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ABSTRACT

We consider the quasilinear parabolic equation of de-
generate type u, = @ (u),,— b (#), in (0, )X O, 1, T 2
, with nonlinear boundary flux conditions. We prove the
existence and uniqueness of periodic solutions for this
problem, which describes the evaporation of an incom-
pressible fluid from a homogeneous porous medium. The
soil is represented by the vertical layer (0, 1). The Signori-
ni type condition in x = 0, means that the flow of fluid
leaving the porous media, depends on variable meteoro-
logical conditions and in a nonlinear manner on u, with a
discontinuity in 4 = 0. In x = 1, we have an impervious
boundary. The existence of periodic solutions, shall be
proved utilizing the Schauder fixed point theorem and a
convergence result. The uniqueness, shall be obtained in
the class of bounded variation functions.

RESUMEN

Consideramos la ecuacién parabdlica cuasilineal de
tipo degenerado u, = ¢ (u),, — b (u),, in (0, 1) x (0, T),
T = m, con condiciones de contorno de tipo flujo no li-
neal. Se demuestra la existencia y la unicidad de solucio-
nes periddicas para este problema. El modelo estd origi-
nado en el estudio de la evaporacién de un fluido
incomprensible en un medio poroso homogéneo represen-
tado por el estrato vertical (0, 1). La condicién de tipo
Signorini en x = 0, es formulada de manera que el flujo
de fluido dejando el medio poroso, depende de las condi-
ciones meteorolégicas variables y en manera no lineal de
u con una discontinuidad en u = 0. El borde x = 1 se
supone impermeable. La demostracién de la existencia de
soluciones periddicas, utiliza el teorema de punto fijo de
Schauder junto a un resultado de convergencia, mientras
que la unicidad es obtenida en espacios de funciones de
variacién acotada.

1. INTRODUCTION

In this paper, we consider the evaporation of an incom-
pressible fluid from a homogeneous, isotropic and rigid
soil represented by the vertical column (0, 1). The bottom
x = 1 of the layer is supposed to be impervious, while at
the top x = 0 of the layer, a unilateral or Signorini type
conditions is considered. We investigate the case in which
the rate of evaporation has a discontinuity that appears for
u = 0. More precisely, we will study the existence and the
uniqueness of the periodic solution for the following dege-
nerate parabolic problem with T2 ®

M w = o(u),-b),, inQr=(0,1)x(0,7)
@ @(u(0, 1)), ~b(u(0, 1)) € q(t) H(u(0, 1)), fort € (0, T)
3 ou(l, 1)) — bu(l, 1)) = 0, fort e (0,7)
(4) ul(x,t+ @)= u(x,£),uz00 >0, inQr.

We assume that throughout the remainder of the paper
are satisfied the following assumptions

(5,) ¢ € C'((0, «)), p(0) = ¢'(0) = Oand ¢'(s) > Ofors > 0
?/|and @™ is Hlder continuous of order 8 € (0, 1);

(H,) b e C* ([0, =), 5(0) = 0, b has bounded range;

( ) ¢:][0, T] —» R, is a periodic continuous function
7 with period @ > 0;

H(.) is the Heaviside graph, defined by

0, ifz<0
(Hu) Yh(z) = 0. 1], ifz=0
L ifz> 0.
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The problem (1)-(4) describes the evaporation of a
homogeneous incompressible liquid from a homogeneous,
isotropic and rigid soil. We consider the case in which the
evaporation takes place at the top surface x = 0. In previ-
ous papers of some chinese authors, (see [9] for referenc-
es) evaporation is modeled by prescribing a constant
boundary flux, in particular it is supposed that the medium
can be dry on the surface. Also if it seems reasonable with
the model to assume that the flux becomes zero when the
capillarity piezometric head reaches the critical values v,
we want to investigate the delicate case in which a discon-
tinuity appears for u = 0.

