡^ = 
= (A/, © (1 - A)/, p). 

Definition 8. (Set of the mean-preserving-anti-
spreads lotteries with respect to the lottery ^*): 
MPAS{q'^) = {qeQ: E(q) = E{q^^) and /7(x.) = p*(jc.) for 
all / except three points x^, Xf^, x^. e Z, with x,y = Ax, + (l -
- A)x̂ , A G (0, 1) and p(Xf^) ^ p%x¡^)}. This definition, 
which says that q e MPASiq"^) is less riskier than q^\ is an 
extension to the multivariate case of the current defini­
tion of mean-preserving-spreads applied to the univariate 
case. However, we introduce a variation of probabilities 
which increases the probability of an intermediate conse­

quence in place of a variation which decreases it. We do 
this since we can have p*(x¿,) = 0 for x¿ = Ax, + (1 - A)x̂  
and A G (0, 1). Note that if q^ has n consequences to 
which a positive probability is associated, q e MPASiq"^) 
can have n-2,n-l,n,orn+l consequences. Note also 
that this definition is independent from decision-maker's 
preferences. 

Definition 9. (Set of the lotteries with a utility at 
most, or at least, as high as w G R): 

GQ(U) = {q e Q : u(q) < u} 

GQ(U) = {q E Q : u(q) ^ u} 

Definition 10. (Set of the lotteries with a utility of 
the expected consequence at most, or at least, as high as 
u G IR): 

HQ(U) = {q e Q : u{E(q)) ^ u} 

H^Q(U) = {qeQ: u{E(q)) ^ u} 

where u(E{q)) is the utility of the degenerate lottery {E{q), l). 

Definition 11. (Set of the acts with a utility at most, 
or at least, as high as w G IR): 

GM) = {f^F'u{f) ^ u] 

G%u) = {feF:u{f) ^ u} 

Definition 12. (Set of the acts with a utility of the 
expected consequence for probability p at most as high as 
ueU): 

H,{u,p) = {feF:u[E{f,p)) ^ u) 

Definition 13. (Set of the acts through which the 
probability p induces lotteries with a utility at most as 
high as w G IR): 

Epiu^p) = {feF : u(l p) < u} 

3. RISK AVERSION IN A DECISION 
MAKING UNDER RISK SITUATION 

3.1. Definitions of global risk aversion 
and aversion to increasing risk 

Definition 14. (Global risk aversion): {Q, >,} ex­
hibits risk aversion if (F(^), 1) > a (i.e., if u{E(q)) ^ u(q) 
for all q e Q); risk attraction if (E(q), l) < q; and risk 
neutrality if {E(q), l) ^ q, where E(q) is the Expected 
consequence of q introduced by Definition 1. 

Definition 15. (Attraction to MPAS (mean-preserv-
ing-anti-spreads)-decreasing risk): <(g, > > exhibits at­
traction to MPAS-decreasing risk if ^ < q"^ for all q G 
MPAS(q^); aversion if ^ < ^*; and neutrality if ^ ~ ^'^, 
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where MPAS{q^) is the set of mean-preserving-anti-
spreads lotteries with respect to ^* introduced by Defini­
tion 8. 

Remark: Attraction to MPAS-decreasing risk implies 
risk aversion. We can see it by considering that the de­
generate lottery {E(q), l) can be generated through a se­
quence of mean-preserving-anti-spreads lotteries starting 
from any lottery q = (x¿, p¡)'¡^{. let us take under con­
sideration the sequence q2, ..., q,, where q^ = (xj, EĴ ĵ 

Pv'^ ^t^v Pt^v •••; ^r, Pn) and x[ = — (x;_i E;rJ, 
^ v = l Pv 

p^, H- x^pj with x\ = x^. We find that E(q) = E(q) and 
q e MPAS(q,_^) for every t = 2, ..., n, with q^^ = {E(q), 
l). Consequently, since attraction to MPAS-decreasing 
risk requires q^ > q^_^ for every t = 2, ..., n, then 
^n ^ ^v i-e. {E(ql 1) > 9i = q. 

Definition 16. (Aversion to PM (probabilistic mix-
ture)-increasing risk): (^Q, > ) exhibits aversion to PM-
increasing risk if u(Àq^ © (1 - /l)^¿,) ^ max{w(^^), u (q¡^)} 
for all q^, qt ^ Q and 1 G [0, 1]; attraction if u(Àq^ 0 
(1 - X)qJ^min{u(qJ, u(q¡)}; and neutrality if both 
aversion and attraction. 

3.2. Restrictions of comparative risk aversion 
analysis in the multivariate case 

Definition 17. (Comparative risk aversion): The 
natural definition of comparative risk aversion states that 
decision-maker (^Q, > ^> is more risk averse than deci­
sion-maker {Q, > ^> if (x, 1)> 5 ^ implies (x, 1)>^ ^ and 
(x, 1)<^ q imphes (x, 1)< ^ q for all q e Q. 

Proposition 1. Definition 17 implies that both deci­
sion-maker's preferences are equally ordered on the de­
generate lotteries set, i.e., u^(x) ^ u^(x) if and only if 
^B(^') ^ ^BM ^^^ 1̂1 pairs X, x! G X. 

Proof: Let us introduce the sets: 

R{q) = { x e X : (x, 1)> q] 

R%) = {xeX:{x, \)< q] 

Definition 17 say that {Q, >^)_is more risk averse 
than <(2, > ^> if Rs(q) ^ R^iq) and R^M ^ ^siq) for all 
q e Q. Proposition 1 states that Definition 17 implies 
^^(x) = Rg{x) for all x e X. Suppose not. Then, there is a 
x' G Z with Rj^(x') ^ R^(x') and R^(x') i- /^g(x'), i.e., there 
is a X G X with X G Rp^ix!) and x ^ Rgix'), i.e., x > ^x' and 
X <5 x', so that x' G Rj^(x) ^ R^i^), x' ^ ^^(x) and_x' ^ 
/?^(x'), i.e.^x> ^ x' and x <^x' e R¡^{x) ^ R^ix), x!_ ^ R^(x) 
and x' G /?^(x), while Definition 17 requires R^(x) ^ 
/?^(x), i.e., that x<^ x implies x '< ^ x. Therefore, if there 
is a x' G X with RA^') 7^_Rjg(x'), then the condition 
Rgiq) ^ R^iq) and R^(q) ^ R^(q) for all <7 G g is imposs-

This result coincides with the classical Kihlstrom and 
Mirman (1974) indication. Proposition 1 makes the com­
parative risk aversion of Definition 17 so restrictive that 
it is better to waive it, at least in the present paper. 

3.3. Two propositions on global risk aversion 

Proposition 2. <ô, > > exhibits risk aversion (intro­
duced by Definition 14) if and only if HQ{U) ^ GQ{U) for 
all w G IR; attraction if and only if HQ{U) ^ GQ{U)\ and 
neutrality if and only if HQ{U) = GQ{U). 

Proof: Let us first demostrate the necessary condition 
for risk aversion. If the condition HQ{U) ^ GQ{U) is not 
satisfied for all w G IR, then there are a w* G [R and a 
q^ G HQ{U *) such that q^ $ GJu^), i.e., u(q *) > w* while 
u{E{q *)) ^ w* so that u{E(q *)) < u{q *), i.e., E(q *) < ^*. 
Let us now demonstrate the sufficient condition. Since 
HQ(U) ^ GQÍU) for all w G IR and q G HQ{u(E(q))) for all 
q e Q, then it is also q e GQ{u(E{q))), i.e., u(q) ^ u[E(q)) 
for all q e Q. Analogously for risk attraction. The condi­
tion for risk neutrality is deduced taking into account that 
neutrality means that there is both aversion and attrac­
tion. D 

Graphic representation: With reference to the Mar-
schak-Machina diagram, where n = 3 and consequences 
are given, i.e., ^ = (x,, pf, X2, P2; x^, p^) with p, + P2 + 
+ /73 = 1, if X, > X2 > X3 and Xj>^*>X3 for every 
^* = (x-, p¡y¡^x^ then there is global risk aversion if the 
indifference curve ^ '^ ^* is southeast with respect to 
the indifference curve E{q) ^ (5̂ * (as represented in Fig­
ure 1). We have this since both the indifference curves 
q ^ q^ and E{q) ^ q"^ divideJhe triangle into two re­
gions, respectively Gj^uiq"^)), G^(w(^*)) and HQ[u{q^)\ 
H^{u(q^^)) with point (0, 1) G G^uiq"^)) and (1,0) 
G GQ{u(q^)) (note that points (0, 1) and (1,0) respectively 
represent the degenerate lotteries (X3, 1) and (x,, 1)). Con­
sequently HQ[u{q^)) ^ Gg(w(<7*)) implies that the indif­
ference curve q a* is below the curve E{q} ^^ q^ 

ible. D Figure 1 



Aldo Montesano Rev.R.Acad.Cienc.Exact.Fis.Nat. (Esp), 1999; 93 429 

The Hirshleifer-Yaari diagram (where n = 2 and prob­
abilities are given) can be drawn only if ^ = 1, i.e., only in 
the univariate case. 

