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ABSTRACT 

Motivated by the notion of a topological group, which 
is the semidirect product of a normal subgroup and a sub
group (see [4]), which turned out to be a rich source for 
examples and counterexamples, we introduce an analogous 
notion of a locally convex algebra, which is the semidirect 
product of an ideal and a subalgebra. (Cf. a more special
ized notion for operator algebras in [3; Ch. 13]). We 
present a general method of constructing such semidirect 
products, which contains the direct products and the ad
junction of a unit element as special cases. As an applica
tion we obtain an example of an algebra. A provided with 
a Banach space topology T and containing an ideal C such 
that both (C, T n O and {A/Q TIQ) are Banach algebras 
but (A, 1) is not. 

NOTATIONS 

By an algebra we will always mean an associative al
gebra over the field IK € {//?, C}. A character on an 
algebra A is by definition a linear multiplicative functional 
different from zero, and a(A) denotes the set of all charac
ters on A. Given x € A, o^i^x) denotes the spectrum of x 
with respect to A. If A contains a unit element e, then G{A) 
denotes the set of invertible elements in A. An element x 
G A is called quasiinvertible in A, if there is (a so-called 
quasiinverse element) y G A satisfying xy -^yx - x +y, and 
the quasiinverse element y is uniquely determined. An al
gebra provided with a locally convex topology such that 
multiplication is jointly continuous, is called a locally con
vex algebra; and a locally convex algebra is called locally 
m-convex if its 0-nbhd-filter has a basis consisting of sets 
JJ satisfying if c U. 

Defínitlon 1. Let A be an algebra containing an ide
al C and a subalgebra B such that A = C + B and C n 
B = {0}. Then we call A the semidirect product of C and 

na us B ana use the notation A = C®gB. 

Remark. Let A = C®sB. Then clearly the quotient 
algebra A/Q is canonically isomorphic to B. Let q : A -^ B 
denote the corresponding linear multiplicative surjection 
with kerq = C. For the characters on A we have the rep
resentation. 

a{A) = a{C)u{(j{B)oq). 

More precisely, if ^ € o(C), there is a unique exten
sion of i//̂  to a character on A (see [2; theorem C.l]) and if 
(p G a(B) then ç o q e a(A). Conversely, le tx G a(A). If 
X\Q ^ 0, then X\Q G O(C) and X is its unique extension to 
a character on A; if X\Q = 0, there is I/A G (J(B) satisfying 
X = y/o q. 

Also the quasiinvertibility of elements c + b G A, where 
b E B, c e C, can be characterized. In fact, formal adjunc
tion of a unit element to A yields Â  =(Cx{O})05 5^ 
which we may abbreviate to Â  = C®^ 5^. Let c e C and 
b E B be given. Then c + b is quassinvertible in A if and 
only if b is quassinvertible in B and c(e - b)~^ is quasiin
vertible in C. In fact, if t - (c + b) = -c + (e - b) E G(AJ, 
then e-bE G(BJ c G(AJ, hence-c(e-b)'^ •¥ e E G(AJ 
and c(e - b)~^ is quasiinvertible in Â  and hence in C, as 
C is an ideal in A .̂ Conversely, if ^ - ¿? G G(BJ C G(AJ 
and e-c(e- b)~^ E G(AJ, then e - (b + c) E G(AJ. Thus 
¿? + c is quasiinvertible in A^ and hence also in A. 

Now, consequently, a complex number X E IK\ {0} 

belongs to a^(c + b) if and only if either X E Og{b) ox —b 
A 

is quasiinvertible in B with quasiinverse element J G B 
and X E (5(j(c - cd). 

Definition 2. Let (A, 1) be a locally convex algebra 
and let C (z A be an ideal, B a A a subalgebra such that 
A - C 05 B. Then we call (A, T) the topological semidirect 
product of C and B, if the canonical linear bijection 

{C,rnC)x{B, TnB)~>{A, 'T\{c,b)-^c + b 
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is a homeomorphism. In that case the quotient algebra 
(A/Q T^/Q) is canonically topologically isomorphic to the 
algebra (B, T n B). 

Proposition. Let (A, T) be a locally convex algebra, 
which is the topological semidirect product of an ideal C 
and a subalgebra B such that both (C, 7^ r\ C) and (B, T 
n B) are locally m-convex. Then (A, H) is also locally m-
convex. 

Proof. Let U be an absolutely convex 0-nbhd in (A, 
1); we may assume that (U n Cf c i / n C . As (A, 1) is a 
locally convex algebra, there are absolutely convex 0-nbh-
ds V and W in (C, r n C) and (B, T n B), respectively; 
such that 

{r{VuW)f Kj{T{VuW)f czU, V ^ c V c t / , W^ŒWŒU, 

and 

(T denoting the absolutely convex hull). We will show that 
c U for all k e IN, which proves that 

^ksmO^^^) ) is a 0-nbhd in (A, 1) contained in 

(r(yuW))^ 
u . 

U which satisfies Ü c Û. For the proof we first observe 
that (TX) (FY) c T(XY) for arbitrary subsets X, Y in A. 
Thus we must only prove that (V uWf c U for all k e IN. 
Now (V UW)^ is the union of V^(c:VczU), W^(C:WŒU) 
and of finite products of sets of the form VW, WVW, WV, 
VWV. These latter sets are all contained in (7 n C and (U 
n C/ c i / f o r all / e IN. 