We assume that g(f) represents variable metereological
conditions and the flux of fluid leaving the soil has a dis-
continuity in u = 0, assuming that the rate of evaporation
is given by g(9) if u(0, 1) > 0, while the flux is between 0
an g(f) when u(0, ©) = 0. Assumption (3) represents an
impervious boundary. Equation (1) is a useful model in
many different applications as, for instance, the flow of
groundwater in a homogeneous, isotropic, rigid and un-
saturated porous medium. If we choose the coordinate x to
measure the vertical height from ground level and pointing
downward, the soil is represented by the vertical layer (0,
D). If 6(x, t) denotes the moisture content, defined as the
volume of water present per unit volume of soil and w(x, 1)
is the seepage velocity of the water, the law by which
flows through the porous media is given by the experimen-
tal Darcy's law

(5 v=—%k(O) g
and the continuity equation
6 6, +v,=0

In (5), k(8) is the hydraulic conductivity of soil and ¢
is the total potential. When absorption, chemical osmotic
and thermal effect are negligible, the total potential may be
expressed as ¢ = y (0) — x, where y(0) is the piezometric
head. Combining both equations (5), (6), we obtain (1). In
(1)-(4), u denotes the saturation of soil and for this reason
we require the condition u# = 0. In the present paper, we
prove the existence and the uniqueness of the periodic
solution for (1)-(4), considering firstly, a quasilinear para-
bolic problem of nondegenerate type, approximating the
problem (1)-(4).

This nondegenerate problem is obtained by adding a so
called «artificial viscosity» term, substituting @(s) with @(s)

+ s/k, Vk € N in (1) and the discontinuous term H(u) by
a continuous approximation H, (u): i.e.

(7 wy= (), ~ blw),, nQ,T20
(8) @ (u(0, £)) — b (0, 1)) = q(t) He(u (0, 1)), Vee (0, T)
9) (w1, 1)), = b(u(1, £)) = 0, Vie (0,7)

(10) w(x, t + @) = wfx 1), u, 20, >0, inQ;

where @, (s) == ¢(s) + stk, Yk € N and

1,ifz 2 1/k

H,) Hce C'(R), H, 2 0and H,(z) =
() Hie C'(R). Hy = 0and H,(2) {0, ifz < 0.

To prove the existence of periodic solutions for (7)—
(10) we use the Schauder fixed point theorem for the Poin-
caré map of the associated initial-boundary value problem
VT>0

u, = O (uk)mr - b(u‘.)x, in Oy

@, (1,(0, 1)), — b(u, (0, 1)) = q(t) Hi(w:(0, 1)), Vi e (0, 7)
(BVF.) @, (i (L, 1)), = blue(L, 1)) = 0, Vie (0,T)

w(x, 0) = ug(x), in (0, 1)

with u,, an arbitrary function satisfating
(Hu) up€H'(0,1): 1/k € up(x) < My, Vxe [0, 1]

As a preliminary step, we study the (IBVP,) problem
by showing the existence and the uniqueness of the solu-
tion. To do this, we use a semi-discretized scheme in the
time. The existence of a periodic solution for problem (1)-
(4) is obtained by passing to the limit over k. The unique-
ness of the periodic solution, is proved in the space of the
bounded variation functions and is obtained assuming that
b(¢™") is an Holder continuous function of order 1/2. This
assumption improves our previous result in [2], where the
uniqueness of the periodic solution was obtained assuming
that b(¢™") is Lipschitz continuous and there exists a con-
vex function 4 € C° ([0, =)) N C}(0, o)) such that u(0)
=0and 0 < ' (r) £ () £ Vr > 0. The evaporation
problem of a liquid from a porous media, has been studied
in [1] and [8] in which is considered in x = 0 a rate of
evaporation represented by a continuous monotone func-
tion of the water content. The case with boundary condi-
tion of Signorini type has been studied in [9]. The study of
periodical solutions for the infiltration of a fluid in a po-
rous medium, has been considered by many authors. We
recall here the papers [2], [3] and [10]. For the knowledge
of the author, the study of periodical solutions for the evap-
oration problem seems to be new.

2. EXISTENCE OF SOLUTIONS
FOR THE APPROXIMATING PROBLEM

We denote with BV (0, T) the space of functions that
are locally integrable on (0, 7) and whose generalized
derivative is an integrable measure of Radon on (0, 7). Let
V := H'(0, 1) and V' its dual space, we denote with (.,)
both the pairing of duality V’, V and the usual inner prod-
uct in L? (0, 1). The inner product in V is defined by (1, v),
= (u, v) + (u, v,). By Sobolev's embedding theorem V <
C([0, 11), with continuous injection.