Proposition 3. If Assumption 2 holds, then <2, > > 
exhibits risk aversion if EV{q) ^ MEV{q) for all q G g„ 
and n = 1, ..., m (where the Expected Value function 
EV{q) is introduced by Definition 3 and the Marginal 
Expected Value MEV(q) is introduced by Definition 6); 
risk attraction if EV(q) ^MEV{q)\ and risk neutrality if 
EViq) = MEV(q). 

Proposition 4. If Assumption 2 holds, <& ^ > ex­
hibits local risk aversion if EV(x, q) > MEV(x, q) and 
only if EV{x, q) ^ MEV{x, q) for 2i\\xeX,qE Ô„ and n = 
1, ..., m (where the local Expected Value function EV{x, 
q) is introduced by Definition 3 and the local Marginal 
Expected Value is introduced by Definition 6); attraction 
if EV{x, q) < MEV(x, q) and only if EV{x, q) ^ MEV{x, 
q)\ and neutrality if and only if EV{x, q) = MEV(x, q). 

Proof: For every xeX and q e Q,^ we have, taking into 
account Definitions 2, 3 and 4, 

Proof: Let us intoduce for every qeQ^ and í e (0, 1] the 
lottery q(t) = {x.(t), p¡f¡^,, where x.(t) = tx. + (1 - t)E{q\ 
and the utility risk premium function RP^^{t; q) = u[E(q(t))) 
- u{q(t)). We find that E{q(t)) = E(q) for all te [0,1] and, 
taking into account Definitions 2, 3, 4, 5 and 6, 
dRP^^it; q) _ du{q(t)) 

dt dt 
= - S t , r"{q{t)) T.U pliqitW: - È'\q)) S j ^ , S'J., 

since ME>\q{t)) = V¡._, p'¡{q(t})^(t) = íE«^, p'¡{q(t)y¡ + 

+ (1 - t)E"iq) so that - {E'-iq) - MÉ\q{t))) = É\q) - S;'^, 

p1{q{t))x1 = - S"^, p1{q{f)){x'¡ - E" (q)) and ^ (£V(^(0) -

7 7 = 1 - MEV(q(t)) = y 2 t , r'-Í̂ ÍOJÍE'-C,?) - ME"(q(t))) = - I ; 

r"(c(í)) S;'^, P!%(0)(X? - f'C^)). Consequently, if 
EViq)^MEV(q) for all ^ e g„, then £V(g(0) ^ 

dRP (t; q) 
^ M£V^(í) for all í e (O, 1], so that "-^^—^ > O for 

dt 

all t e (O, 1]. Thus, since lim,^,, RP„{t; q) = 0 and 

" ^ ^ 0 for Í 6 (0, 1], then RPJl; q)^0, i.e.. 
dt 

u{E(q)) ^ u(q) for all ^ e g„ and n =; 1, ..., /n. D 

3.4. Local risk aversion and two other propositions 
on global risk aversion 

du{qit)) du{x) 

(ii) 

0 5JCÍ'(Í) ' ' ¿.r^ 

du{E{q{t))) * ÔM(£: (^ (0 ) ) ^ 

í/í = 1 5£'t^(í)) ; Z (•̂ ' - Apf, 

and, consequently, since E[q{t)) = (1 - i)^ + if'Cç), 

"-^Ô J í ;^^ j 5X^ -^1 

and 

^-0 J / /̂ T̂ j ."Ti ox!' 

so that 

lim - (^(^(^(0)) - u{q{t))) =Y.^Y.iPi- P) (-̂ ' ^)) -̂ ^ = 

/, - 1 e - 1 (^X 

= {EV(x, q) - MEV{x, q)) ^ ^ D 

Definition 18. (Local risk aversion): <2, > ) ex­
hibits local risk aversion if for every xeX and qeQ there 
is a Í* > 0 such that u{E(q(t))) ̂  u{q(t)) for every t e [0, t% 
where ^(0 = {x¿(t), p)'¡=i with x-(0 = x + t(x- - x) for 
/ = 1,..., n\ attraction if u{E{q{t))) ^ u{q{t)))\ and neutral­
ity if u[E{q{t))) = w(^(0). Consequently, if Assumption 2 
holds, there is local risk aversion if 

lim - {u{E{q{t))) - u{q{t))) 

is positive and only if it is nonnegative for all x e X and 
q e Q; attraction if it is negative and only if it is nonposi-
tive; and neutrality only if it is equal to zero. 

Proposition 5. If Assumption 2 holds, {Q, >} ex­
hibits global risk aversion if EV(Eiq\ q) ^ MEV{E(q), q) 
for all qeQ^ and n = 1,..., m, and M : Q -^ IR is a concave 
function of {x¡)'¡^, (i.e., the preference system is convex 
with respect to {xy¡^, and the corresponding quasiconcave 
ordinal utility function is concavifiable); risk attraction if 
EV[E{q), q) ^ MEV{E{q), q) and u is convex; and risk 
neutrality if EV{E(q), q) = MEV{E(q), q) and u is linear. 

Proof: Let us take under consideration the function 
/?P„ (t; q) = {u(E(q(t))) - u{q(t))) for í e (0, 1] where q(t) = 
= WO, P^!= 1 and x,(0 = tx. + (l- t)E(q). If lim, ̂ o ^Puin 

dRP(t; q) 

dt 
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for í 6 (O, 1], then RPJl; q) ^ O, so that u{E{q)) ̂  u{q). It 
is lim^_^o ^^íX^; q) = 0 since lim^_^o u{q{t)) - u{E(q)) and 

E{q(t)) = E(q) for t G (O, 1]. It is lim.^o 4 ^ ^ ^ O 

since lim, 
*o 

dRP,,{t; q) 

dt 
-lim. 

du{q(t)) 
dt 

= -lim. 

^ • = . ^ W - « í ) ) 
du{E(q)) 

dÉ\q) 

d^m ^h= 1 

(4 - £"(g)) I í= , ^ ^ ^ = -{MEV{E{q), q) - EV{E(q), q)) 

du(E(q)) 
T!¡^ I -^^—- ^ O by assumption. Finally, since u : Q -^ U 

is a concave function of (x,)"^ j then RP,^(t; q) ^ tRP^^{\\ q) 
for / e (0, 1] since RP^^{n q) - tRPJl; q) = u{E{q{t))) 
- u{q{t)) - tu[E{q)) + tu{q) = -u{q{t)) + tu(q) + (1 - i) 
u{E(q)) ^ 0 . D 

Proposition 6. <ô» > > exhibits global risk aversion 

if 
u(q) 

is a convex function of (p,)"= i where u : g 
w(£'(^)) 

is a utility function which is positive for every degenerate 
lottery, i.e., u{E{q)) > 0 for every E{qy\ attraction if it is 
concave; and neutrality if u{q) = u{E(q)). 