Our next aim is to present a method to construct alge
bras which are semidirect products. 

Proposition. Let C and B be algebras and assume 
that there is a linear multiplicative map 

l:B-^ L{C):={f:C-^Clinear},b-> l¡, 

and a linear antimultiplicative map 

r:B-^L{C\b-^r¡^ 

such that r¿ o / = / o r¿, for all b, b EB and such that IJ^ac) 
= l¡,(a)c, rj^ac) = arj^c), alj^c) = r^^iajc for all b e B, a, 
c e C. Then the multiplication. 

(CxB)x(CxB)^(CxB), ((c„b,Uc2A)) ^ (̂ î 2+ ¿̂,,(̂ 2)+ ¿̂,2 

makes A := C x B (provided with componentwise addition 
and scalar multiplication) an associative algebra, such that 
A is the semidirect product of the ideal C x {0} and the 
subalgebra {0} x B. We will use the notation A = Cx^B. 
Moreover, let T and S be locally convex topologies on C 
and B, respectively, such that (C, 1) and (B, S) are locally 
convex algebras. Then A provided with the product topol
ogy TxS is a locally convex algebra if and only if the two 
bilinear maps 

(p:{B, S)x{C, r)-^{C, T),(/7,c)^/^(c) 

\l/:{C,r)x{B,S)-^{C,r),{c,b)-^r¡,{c) 

are continuous. 

Proof. One directly computes that the above multi
plication is associative and distributive. For the last asser
tion, (A, T X 5) is a locally convex alegra if and only if for 
all 0-nbhds U in (C, 1) and V in (B, S) there are 0-nbhds 
Ü in (C, T} and y in (B, S) such that 
Ù'^ +(p^VxÛ^ + \l/(ÛxV^(:zU and V^ czV, wich is obvi
ously equivalent to the continuity of 9 and \|/ at (0, 0). 

Examples. 

1. Let C be an algebra, B := C and for all A, e C let 
l;^ := ry^ : C -^ C, c -^ Xc. Then C x^B coincides with Q 
(formal adjunction of a unit element). If (C, 'J) is a locally 
convex algebra, then (C x^ B, T x i;.,) and (C, T)̂  coincide. 

2. Let B, C be locally convex algebras and for all b 
G B let /¿, := r¿, := 0-map. Then Cx^ B is equal to the direct 
product C X B with componentwise multiplication. 

3. Let D be an algebra and le 5, C c D be subalge-
bras such that BC u CB a C. For each be 5 let /¿, : c 
-^ be and r^ : c -^ cb. Then /, r satisfy the requirements 
of the proposition, hecen A = C x^ 5 is a well-defined 
algebra. Thus a semidirect product A = Cx^B need not be 
commutative, even if C and B are commutative. Take e.g. 

B:= :a,beCyC:= 
(0 c 

0 0 
r c e C ^ c M 

4. Let C be an algebra with unit element e, and let % 
S be locally convex topologies on C such that (C, 7) and 
(C, S) are locally convex algebras. Form A := C x^ C ac
cording to 3) by putting B := C =: D. Then the following 
are equivalent. 

i) (A, T X 5) is a locally convex algebra. 

ii) Multiplication in (A, T x 5) is separately continu

ous. 

iii) 5 3T. 

If in addition (C, 1), (C, S) are locally m-convex, then 
i) - iii) are equivalent to 

iv) (A, T X 5) is a locally m-convex algebra. 

Proof, ii) -^ iii): As left multiplication with (e, 0) on 
(A, T X 5) is continuous and as (e, 0) . (0, a) = (a, 0) for 
all a e C, the identity map (C, 5) -> (C, 1) is continuous. 

iii) -> i): is true by the last assertion in the proposition, 
because multiplication as a map (C, (Z) x (C, 7) ™> (C, Œ) 
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is continuous, thus also continuous on (C, 1) x (C, 5) and 
on (C, S) X (C, 1). 

The last part follows from the above proposition. 

5. Let C be an algebra and let T, S be Hausdorff 
locally convex topologies on C, such that 5 IDT. Then {A, 

HO := (C x^ C, T x 5) is a locally convex algebra. As A := 
{(-c, c) : c E C} is an ideal in A, we obtain that (A, ÍFJ is 
the semidirect product of A and {0} x C which are both 
closed, but not the topological semidirect product of A and 
{0} X C On the other hand (A, X) is topologically isomor
phic as an algebra to the direct topological product of (A, 
iÇ^nA) and (Cx{0}, í?ín(Cx{0})). 

Theorem. There exists an algebra A provided with a 
Banach space topology % which contains an ideal C such 
that both (C, ^ r^C) and (A/Q !R/C) ^̂ ^̂  Banach algebras 
and such that on (A, ^ multiplication is not continuous. 

Proof. Let X be a linear space of dimension 2^, then 
by [1, 5, exercise 24], X is linearly isomorphic to /' and to 
f. Consequently, there exist two different Banach space 
topologies T and S on X. Providing X with zero-multiplica

tion we obtain the algebra Xj^¡p formal adjunction of a unit 
element yields the algebra C := {X^^^}^, which carries the 

two different Banach algebra topologies 5 and ff gener
ated by S and T, respectively. 

Now, by example 4, A := C x^ C provided with T x j 
satisfies the requirement, as 5 :i> T and (A, T x5 )/(Cx(0}) 
is isomorphic to the Banach algebra (C, S). 
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