Definition 1. A function u is called a periodic strong
solution for the problem (1)-(4) if u e C([0, T1; L? (0, 1))
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NL7(Q), u, € L2(0, T: V), u>0,u(x t + ® = u(x, t),
Vte [0, T] and a.e. x € (0, 1) and satisfies

11
J;:(u:, v)ds + J:q(s) h(s) v(0, s) ds + J;J:((p(u)x - b(u))v,dxds = 0

forany h e L™ (0, T) with h(t) € H(u(0, t)) a.e. t € (0, T)
and v € L¥0, T; V), Vt € (0, T).

To solve the (IBVP)) problem, we consider a semi-
discretized scheme in the time. Divide [0, T] in steps of
ugual lenght & = At = T/N, N € IN (discretization time step)
so, {0, T] = U}, [(n—1) h, nk]. Now, consider an approx-
imation of u at time nh defining wu;(x) = w(x, nh) and set

g":= (1/11)j
solutions 1, are nonnegatxve therefore we consider the
continuations on all R, @, b respectively of ¢ and b, de-

fined by ¢ (s) = b (s) = 0 for s < 0. We resolve the fol-
lowing.

g(s)ds. It is not a priori known that the

Problem (P,): Let (H,) be satisfied, to find u € V,
Vn 2 1 solution of the nonlinear elliptic equation

(17h) (uk —uy”, ) + ¢"v(0) Hk(u;.'(O)) +
1 A 1 A
+ ﬁ; (I)k(uk )vadx - J;b(uk )vxdx = 0,
YWweV,n=12,.,N-1
uy = uy.

The proof of the existence of a solution of (P,) is based
on the existence of a solution of the following nonlinear
equation

Equation (P,):

To find z, € V, such that

Bz v) + 4"(0) Hy(a(0) + [[di(a), veds -

- [[Blevsds = (5. 7)
YveV, u20, g eVv.

Proposition 1. If (Hy), (Hy), (H)) hold, there exists a
solution z, € V of equatwn (P).

Proof. The existence of solutions is proved by the
Schauder fixed point theorem (see [7]).

Proposition 2. If (H), (H,), (Hy) hold, there exists a
solution u; € V for (P).

Proof. Solved (P,), it is possible to solve (P,) by recur-
rence on n (see [7]).

Proposition 3. If assume (H ), (H,), (H}) and (H),
then u, are nonnegative on [0, 1].

Proof. The proof is the same of Proposition 3 of [1]
and we omit it.

To prove that (P,) has a unique solution, we assume
that

(12) |/3 (&7 (5)) - & (&;" (t))l < cf - o

Then, we can use a Lipschitz increasing approximation
of the function of Heaviside, which is well posed with (12)
as, for instance,

(13)

,ifw<<exl

sel )—{—logwlloge Lif0 < e<w

In [1] was proved that holds the

Proposition 4. ([1]). With assumptzons (H,), (Hp),
(Hy) and (12), problem (P,) has a unigue solutzon

From u;, we construct the functions

N-1
A4 w1 (x, 1) = Do) 2"(2)
n=0

(step approximation of u,), where %" (#) is the characteris-
tic function of [nh, (n + 1) A] and

15)

Ciilx 1) =

(¢ = nh) (uf (x) = wf*(0) 1k + w7 (x), ; < [yf;(n ; th]’

gr (%), t € [0, h]
(piecewise linear approximation of #,, continuous in z).

Proposition 5. If (H,), (H,), (Hk) and (12) hold, then
u, . is bounded with respect to hin L? (0, T; V) n L™ (0,
T; L? (0, 1)) — * weak.

As a consequence of the Proposition 5, there exists a
subsequence, denoted again with u, , such that u, , uk
ash . 0in L?(0, T; V) and in L= (0, T; L? (0, 1)) -
weak. Therefore, u, € L? (0, T: V) n L™ (0, T; L? (0, 1)).
If we consider (15), we obtain

(wp(x) = wi(x))/ b, ¢ € [nh, (n+1) R],

(16) (ah.k (x’ t))‘ = {0’ i e [0, h]‘ n=12,..,N-1
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One has, (cfr. [1])

: £C,V0<d8<T
L(05)

(17) "Gh,k"iz(o’r;v) < Gy "(Gh.k),|
and Qs := (0, 1) X (8, T), with C; independent of &, k.