Proof: Let us take into consideration for every (x-)"^, 

thefunction0((p,);'^,;(x,);.^^,) = 
u(q) 

u{E(q)) 
- 1, which is con­

vex by assumption. Consequently, the set ^{(x¿)'-^^) = 
{W!=i • 0((P/);=i; (-^/)-=i)<0} is convex. We find" that 
all vertices of the probability simplex {(/?,)"=, e IR" : E"^ j 
p- = 1} belong to 3)((x-X'̂ ,), since for p- = 1 we have 
u[E{q)) = u{x¿) for / = 1, ..., n. Since all points of the 
simplex are linear convex combinations of the vertices 
and since these vertices belong to the set ^((x-)!'^ J, which 
is convex, then í>((x-)"^,) coincides with the probability 
simplex. Consequently, for every (x,)-'̂ i we have 

0((p,);'=,)^O for all (p,)«^„ i.e., ^ ^ ^ - 1 ^ 0 and, 

therefore, u{q) ^ u{E(q)) for all q e Q. D 

3.5. Aversion to increasing risk 

Proposition 7. {Q, > > exhibits attraction to 
MP AS-decreasing risk (intoduced by Definition 15) if 
and only if MPASiq"^) ^ Gg(w(í7*)) (these sets are intro­
duced by Definition 8 and 9) for all ^* G Q; aversion if 
and only iî MPAS(q^) ^ GQ{u{q'^))\ and neutrahty if and 
only if MPASiq"") ^ {Gl(u{q'^)) n G^iuiq^ 

' If w : 2 ^ R does not indicate a positive utility for every degenera­
te lottery, then we can represent the preference system (ô , > > through 
the utility function ii : ̂  -^ R, with u{q) = u{q) + 1 + max,̂  \u{q% so 
that u{q) > 0 for every q e Q. 

Proof: Let us first demonstrate the necessary condi­
tion. Since u{q) ^u(q^) is equivalent to <7 G Gg(i/(^*)), 
then u(q) ^ u(q^^) for all q G MPASiq"^) implies 
MPASiq"^) ^ Gg(w(^*)). Let us now demonstrate the suf­
ficient condition. MPAS(q^) ^ G^{u{q'')) implies that if 
q G MPASiq"") then q e G^{u(q% i.e., u(q) ^ w(^*). D 

Graphic representation: In the Marschak-Machina dia­
gram, with X, > X3 and X2 = Ax, -1- (1 - À)x^ with À G (O, 1), 
the set MPAS{q^), where q^ = (x-, /?f)f=], is that portion 
of the ser {q : E(q) = E{q^)} which is southwest with 
respet to point q^\ Proposition 7 requires for attraction 
that MPASiq^) ^ Gg(w(<7*)), i.e., that the indifference 
curve <̂  -^ ^* be upper than MPAS{q^), as represented 
in Figure 2. Note that MPAS{q^) is a segment of the line 

1 - A 
Pc = T— (Pa - PÎ) + Pf-

X 

Assumption 3. The utility function u : Q 
ferentiable with respect to (p,)̂ '̂  1 

is dif-

Proposition 8. If Assumption 3 holds, iQ, > > ex­
hibits attraction to MPAS-decreasing risk if and only if 
du(q) du{q) 

^ A— h ( 1 X) -^— for all qe Q, where x ,̂ x ,̂ 
(^Ph ^Pa ^Pc 

x̂ . is every triplet x ,̂ x¿, x̂ . G X such that x̂ , = /Ix^ + (1 - l)x^ 
with X G (0, 1), i.e., if and only if the derivatives of u{q) 
with respect to probabilities are a concave function of the 
corresponding linearly dependent consequences; aver­
sion if and only if these derivatives are a convex func­
tion; and neutrality if and only if they are a linear func­
tion. 

Proof: Let us first demostrate the necessary condition. 
The condition u{q) ^ uiq"") for all q e MPASiq"") mdq^E 

fdu(q)\ fdu(q)\ 
Q implies that ^ 0, where —-— 

ŷ dpfj jMPAs \ dpjy JMPAS 
-X — — + — (1 - X)~-—, smce x¿, = Xx^^ + 

SPa SPb SPc 
(1 - X)x^ for every x^, x^ e X and X G (0, 1), x^^(p^, - /?*) + 
^b(Pb -Pb) + ̂ c^c -Pf) = 0 andp^^ -pf + p^-p;f + p^. -

1 Pi 

Figure 2 
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/?* = O (withpf^ - p^^ > 0) so that p^^ - p ^ = -X{p^ - /?*) 
and p^ - pf = -{\ ~ X) (p^ - pf). The condition 
fdu(q)\ 

^ 0 for all q^ E Q is, thus, equivalent to 

X)-^— for all ^* G Q. Let us 

y dpij JMPAS ' 

Sujq) ^ dujq) 

SPt " Sp^ ' " dp^ 
now demonstrate the sufficient condition. If it is not 
uiq) ^ uiq"") for all q E MPAS(q^) md q"^ E Q, then 
there is a pair q, q^ E Q with q E MPAS{q^^) such that 
u{q) < u(q^). Then, introducing the lotteries q{t) = (x-, 
pf + t(p. - pfyi^i so that ^(0) = q"^ and ^(1) = ^, we 
have that u{q) < u(q^) implies the existence of at least 

du(q(t))\ 
a Í G [0, 1] for which —^-—-\ < 0, i.e., there is a 

dt 
q = q(î) = (x¿, py¡^ 1 for which (since pf = p . = p^ for 

every / = 1, .. n bar a, b, c) 

-PD + -

du[q(t)) 
dt 

du(q) 
(Pa 

p.^ vi-ft i-i,/ • •.-. (Pc - p*) < 0, which implies 

(since p^ - p * = -X{p, - p*) and p^ - p * = - (\ - A) 
iPi, - PD) 

du(q) du{q) Suiqf 
- A - r r - + -TT ( 1 - / 1 ) — ¡ ^ I iPb SPa Sp, 

i.e., since pi, - pf >Q 

Sp. 
p*) < 0 

du{q) ôu{q) du(q) 
< Á———^ \i ~ ^) 

SPb SPa 

Consequently, the condition 

du(q) du(q) 

^Pa dPb 
A) 

dp. 

du(q) 

for all q E Q, where = Ar̂  + (1 - X)x^, 
and X E (0, 1), impUes u{q) ^ uiq"") for all q E MPASiq"^) 
and (7* EQ. D 

Remark: The kind of concavity taken into account by 
Proposition 11 does not require function w : Q ^ IK be 
cardinal: if we introduce a monotonically increasing 

transformation v : 
dg(u) 

I of w, i.e., V = g(u) with —-— > 0, 

dv(q) , dv(q) 
then —^ ^ A ^ r ^ + (1 

SPa 
dg(u) du(q) 

du dpiy 
^ 

SPb 
dg(u) du(q) 

du .,, u.^ dp^ 
du{q) du(q) du(q) 

^ A— 1" ( 1 -" Á) 

du 

X) —— IS equivalent to 
GPc 

dg(u)du(q) . 
X) ~—, I.e., to 

du dp^. 

SPb SPa Sp. 

Graphic representation: 
the condition: 

Since Pi^ = 1 - l/¡ ̂
b , i Pi^ 

ôu(q) du(q) ôu(q) 
^ A— 1" ( l ~ ^) 

SPb SPa dp. 

becomes, when /7^ is introduced in q = (x-, /?/)•'=! as 
1 - S"_¿ ¿ • ^ 1 p¡ the condition: 

dPa 8p^ 

ôu(q) 
i.e., assuming that -z,— < 0, 

dPc 

dpÁ 

dPcJuic) 

du(q)/ôp^ ^ I - ^ {dp, 
du{q)/dp^ 

< 
À dPaJu, (£(?)) 

smce 

dp, 

dPaJu(E{q)) 

Taking into account that 

du[E{q))ldp„ ^ 1 - ^ 
' du{E{q))ldp, X 

du[E(q)) du(E(q)) 

dp. dE(q) (^a - Xb) 
du{E(q)) du{E(q)) 

dp. dE{q) (•^c - ^}) 

and x^ - x^ = (1 - X) {x^ - x^), x^ = -X{x^ - x^). 

In the Marschak-Machina diagram (with x¿ = Xx^ + (1 
- A)x^), this condition requires that there be no point ^* in 
the diagram where the slope of the indifference curve 
u{q) = u{q^) exceeds the slope of the indifference curve 
u{E(q)) = u[E{q'^)), which coincides with the slope of 
MPAS{q'^). 

Proposition 9. <ô , > > exhibits aversion to PM-in-
creasing risk (introduced by Definition 16) if and only if 
the set GQ{U) (introduced by Definition 9) is convex with 
respect to probabilistic mixtures for all w G IR, i.e., if and 
only if q^, q^^ E GQ(U) impUes (Xq^^ © (1 - X)q¡) e GQ(U) 
for all X E [0, 1]; attraction if GQ(U) is convex; and neu­
trality if and only if both GQ(U) and GQ(U) are convex. 