By the problem (P,), we can obtain

1) J(ou.) |

2o,Tv)
Set
(19) WO, T):={v e’ (0, T;V):v, e (0, T; V')},
from a classical result it is known that W (0, T) is compac-
tly embedded in L,(Q;). Proceeding as in [1] an going to
the limit as n — o= in (P,), we obtain

(20
(e, v) + q(t) He(u, (0, )) v(0, 1) + (1/k) (uy, v,) +

i 1
+ L o(u),v.dx - J:)b(uk) vdx =0,
Yv(t) € V,ae t e (0,T)
It is so proved that.

Theorem 6. ([1]). Assume (H,) — (Hy) and (12).
There exists a unique strong solution w, of (IBVP,} such
that u, € L* (0, T; V) and u,, € L (0, T; V) L? (Qp), u,
e C([0, T1; L? (0, 1), u, (x, 0) = uy, (x) in [0, 11, u, (x, 7)
>0o0nQpand ®, (u) € L* 3, T; H* (0, 1)).

To obtain an uniform estimate for u,, we assume that

21

1k < uy (x) <M, Vxel01]
¢(uy) € Vand @(uy), — b(uy) € BV (0, 1)
In [1] was proyﬂed the following result.

Proposition 7. ([1]). With assumption (H(p), (H,),
(Hy), (H,) and (21), there exists a constant C > 0 such that

(22)
Jie (t + 7) = (W) S €7 VT (0.T), Vee[0,T-1]

23) )S C,

"“kr " 0. 73 20, 1)

where C is independent on k.

Because of the monotonicity of ®,(-), (IBVP,) can be
written as follows

(), = Ve — b(ck(vk))x, in Oy

V(0. 1) = b(ey (0, 1)) = q(t) Hi(ci (v (0. 1)), in (0, T)
ve(L, 1) = bey(v(1, 1)) = 0, in (0, T)
ve(x, 0) = voe(x), in (0, 1)

(1BVP,)

where ¢, := ®;' and 1/k* < vy, (x) < M,.
Then, we obtain.

Lemma 8. Let v, be the solution of (IBVP)". Then,
there exists a constant M such that

24y 0<v(x, 1) s M, inQ.

Proof. Define the function U,(x) as follows

Ui(x) ds
M bc,(s)) + C

X =

with C > 0 a suitable constant. One has U, (x) > M,
> vy (x). Since b has bounded range, we get that Uyx) <
M. By the maximum principle we have

25) 0 v(x,t) SU(x) €M, inQr
if C is chosen such that C > g(t) H {c,(v(0, 1))).

Because of (25), it follows that
0<y <@’ (M)

It was showed in [1] that

(26) ”vk"LZ(O, vy H(Dk (uk )"LZ(O, V) sC

and that

(27) ""k“y‘~'(o. @) "(Dk(uk)"m'(o, T, 20.1) sC
as a consequence of (23). From the above regularity, we
also deduce that v, (-, ) € C ([0, 1]), Vt € [0, t] and v, €
C ([0, TT); L* (0, 1)).

Define the closed and convex set

A= {we C([0,1]): 0 < w(x) < Ug(x), Vx e [0, 1]},

we can show the following properties for the Poincaré map
F, defined by

F(VOk (‘)) = Vk(', 0)), () S T
where v, is the strong solution of (IBVP))".

i) F leaves invariant A,.

This is a consequence of (25);
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ii} F restricted to A, is continuous.

Lemma 9. If assumptions of Theorem 6 and (21) hold
and let v}, vy, € A, with v, — v, uniformly on [0, 1] as

’

n — oo, Then, if vi, v, are the strong solutions of (IBVP )
with initial data vy, respectively vy, we get that
Vi (x, 1) = vy (x, ) uniformly on [0, 1] when n — o, V1

e [0, T].
Proof. By
(62), - aw) v) + a0, 1) (Hk ({20 1) - H e z))))) +
+ [k v = [ ((a))) - bles(mlvedx = 0

with v(7) = sgn,; (vi(r) = v()) and

1, ifx>n
sgn,(x) = {x/n, iflx] <n, n>0,
-1, ifx < -7
one has
(28)

Jolck(vk (%, t)) = ¢ (vil(x, 1) I J|V0k(x) - VOk(x)I dx.
Whence, ¢, (v,’J (, t)) converges to ¢, (v,(:, 1)) strongly in
L' (0, 1) as n — oo and vi (-, t) converges to v,(-, 1) a.e. in
(0,1). Since v;{;, t) <M, by Lebesgue's theorem, we con-
clude vi(, t) = v (, t) in LP(0, 1), V1 £ p < oo, Moreo-
1, vi(, £), v(~ ) € C([0, 1]) by which it follows the
uniform convergence.

i) F (A,) is relatively compact in C([0, 1]).