Proof: Let us first demonstrate the necessary condi­
tion. If there is a GQ(U) which is no convex with respect 
to probabilistic mixtures, then there are a w G ü , a pair q^^, 
q^j E GQ{U) and a A G [0, 1] such that Xq^^ 0 (1 - X)qf^ ̂  
GQ(U), i.e., u{Xq^^ © (1 - X)q,^ > u while u{q^ ^ u and 
u{q^) ^ u, so that u[Xq^^ © (1 - X)q¡) > max{w^,, u¡}. Let 
us now demonstrate the sufficient condition. If GQ(U) is 
convex with respect to probabilistic mixtures, then for 
every pair q^^, q,^ E g , since q^, q^ E GQ(max{w^„ wj ) , it is 
also [Xq^^ © (1 - X)q^ E Gg(max{w^, u¡¡\) for all X E [0, 1], 
i.e., u{Xq^ © (1 - X)q^ < m^x{u{q^), u{q^)} for all q^, q,^ E 
Q, since q^^, q^^ E Q and A G [0, 1]. D 
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3.6. Aversion to risk and to increasing risk 
when the Expected Utility model applies 

If the Expected UtiHty model applies, i.e., if there is a 
function U : X ^ R such that the lotteries ^ G g are 
ordered according to the EU function EU : g -> R, with 
EU{q) = Zf̂  ip.f/(x.), where q = (x, /7.);'^i, then the fol­
lowing propositions hold. 

Proposition 10. When the EU model applies, then 
(.Qy ^y exhibits risk aversion if and only if the utility 
function f/ : X -^ R is concave; attraction if and only if it 
is convex; and neutrality if and only if it is linear. 

Proposition 11. When the EU model applies, then 
<ô. ^ ) exhibits attraction to MPAS-decreasing risk if 
and only if the utility function ¿7 : Z ^ IR is concave; 
attraction if and only if it is convex; and neutrality if and 
only if it is linear. 

Proposition 12. When the EU model applies, then 
<ô, > > exhibits neutrality to PM-increasing risk. 

Proofs: Proposition 10 can be easily demonstrated 
taking into account that U (Ef̂  ^p.x¡) - E"^ iPiU(x¿) is non-
negative for all ^ G 2 if and only if U is concave and that 
U{U¡^^ppc¡) = EU{E(q), l). Proposition 11 is a corollary 

dEU(q) 
of Proposition 8 since — = U(X:). Proposition 12 is 

dp. 
trivial since EU : q -^ U is linear with respect to prob­
abilities. D 

3.7. Aversion to risk and to increasing risk when the 
Rank Dependent Expected Utility model applies 

If the Rank Dependent Expected Utility model applies, 
i.e., if there are a utility function U :X -^ U and a distor­
tion function of probability 0 : [0, 1] ^ [0, 1], where 0 is 
monotonically nondecreasing with 0(0) = 0 and 0(1) = 1, 
such that the lotteries q e Q are ordered according to the 
RDEU function RDEU : Ô -> R, with RDEU(q) = U(xJ 
+ iy;:l{U(x) - U(x^, ,))0(Et., p^X where q = (x, p^!^ „ 
with U(Xi) ^ U(x-^ i) for / = 1, ..., n - 1, then the follow­
ing propositions hold. 

Proposition 13. (Montesano and Giovannoni, 1996). 
When the RDEU model applies, then (^Q, >,} exhibits 
risk aversion of the first order if and only if the distortion 
function of probability satisfies the condition 0(/7) ^ p 
for every pe[0, 1 ] (attraction if and only if (pip) ^ p, and 
neutrality if 0(p) = p), and risk aversion of the second 
order if and only if the utility function is concave over X 
(attraction if and only if it is convex, and neutrality if and 
only if it is linear). (There is risk aversion of the first 
order if EU(q) - RDEU(q) is nonnegative for every qe Q, 
attaction if it is nonpositive and neutrality if it is equal 
to zero. There is risk aversion of the second order if 
U{E(q)) - EU(q) is nonnegative for every q e Q, attrac­

tion if it is nonpositive, and neutrality if it is equal to 
zero). Consequently, <2, > > exhibits risk aversion, i.e., 
U{E(q)) - RDEU(q) is nonnegative for every q s Q, if 
(pip) < p and U is concave; attraction if (pip) > p and U is 
convex; and neutrality if and only if 0(/?) = p and U is 
linear. 

Proof: The risk aversion of the second order is that 
kind of risk aversion already indicated for the EU model, 
so that the same condition applies. With regard to the risk 
avesion of the first order, since EUiq) - RDEUiq) = 
= E;r/(C/(^,) - Uix,, ,))(Zi^ J p,^ - 0 ( l t ^ , p,)), it is easy to 
see that/? - (pip) ^ 0 for every/? e [0, 1] is a sufficient and 
necessary condition in order that EUiq) - RDEUiq) ^ 0 
for every q e Q. D 

Proposition 14. When the RDEU model applies, 
then <Q, > > exhibits attraction to MPAS-decreasing 
risk if the utility function is concave over X and the dis­
tortion function of probability is convex over [0, 1]; aver-
sionl if U is convex and 0 is concave; and neutrality if U 
and 0 are linear. 

Proof: Taking into account Definitions 8 and 15, there 
is attraction to MPAS-decreasing risk if 
RDEUiq) > RDEUiq"") for every pair q, q"^ e Q with q e 
MPASiq% lfU:X-^Ris concave, then t /(xj ^ XUixJ 
+ (1 - À)Uix^), where x¿, = Ax̂  -H (1 - X)x^ and p^ - /?* = 
-^(Pb - Pb\ Pc - P* = -(1 - ^) (Ph ~ Pbl and 
Pb ~ Pb^ 0- Without any loss of generality let 
UixJ ^ Uix^l If Uix^) ^ UixJ, then RDEUiq) - RDEUiq"^) 
= if;:l (uix,) - uix,,ù){<t>(n-^ Pf + Pb-p^) -</>(^L, 
p?)) + ^:1 {uix,) - i/(x,,,))(0(2:Ui p * + (1 - ^) (Pb 
~ Ph)) ~ 0(^'v = I P*)) ^ 0 since 0 is a monotonically 
nondecreasing function and U(x) - C/(x,^,)^0 for 
/ = 1, ..., n - 1 (the first addendum in the expression of 
RDEUiq) - RDEUiq*) vanishes if Uix,,) = UixJ, the sec­
ond does if UixJ = UixJ). If UixJ < UixJ < UixJ, then 
RDEU(q) - RDEUiq*) = ^Zl (Uix^) - f/(x,,,))(0(^t=, 
p* - % . - PD) - 0(2;:=> p*)) + ^-=1 (uix.) -
f/(x,,,))(0(lt^, p* + il-X)ip,- p*)) - 0(EUi P*))-
Since (p is convex, then 0(2;,=, p* - lip,, - pf)) -
(Pin-, p*)) ^ <P{n: I p* - ^(p, - PD) - <p(Xli\ pf) for 
a ^ i ^ b - \ ; (P{V, = , P* + il-Dip,- p^)) - (pin=, 
pf)) ^ (Pin., Pf + il-Dip,- pf)) - (piK-. P,*) for 
/ ^ b; and <p{i:l, pf +(1 - A) ip, - p*)) - (Pil.1, pf)) 

^ ^—-^ [cPini \ Pf) - <Pin: I Pv* - ^(Ph - Pf)))- More-

À 
X 

over, since U is concave, then UixJ - UixJ ^ 
\ — A 

UixJ - UixJ). Therefore, RDEUiq) - RDEUiq*) > 
UixJ - UixJ) {(Pi^Zl pf -lip,- pf)) - (Pini\ Pf)) 

+ [UixJ - UixJ) (P{n__, /7* + ( 1 - I) ip, - pf)) - (PiZ'U, 
pf)) ^ 0 . D 

Proposition 15. (Montesano and Giovannoni, 1996, 
pp. 141-142). When the RDEU model applies, then <2, 
> > exhibits aversion to PM-increasing risk (introduced 
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by Definition 16) if and only if the distortion function of 
probability is convex. 

Proof: If 0 is convex, then RDEU{Xq^^ © (1 - )C)q.) = 
u(xj + if::l {u(x;) - i/(x, M s t . , Xpt + (i - A)4 ^ 
u(x,)+sfr; (i/(x,) - u(x,_o)(mn=, K + d - ^mn=i 
/7Í)) = mOEUiqJ + (1 - DRDEUiq,) ^ 
max{RDEU(q^l RDEU{q,)}, where ^, = (x, /??);̂ „̂ ^, 
= (X, p^y;^ „ A ,̂ © (1 - X)q, = {X, ijf; + (i - X)p'j:^ „ 
and [/(x.) ^ t/(x,+ j) for / = 1,..., n- 1. If 0is not convex, 
then there exist three probabilities /?,, pj, p^ with p, > 
P2 > P2 such that 0f ' Pi + P: ^ -(0(p,) + 0fe)) 

and 01 -̂ -——^ j ^ -(0(ft) + ^(ft))' where at least one 

of these two inequalities is strong. Let the following two 
lotteries be taken into consideration: ^̂  = (x,, P2; ^2' 0' 
X3, 1 - p^), and <̂/, = (x,, p^\ X2, /?! - p^\ X3, 1 - p,), where 

f/(X2) - i/(X3) 
f/(x,) > t/(x2) > t/(x3) and 

00̂ 2) - 00̂ 3) 
U{x,) - Uix^) 

We find that RDEU(qJ = RDEU(q^) 
0(Pi) - 0fe) 
since RDEUiqJ - RDEU{q¡) = {U(x,) - U(x2)){(/)(P2) -
(P(p,)) + {U(x,) - U(x,)) {(f)(p,) - 0(/7,)) = 0. Moreover, 
RDEU(0.5q^ © 0.5^ )̂ = Ü(x^) + (U(x,) - U{x,})(l) 

^''-^) ^ {U(x,) - U(x,))cp (^^^ > U(x,) + 1 

(^(x,) - Uix,)) (0(^2) + (Pip,)) + ^{U{x,) - U{x,)) {(PipO 

+ (Pip,)) = -RDEUiqJ + -RDEUiq,) = msix{RDEUiqJ, 
RDEUiq¡)] since RDEUiqJ = RDEUiq^). Consequently, 
if (p is not convex, then it is not RDEUiXq^ © (1 - /l)^¿) 
^ ma.x{RDEUiqJ, RDEUiq¡)] for every pair q^^, q^^ e 
2 and A G [0, 1]. D 

4. UNCERTAINTY AND RISK AVERSION 
IN A DECISION MAKING UNDER 
UNCERTAINTY SITUATION 

4.1. Definition of global risk and uncertainty 
aversion and aversion to increasing risk 
and uncertainty 

With respect to a DMUR situation, when DMUU situ­
ation is taken into consideration there is a further reason 
for possible aversion in the preference system, which is 
called uncertainty (or ambiguity) aversion and is related 
to preference for knowing the chances. 

Definition 19. (Global risk & uncertainty aversion): 
<F, > ) exhibits risk & uncertainty aversion if there is a 
p* G P such that u{Eif, p*)) ^ w(/) for a l l / e F; risk & 
uncertainty attraction if there ia a z?"̂  e P such that u[E(f, 
p*)) ^ uif) for all/G F; and risk & uncertainty neutrality 
if there is a.p'^EP such that u{Eif, p"^^)) = uif) for all/e F. 

The following Proposition states that the only possibil­
ity for both aversion and attraction to risk & uncertainty 
is given by neutrality. 

Proposition 16. There no pair p, p' e P with p' ^ 
p" such that M(£'(/pO) ^ w(/) ^ w(£'(/,/?"))for all /GF 
if there is a pair x', x" G X such that w(x') > w(x"). 

Proof: Let x(0 = ix" + ( 1 - t)x:, then x(0 G Z for í G [O, 
11 since X is a convex set. The continuity of the prefer­
ence system (implied by the existence of an ordinal util­
ity function) requires that there be a pair i!, t" G [0, 1] 
with t' < t" such that M(X(Í,)) > u[xit^) for every pair i,, t, 
G [t', t"} with Í, < t,. For every pair/?', p" e P with/?' / p" 
there is at least a state of nature ^* G S for which p'is"^) < 
p'is"^). Consequently, for an act / = (x(rO, ^*; xif), 
5\{5*}) we have F( / p) = {f + if - t')il -p'is^)))x'' -1-
(l-f - it" - 0(1 -P'{s^)))x' and F ( / p") = {f + it" -
0(1 -p"is^)))x" + (1 - i' - it" - 0(1 -p"is'')))x\ so 
that, since t' <t' + {t" - f)il -p"(^*)) <t' + {t" - t')i\ -
pXs^)) < t", we find w(F(/, p')) < u{Eif, p")). Therefore, 
there is no pair/?', p" G P with/?' / /?" such that u[Eif,p')) 
^ u[Eif, /?")) for all/G F and, a fortiori, such that M(F(/, 

PO) > uif) ^ u{Eif /?")) for all/G F. D 

Definition 20. (Global uncertainty aversion): <F, > > 
exhibits uncertainty aversion if there is a/?* G F such that 
uif /?*) ^ uif) for all/G F (where if, /?*) is the lottery 
(x-, p'^ie-))!^, induced through the act/= (x-, e^¡^, by the 
probability distribution /?*); uncertainty attraction if 
there is a/?* G P such that uif /?*) ^ uif) for all/G F; 
and uncertainty neutrality if there is a /?* G F such that 
K/P*) = K/) for all/G F. 

Proposition 17. There is no pair/?', /?" G F with /?' 7̂  
/?" such that w(/ /?') ^ w(/) ^ w(/ /?") for all/G F, if 
lotteries with more probable best consequences are pre­
ferred (i.e., w(x') > w(x") and p"is) > p\s) imply uiq") > 
uiq"), where q = {xis),pis); xiS\{s}), 1 -pis)) withx(^) = 
x', xiS\{s}) = x" and q' = (x', /?'(^); x", 1 -p\s)), q" = (x, 
p"is);x", l - / ? " ( 4 

Proof: For every pair/?', /?" G F with/?' 7̂  /?" there is at 
least a state of nature ^* G 5 for which /?'(^*) < /?"(5'*). 
Consequently, for an act/= (x', ^*; x", 5\{^*}) with w(x") > 
w(x") we have M(/, /?') < M(/ /?"). Therefore, there is no 
pair /?', /?" G F with /?' ^ /?" such that w(/, /?') ^ w(/, /?") 
for all / G F and, a fortiori, such that uif /?') ^ w(/) ^ 
w(//?") for all/G F. D 

Definition 21. (Global risk aversion): <F, > > ex­
hibits risk aversion if u{Eif /?)) ^ M(/, /?) for all/G F and 
/? G F; risk attraction if u{Eif, /?)) ^ uifl /?); and risk neu­
trality if u{Eif /?)) = uif /?). 

Remarks: (i) Definition 21 coincides with Defini­
tion 14. 

(ii) If <F,> ) exhibits both uncertainty aversion (at­
traction) and risk aversion (attraction), then <F,> ) also 
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exhibits risk & uncertainty aversion (attraction). If 
(F, > ) exhibits both risk & uncertainty aversion (attrac­
tion) and risk attraction (aversion), then <F, > > also ex­
hibits uncertainty aversion (attraction). If <F, > ) ex­
hibits risk & uncertainty aversion (attraction) and 
uncertainty attraction (aversion), then <F, > ) does not 
necessarily exhibit risk aversion (attraction). 

Comparative risk and uncertainty aversion, which can 
be introduced analogously to comparative risk aversion 
(see Definition 17), suffers the same drawbacks as com­
parative risk aversion (see Proposition 1) and, con-
sequenty, it is waived in the present paper. 

fe H¡,[u{E{f, p), p) for all/e F and peP, then it is also/e 
G,{ii{E{f^ p*))), i.e., u{f) ^ u{E(f, /7*)) for a l l / e E a 

Proposition 19. <F, > ) exhibits uncertainty aver­
sion (introduced by Definition 20) if and only if there is a 
p^ e P such that Lpiu, /?*) ^ Gj,(u) (these sets are intro­
duced by Definitions 11 and 13) for all u e U; attraction if 
and only if Ef,(u, p^) '^ Gp{u)\ and neutrality if and only 
\i Ep{u, p*) = Gp{u). 