By using regularizing arguments, i.e. convolutions with
mollifiers functions, it is possible to approximate v, and b
as follows

(29)

(vee € ([0, 1])

0 <1k v (x) S Ux) Vxe[01]

vor (x) = vy (x), uniformly over [0, 1]

W ()]s M, Vx € [0, 1]

b & C* (0, =)

b, has the range uniformly bounded

b, = bass —> oo, uniformly on the bounded set

voe(0) - (Ck(VOk (O))) = ¢{0) H, (ck(vék(O)))
VOk(l) - x(ck(vok( ))) = 0.

With this assumptions, it is possible to use the result of
[5], [12], therefore there exists a unique solution v; €

crro a2 (Q ) a € (0, 1) for the problem

c‘ vk = Vi — b (c ) in O

(1avpy) ¥ (00 = (e (100 1)) = q(r) Hy(e,(v£(0, 1)), vre(0.7)
Vi, ( b, (e(vi(t 1)) = Yt e (0,T)
v (x 0) = vg(x,) in[o0, 1}.

We can prove this result.

Lemma 10. There exists a constant M > 0 such that
(30) pu(x. )| <M, inQr

Proof. Define V(x, 1) :=
satisfies V, = ( b ck
(1BVP;),, one has

BD  V, = vy, = bi(e(v)) a(vi),

v = by(c(vi)), then V(x, 1)
) by which because of

Deriving (IBVP,f)l with respect to x, we have
(Vi) vievie + 6 (V) Viw = Vi
50, by (31) we obtain
¢ () Vi + ci () b (o (V) i + i () Vi Vi = Vi
which implies
a()V, = V.

- Vx(c}c (v,f) b;(ck(v,f))) +c (v,f) Vi, /c'k(v,f)

i.e.

' ' " . 2

V, = Vala(u) - va(Bla()) + () vi (1) )
By the assumptions done, Ve C>%(Q,) N C(Q ;) (see [6]).

Since V(0, 1) 2 0, V(1, £) = 0 and V(x, 0) = W (x) -
bf(ck(vgk(x))) is bounded over [0, 1], by the maximum
principle V(x, t) takes its maximum and its minimum on
the parabolic boundary " of Q. Over T, V(x, t) is uniform-
ly bounded with respect to s and k. Whence,

max [V(x, 2)] < max [p(x, )] < L
which implies that
lv,‘(;(x, t)l < M.

In [11] was proved that ck(v,j(x, t)) is uniformly (with
respect to k and s) Lipschitz continuous in x and uniformly
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(with respect to k and s) Hélder continuous in #. Therefore,
for a subsequence we have that ¢, (v,i) — ¢ (P,) in ct (ET)
B e (0, 1) ass — . Moreover, v -> ¥, pointwise and
L’(Qr), Y1 £ p < o by the theorem of Lebesgue. Now, it
is a standard matter to see that ¥, resolve (IBVP,). By the
uniqueness of the solution of (IBVP,), we obtain that

v, = v,. Since (30) is stable with respect to the weak con-
vergence in L,(Qp), one obtains

(32) |yl t){ <M.

By (32), it follows that v,(-, w) is Lipschitz continuous,
whence F(A,) is relatively compact in C([0, 1]). To this
point, we can conclude with the following.

Theorem 11. If (H,) — (Hy) and (21) hold, there
exist @ — periodic strong solutions for (T) — (10).

Proof. It was showed that F(4,) is continuous and rel-
atively compact, by the fixed point theorem of Schauder,
there exists a fixed point v, for the Poincaré map F. This
v, is an @ — periodic strong solution for (7) — (10).