Proof: Analogous to the proof of Proposition 18, tak­
ing L̂ (w, p) and u{f, p) respectively in place of Hpiu, p) 
and u{E{f, p)\ D 

Definition 22. (Aversion to increasing uncertainty & 
PM-decreasing risk): <F, > ) exhibits aversion to in­
creasing uncertainty & PM-decreasing risk if w(/i/, © 
(1 - A)/,) ^ min{^</J, u{f,)} for all/,, / , e F and X e [0, 
1]; attraction if ¿/(A/, © (1 - X)f,) ^ max{w(/J, u{f,)}\ 
and neutralityl if both. 

Remark: This Definition depends on the observation 
that a probabilistic mixture increases risk (Wakker, 
1994) and reduces uncertainty (Schmeidler, 1989). 

Definition 23. (Aversion to PM-increasing risk): <F, 
> > exhibits aversion to PM-increasing risk if w(/l/, © (1 
- ÔA, p) ^ max{t/(/^, p), u(fi^, p)] for all/ , f,eE,peP 
and /I G [0, 1]; attraction if w(^/, © (1 - A)/,, p) ^ min 
{u(f„, /?), w(/,, /?)}; and neutrality if both. 

Proposition 20. <F, > ) exhibits risk aversion if and 
only if Hp(u, p) ^ Ep-iu, p) (these sets are introduced by 
Definitions 12 and 13) for all pairs w G [R and p e P; 
attraction if and only if Hp(ii, p) 3 L̂ (w, p)\ and neutral­
ity if and only if H^iu, p) = Ep{u, p). 

Proof: Analogous to the proof of Proposition 2, tak­
ing (/ p), Hp and Ej, respectively in place of q, HQ 
and GQ. D 

Proposition 21. If Assumption 2 holds, <F, > > ex­
hibits risk & uncertainty aversion if there is a/?"̂  G P such 
that EV{f, p'^) ^ MEV(f) (these functions are introduced 
by Definitions 3 and 6) for a l l / G F,, and n = 1, ..., m; 
attraction if Fy( / /?*) ^ MEV(f); and neutrality if FV(/ 
p^^) = MEV(f). 

Remarks: (i) Definition 23 coincides with Defini­
tion 16. 

(ii) If there is neutrality to PM-increasing risk, then 
Definition 22 concerns aversion (attraction, neutrality) to 
increasing uncertainty. 

4.2. Some Propositions on global risk 
and uncertainty aversion 

Proposition 18. <F, > ) exhibits risk & uncertainty 
aversion (introduced by Definition 19) if and only if 
there is ap* G P such that //̂ (w, p'^^) ^ Ĝ fw) (these sets 
are introduced by Definitions 11 and 12) for all u G IR; 
attraction if and only \íHp{u, p*) ^ Gp(u); and neutrality 
if and only if Hf,(ii, p^^) = Gp(u). 

Proof: Let us first demonstrate the necessary condi­
tion. If there is no p e P such that //^(w, p) ^ Gp(u) for 
all u G [R, then for every pair u e U and p e P there is a 
fe Hp(u, p) such that /^ Ĝ Xw), i.e., w(F(/, p)) ^ u and 
u{f) > II, so that w(F(/, p)) < u{f). Therefore, for every p 
G P there is a / G F such that w(F(/, p)) < u(f), i.e., 
<F, > > does not exhibit risk & uncertainty aversion. Let 
us now demostrate the sufficient condition. If there is a 
p* G P such that Hf,(u, /?*) Ç Gf(u) for all u e IR, since 

Proof: Let us introduce for every f e E^^, p e P and 
t E (0, 1] the act / (0 = (x-(0, ^/);=,, where x¡{t) = tx-
+ (1 - t)E{f, p), and the utility & risk uncertainty pre­
mium function RUP^/^n f,p) = u{E(f(t), p)) - u{f(t)). 
We find that F(/(0, p) = E(f, p) for all í G (0, 1] 

dRUP,,it;f, p) du{f(t)) 
and y„ Mm) 

dt dt 

{^; - E'xf, p)) = - S t , r'im) v;__,p':(m){x'; - E"if, 
P)) 2*=, 2;L, ̂ ^ ^ = ](EV{m, p) - MEVifit))) 

: I ^ V = I dxlit) 
since ME'im) = Z;.'̂ , p'!{m)x'!{t) 

= ii;'., p';{fit)y; + (i - OE'U p) so that -{E'U p) 

-ME'xfit))) = MÉ\f{p)) - z;.'̂ , p'limy; = -E; .I , 

Pi{f(t)){^ - £"(/, P)) and ^-{EV(m, p) - MEV{f(t))) = 

ySL, r"{m){E"(f, p) - MEXfit))) = - I * . , r\m)L'U , 

p'l{fit)){x'l - E'Xf, p)). Consequently, if there is a /̂ "̂  
G P such that FV(/ p̂ Ô ^ MEV(f) for all / G F,, and 
/7 = 1, ..., m, then EV{fitX /?*) ^ MEV{f(t)) for all 
Í G (0, 1] since fit) G F,, for all r G (0, 1], so that 

'^^lAjLl ^ 0 for all r G (0, 1 ]. Thus, since lim, ^ o 
dt 
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RUP^X^; f, p^) = O and 
dt 

^ O for all 

t e (O, 1], then RUP^l; f, p"") ^ O, i.e., there is a 
P^EP such that u{E(f, p*)) 
and /Î = 1, m. 

^ u{f) for all / G F , 
D 

Proposition 22. If Assumption 2 holds, <F, > > ex­
hibits risk aversion if EV{f, p) ^ MEV(f, p) (these func­
tions are introduced by Definitions 3 and 6) for a l l / G F,, 
and /I = 1, ..., m, and p G F; attraction if FV(/ p) ^ 
MEV{f, p)\ and neutrality if FV(/ p) = MFV(/ p). 

Proof: Analogous to the proof of Proposition 3 taking 
into account that ( / p) is a lottery. 

Proposition 23. If Assumption 2 holds, <F, > > ex­
hibits uncertainty aversion if MEV(f, p) ^ EV{f, p) for 
all/G F,̂ , n= 1,..., m, and/7 G P and there is a/7"̂  G F such 
that EV{f] /7*) ^ MFV(/) for al l /G F,, and /7 = 1, ..., m; 
attraction if MFVC/ p) ^ Fy(y^ /:>) and FV(/ p̂ Ô ^ 
MEV(f); and neutrality if MFV(/ /7) = FV(/ p) and 
F\ / ( / /ŷ O > MEV(f). 

Proof: This Proposition clearly follows from Proposi­
tion 21 and 22, taking into account that risk & uncertain­
ty aversion and risk attraction imply uncertainty aver­
sion. D 

4.3. Local risk and uncertainty aversion 
and other propositions on global risk 
and uncertainty aversion 

Definition 24. (Local risk & uncertainty aversion): 
<F, > > exhibits local risk & uncertainty aversion if for 
every x eX and/G F there are ap^^' e P and a i"̂  > 0 such 
that u{E{f{t), p*)) ^ w(/(0) for every t e [0, t% where 
f(t) = (x.(0, /̂)!-= 1 with x.(0 =x + t(x¡ - x) for / = 1, ..., /?; 
attraction if u{E(f(t), p'^)) ^ ii[f{t))\ and neutrality if 
u{E(f(t), p'^')) = u{f(t)). Consequently, if Assumption 2 
holds, there is local risk & uncertainty aversion if there is 
ap'^' G F such that 

l i m y ( t / ( / ( 0 , p * ) ) - ^ / ( 0 ) ) 
'-^0 dt 

is positive, and only if it is nonnegative, for all x G X and 
/ G F ; attraction if it is negative, and only if it is nonposi-
tive; and neutrality if and only if it is equal to zero. 

Proposition 24. If Assumption 2 holds, <F, > ) ex­
hibits local risk & uncertainty aversion if there is a/?--' G F 
such that EV(x, / p'̂ ') - MEV{x, f) is positive (these func­
tions are introduced by Definitions 3 and 6), and only if it 
is nonnegative for all x eX,fe F,, and n= \,..., m; attrac­
tion if FV(jc, / /7''0 - MEV(x,f) is negative and only if it 
is nonpositive; and neutrality if and only if FV(x, f, p''0 = 
= MEV(x, / ) . 

Proof: Analogous to the proof of Proposition 4, wi th/ 
F,„ p^, E(f, p^^) and EV{x, / p*) respectively in place of 

p, E{q) and FV(x, q). D 
„P 

Proposition 25. If Assumption 2 holds, <F, > > ex­
hibits global risk & uncertainty aversion if there is a p * G 
F such that EV[E{f, p%f, p*) ^ MEV{E{f, p*) , / ) for all 
/ G F^, and n = \, ..., m, and w : F -> IR is a concave 
function of (x-)"^,; attraction if EV{E(f, p*), / p*) ^ 
MEV{E{f, p*), / ) and u is convex; and neutrality if 
EV{E(f, p * ) , / p"^ = MEV{E(f, p%f) and u is linear. 

Proof: Analogous to the proof of Proposition 5, wi th/ 
F, p% E(f, p% RUP^inf,p%f{t) = (x,(0, 4 = 1 and 
EV[E(f, p'^'),f, p*) respectively in place of q, Q, p, E(q), 
RP^,(t; ql qit) = {x.(tl p^!^ , and EV{E(ql q). D 

Definition 25. (Local uncertainty aversion): <F, > ) 
exhibits local uncertainty aversion if for every xeX and / 
G F there a p * G F and a í* > 0 such that u{f(t), p*) ^ 
w(/(0) for every t G [0, r*], where/(i) = {x¡(t), ^,)"^, and 
{fit), p'^ = {x.(tl p'' ( ,̂));.'̂ , with x.{t) =x + t(x. - x) for 
/ = 1,..., n; attraction if u{f(t), p^") ^ u[f{t))\ and neutral­
ity if u[f{t), p'^ = u{f{t)). Consequently, if Assumption 2 
holds, there is local uncertainty aversion if there is a 
p'^eP such that 

lim-(w(/(0,F*))-K/(0)) / -o dt 

is positive, and only if it is nonnegative, for all x eX and 
feF', attraction if it is negative, and only if it is nonposi­
tive; and neutrality if and only if it is equal to zero. 

Proposition 26. If Assumption 2 holds, <F, > > ex­
hibits local uncertainty aversion if there is a p * G F such 
that MEV{x, ( / p*)) - MEV(x, f) is positive (these func­
tions are introduced by Definitions 3 and 6), and only if it 
is nonnegative, for all x e X, f E F,, and n = I, ..., m; 
attraction if MFV(A; ( / p^)) - MEV(x,f) is negative and 
only if it is nonpositive; and neutrality if and only if 
MEV{x, if, p'^)) = MEV(x, / ) . 

Proof: Analogous to the proof of Proposition 4. D 

Proposition 27. If Assumption 2 holds, (F , > > ex­
hibits global uncertainty aversion if there is a/7'=' G F such 
that MEV{x, if, p^O) ^ MEV(x, f) for all x E XJE F„ and 
n= \, ..., m, and there are two utility functions ii^^ : (F x 

IF . |) 1 and iif : F -> R such that ii^^x) = ii^x) for all x G 
X and Ujif) - ii^^f, p'̂ 0 is a concave function of {x¡)'¡^{, 
and attraction if MFV(j, ( / p*)) ^ MEV(x,f) and Ujif)-
ü^(J] F 'O is convex. 

Proof: Analogous to the proof of Proposition 5, tak­
ing into consideration the function UP^,{t\ f, p'̂ ') = 
^X/IO, P'") - à({f(t)), where/(O = (x,(r), e^;^ , and x,(0 = 
tX- + ( 1 - t)x. D 
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Definition 26. (Local risk aversion): <F, > > exhibits 
local risk aversion if for every xeX,fsF and peP there 
is a Í* > 0 such that u{E(f(t), p)) ^ u{f{t), p) for every t e 
[0, t% where {f{t\p) = (x,(0,p(e,))Ui withx.(t) =x + t(x. 
- x) for / = 1,..., n; attraction if u{E{f(t), p)) ^ u{f{t), p)\ 
and neutrality if u{E(f(t), p)) = u{f(t), p). 

Remark: This definition coincides with Definition 18, 
which has been introduced with reference to a DMUR 
situation. This implies the following Propositions 28 and 
29, which coincide with Propositions 4 and 5. 

Proposition 28. If Assumption 2 holds, <F, > > ex­
hibits local risk aversion if EV(x, f,p)- MEV{x, if, p)) is 
positive, and only if it is nonnegative, for all x G X, / G F„, 
n = 1,..., m and/7 G P\ attraction if EV{x,f,p) - MEV{x, (f, 
p)) in negative, and only if it is nonpositive; and neutral­
ity if and only if EV{x, fi p) = MEV{x, (f, p)). 

Proposition 29. If Assumption 2 holds, <F, > > ex­
hibits global risk aversion if EV{E(f, p), f, p) ^ 
MEV{E(f, /?), (f, p)) for all /G F,,, n=\, ..., m and p G P , 
and M : F x F - > [ R i s a concave function of {x¡)'¡^ j ; risk 
attraction if Fy(F( / p)J, p) ^ MEV{E(f, p), (f, p)) and u 
is convex; and risk neutrality if EV{E(f, p), f,p) = 
MEV{E{f, pi {f, p)) and u is linear. 

4.4. Aversion to increasing uncertainty 
and to PM-increasing risk 

Proposition 30. <F, > > exhibits aversion to in­
creasing uncertainty & PM-decreasing_risk (introduced 
by Definition 22) if and only if the set G^(M) (introduced 
by Definition 11) is convex with respet to probabijistic 
mixtures for all ¿/ G IR, i.e.^if and only if/̂ ,, /¿, G G^U) 
implies (A/̂  0 ( 1 - X)ff) G G%U) for all A G [0, 1]; attrac­
tion î  Gpiu) is convex; and neutrality if and only if Gpiu) 
and G%u) are convex. 

Proof: Analogous to the proof of Proposition 9. D 

Proposition 31. <F, > > exhibits aversion to PM-in­
creasing risk (introduced by Definition 23) if and only if 
for every /? G F the set GQ{U) (introduced by Definition 9, 
taking into account that F x P = Q) is convex with re­
spect to probabilistic mixtures for all x e X, i.e., if and 
only if (f^, p\ (fi^, p) G GQ(U) implies (A/,, 0 ( 1 - A)/;,, p) 
G GQ(U) for all A G [0, 1]. 

Remark: This Proposition coincides with Proposition 9. 

4.5. Aversion to risk and uncertainty and 
to increasing risk and uncertainty when 
tlie Savage Expected Utility model applies 

If the Savage Expected Utility model applies, i.e., if 
there are a utility function U : X -> U and a probability 

function/? : 2^ -^ [0, 1] (withp(0) = 0,p(S) = I,p(e) ^ 
p{e') for every pair e, e G 1^ with e ^ e\ and/7(^-) +p(^y) 
-p{e- u e^ +p(e¡ n ej) for every pair e¡, ej e 2^j, such that 
the acts/G F are ordered according to the SEU function 
SEU : F -> R, with SEU(f) = U;^, p(e¡)U(x.\ where / = 
i^i, ^i)'i=i^ then <(F, > > exhibits uncertainty neutrality 
(introduced by Definition 20) so that the following prop­
ositions hold. 

Proposition 32. When the SEU model applies, 
<F, > > exhibits risk aversion if and only if the utility 
function Í/ : X ^ IR is concave, attraction if and only if U 
is convex; and neutrality if and only if it is linear. 

Proposition 33. When the SEU model applies, then 
<F, > ) exhibits neutrality to increasing uncertainty & 
PM-decreasing risk (introduced by Definition 22), PM-
increasing risk (introduced by Definition 23) and increas­
ing uncertainty (according to the second remark to Defi­
nition 23). 

4.6. Aversion to risk and uncertainty and 
to increasing risk and uncertainty when 
the Choquet Expected Utility model apphes 

If the Choquet Expected Utility model (introduced by 
Schmeidler, 1989, and Gilboa, 1987) applies, i.e., if there 
are a utility function (/ : X ^ [R and a capacity function v 
: 2^ ^ [0, 1] (with v ( 0 ) = 0, v(S) = 1, v(e) ^ v(e') for 
every pair e, e' G 2^ with e ^ e'), such that the ac t s /G F 
are ordered according to the CEU function CEU : F -> R, 
with CEV{f) = i /(xj + T;:,\U(X^) - U(x^,0) v(UU ^ e^X 
w h e r e / = (x,, e-)"^,, with U{x¡) ^ U(x¡^^)) for / = 1, ..., 
/Î - 1, and the lotteries (f, p)e F x P induced through the 
acts by some probability are orderd according to the EU 
function EU:F X P ^U, with EU(f, p) = U¡^, /?,t/(x,) 
then the following propositions hold. 

Proposition 34. When the CEU model applies, then 
<F, > > exhibits risk aversion (introduced by Definition 
21) if and only if the utility function (7 : X -> R is con­
cave; attraction if and only if U is convex; and neutrality 
if and only if it is linear. 

Proposition 35. (Montesano and Giovannoni, 1996, 
and Ghirardato and Marinacci, 1998). When the CEU 
model applies, then <F, > ) exhibits uncertainty aver­
sion (introduced by Definition 20) if and only if core(v) 
7̂  0 ; attraction if and only if core(v) ^ 0 ; and neutral­
ity if and only if the capacity v is a probability, where 
core(v) = {p E P : p{e) ^ v{e) for every ^ G 2*̂ } and 
core(v) =^ [p e P : p{e) ^ v(e) for every ^ G 2"̂ }. 

Proposition 36. When the CEU model applies, then 
<F, > > exhibits risk & uncertainty aversion (introduced 
by Definition 19) if Í/ is concave and core(v) ^ 0 ; at­
traction if U is convex and core(v) ^ 0 ; neutrality if and 
only if U is linear and v is a probability. 
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Proposition 37. When the CEU model applies, then 
<F, > > exhibits neutrality to PM-increasing risk (intro­
duced by Definition 23); he/she exhibits aversion to in­
creasing uncertainty (introduced by Definition 22 and the 
second remark to Definition 23) if and only if v is con­
vex; attraction if and only if v is concave; neutrality if 
and only if v is a probability, where v is convex if v{e¡) + 
v{e^ - v{e- u e^ - v(e¡ n Cj) is nonpositive for every pair 
e¡, Cj e 2^ and v is concave if it is nonnegative. 

Proof: This proposition was introduced by Schmeidler 
(1989), who called «uncertainty aversion» what here is 
indicated as «aversion to increasing uncertainty», and by 
Montesano and Giovannoni (1996). A simple demostra-

Í1, ..., n] 
tion is the following. Let n = < > be a permutation 

of {1, ..., n} and TI be a permutation with only one in­
version, i.e., n¡ = i for / = 1, ..., n bar a pair nl, TT,'̂ , 
with n]. = r + 1 and n]._^ j = r. Let CEU (/; n) = U{x^ ) 
+ Z;C/ {U{xJ - U(x^j) v(Ut=, ej. We find that 
CEUifi 7i') -cEUif) = {u(x,) - u{x,,o) (v(U;;:l .̂) 
+ v(U;;;i o - v(U::=i v̂) - KUrJi v̂ ̂  e,,,% wwch 
is nonnegative (nonpositive) if v is convex (concave). 
Since every permutation n can be obtained through a se­
quence of permutations with only one inversion, we have 
that CEUifi n) - CEUif) ^ 0 if v is convex. Since CEU 
iXf^ 0 ( 1 - i)f,) = xuixi ) + (1 - A) uix', ) + E;': • (AÍ/«,) 
+ (1 - 2) ui4) - Wi^:,j ~ii- X) 'WLJ) v(UtJ, 
e^) (where TT is a permutation of {1, ..., ri] such that 
XÜi^) + (1 - A) i/(xt) > Wi^l^J + (1 - A) Ui^lj) 
for / = 1, ..., n - 1 and e. = {Sj e S : x^'isj) = j^¡ and 
x^\s) = xf} for / = 1, ..., n), then CEU (A/, 0 (1 - X)f,) 
= ÀCEUifa; n) + (1 - À) CEUifj^; n) ^ ÀCEUifJ + 
(1 - Á) CEUif,) ^ mm{CEUifJ, CEUif,)} if v is con­
vex. Therefore, if v is convex, then <F, > ) exhibits un­
certainty aversion. If v is not convex, then there is a pair 
e^, ej G 2^ such that v(̂ -) + ie^) > vie¡ u Cj) + vie. n 
Cj). Let the following two acts be taken into consider­
ation:/^, = (x,, ef, X4, 5\^.) màf, = (X2, e/, x^, S\ej), with 
Uix,) ^ Uix,) > Uix,) ^ Uix,) and (i/(x,) - Uix,)) vie.) 
= Uix^) - Uix^) + iUix^) - Uix^)) vie;) so that CEUifi) 
= CEUif,). Let A , so 

'•^'' Uix,) + Uix^ ~ Uix^) - Uix,)' 
that XUix^ + (1 - X)Uix^ = Wix,) 4- (1 - X)Uix^). Then, 
CEU {Xf, 0 ( 1 - Á)f) = Wix,) + (1 - X)Uix,) + XiUix,) 
- Uix,)) v( ,̂ n e^) + X{uix,) - Uix,)) v( ,̂ u e) = XCEUf) 
+ (1 - A) CEUifi) ~ X{Uix,) - Uix,)) (v(e,.) + vie) - v(^, 
u e) - vie., n e^) < XCEUifi) + (1 - A) CEUif,) = 
miniCEUifiX CEUifi,)} since CEUif J = CEUifi,). Con­
sequently, if V is not convex, then it is not CEUiXfi^^ 0 
(1 - X)fi,) ^ min{Œi/(/J, CEUifi,)} for every pair /„, 
fi, e F and every A G [0, 1]. D 

5. CONCLUSIONS 

This paper supplies the extension to the multidimen­
sional case of many propositions previously introduced 

(Montesano, 1999a and b) for the unidimensional case. 
Since the unidimensional case is also included in the 
multidimensional case, the propositions found in Sec­
tions 3 and 4 are quite similar to the corresponding un­
idimensional propositions. Nevertheless, there are some 
important differences, which can be summarized as fol­
lows. 

First, the comparative analysis is not very significant 
(Proposition 1). Second, the extension of the mean-
preserving-spreads increasing risk has been introduced 
(Definition 8) and it leads to Propositions 7 and 8, which 
are very similar to those found in the unidimensional 
case. Third, the propositions which require the expected 
values of lotteries and acts (Propositions 3, 4, 5, 21, 22, 
23, 24, 25, 26, 27, 28 and 29) imply that values be asso­
ciated to the k commodities (or dimensions) taken into 
account by the set of consequences. These values have 
been introduced (Definition 2) in an endogenous way 
through a kind of marginal rates of substitution. Finally, 
we can note that not all the unidimensional propositions 
introduced by the proceding papers can be extended to 
the multidimensional case. However they suprisingly re­
sult very few. 

Acknowledgements: The author is grateful to E. Cas-
tagnoli and some partecipants to the FUR IX conference 
(Marrakesh, June 2-5, 1999) for helpful comments. This 
research has been financed by University Bocconi and 
MURST. 

REFERENCES 

1. Ghirardato, P. and Marinacci M. (1998). Ambiguity Made 
Precise: A Comparative Foundation and Some Implica­
tions. Social Science Working Paper 1026, Caltech. 

2. Gilboa, I. (1987). Expected Utility with Purely Subjective 
Non-Additive Probabilities. Journal of Mathematical 
Economics 16, 65-88. 

3. Kihlstrom, R. E. and Mirman L. J. (1974). Risk Aversion 
with Many Commodities. Journal of Economic Theory 8, 
361-388. 

4. Montesano, A. and Giovannoni, F. (1996). Uncertainty 
Aversion and Aversion to Increasing Uncertainty. Theory 
and Decision 41, 133-148. 

5. Montesano, A. (1999a). Risk and Uncertainty^ Aversion 
with Reference to the Theories of Expected Utility, Rank 
Dependent Expected Utility and Choquet Expected Util­
ity, in (Luini L. ed.) Uncertain Decisions, Bridging The­
ory and Experiments, Kluwer, Boston, 3-37. 

6. Montesano, A. (1999b). Risk and Uncertainty Aversion 
on Certainty Equivalent Functions, in (M. J. Machina and 
B. R. Munier ed.) Beliefs, Interactions and Preferences in 
Decision Making, Kluwer, Boston, 23-52. 

7. Schmeidler, D. (1989). Subjective Probability and Exper-
cted Utility without Additivity. Econometrica SI, 571-
587. 

8. Wakker, P. P. (1994). Separating Marginal Utility and 
Probabilistic Risk Aversion. Theory and Decision 36, 1-
44. 