We must again prove the existence of periodic solu-

tions for the problem (1) — (4). We need of some uniform
estimate on u,.

3. ESTIMATES ON u,

Set (¢ j \o'(t)dr and C(¢) := J

proceedmg as in [1] we get.

7) dr, then,

(33) sny< VED

(where D denotes various constants independents of k)
(34) "7 uk ”L(o nv) < =D

(35) "(P(uk)”:}(o.rz 0= b

(36) <D

”ukt ”1}(0, V)
Now, if we suppose that
(H,,) v is Holder continuous of order 8 € (0, 1),

one has

GD <D.

LZIH 0 T WB 218 (0 1))
Then, it was proved in [1] that
(38) up— u, in L™ (0, T; L% (0, 1)) — * weak

(39) u,~> u, in L? (Qy) and ae.

(40) wy, — u, in L* (0, T; V')
and

41) < D.

el 20, 7.
Moreover,

42)  Q(u) — @), in L* (0, T; V)
43) @, (1) — @), in 2 (0, T; V)
(44) wu, > u, in C(I0, T]; V")

(45)  b(w) = b(u), in L (Qr)

SORN L ACHI

<
oo

Since ®,(u,) is bounded in L~(Q7) N H" ' (0, T; L' (0,
1)), by (26) and (46) it follows that @, () € W(O, T).
Thus @, (u,) — @(u) in L! (QT) when k — oo. Thus, @(u) €
BV(0, T; L' (0, 1)) because it is the limit of a sequence in
L™ (Qr) N H" (0, T; L'(0, 1)).

We know that u, belongs to L™ (Qr) and by (36) and
(39) it follows that u, is bounded in L™ (Qy) N H" (0, T;
LY) and u € BV (0, T; LY (0, 1)). Moreover (see [1]),

COM e < D.

”L2 0, 7. V)
Since q)(u) e C([0, T] : L? (0, 1), by the Holder con-
tinuity of ¢! we obtain that u € C([0, T]) : L*0, 1). In

conclusion, we have.

Theorem 12. Assume (H,), (H,), (H,), (Hy). Then,
there exists a periodic strong solutzon for the problem (1)

- @)

4. UNIQUENESS OF THE PERIODIC SOLUTION

As in [1], we introduce in R? the one dimensional
Hausdorff measure #, (for a definition see [4]) Since the
solution u of ( 1) @ and o(u) are #, a.e. L*-approximate-
ly continuous in Qp (see [1] for references) u, do not
charge the complementary set of L’—approximate continu-
ity points of 4, we can use the integration by parts formula

(see [1]).

Let u, & be for contradiction two periodic solutions of
(1) — (4), then

(43)

J::(ur" ﬁrv V)V'V

p(®dr+ [[g(2) (1(2) = () v(0. 1) p(0)dr +

+J‘J‘ (), - o(i v p(7) dxdt — ‘H. b{u) - bl )) p(t)dxdr = 0
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Yve L2(0, T; V), YVt >0, Vp € D0, ) with p(£) =
0 and h, () € Hwu(O, 1)), h, () € H(4(0, £)) for a.e. t € (O,
7).

+2

Set w = @(u) ~ @(d), Hy(w) = —

, 7> 0 and
7
assuming that

172

49)  |p(e7 (1) - blo™(s))| < ¢ I+

it is easy to prove that, Vr e R

lim rH, (r) = 0, 0 < H,(r) <

-0

land 0 < rH,(r) < 1/2.
Choosing v := H, (w) € H' (Q) in (48), since
[[a(®) (m(z) = ha(2)) Hy((0, ©)) p(z) de > 0

because of the monotonicity of ¢, we have

(e = ey (), p(0)aE +

+ [ o,

— [ () = b(@)) Hy(w), p(2)dsar < 0.

| H, (w) p(t)dxdT~

Sets =@ (u)and §:=
of Young we obtain

(), by (49) and the inequality

L) - (@) Hy00), ()t <

< (1/2) J:J:l(s

t el , N
+ ¢ fojo|s — 5| Hy(s — 3) p(7)dxdt

§),| Hy(s = §) p(z)dxdr +

by which
(1)

j(:(”r ~ iy Hy (), p(1)dT <

t pl . R
< ¢ Iojo|s — §| Hy, (s = §) p(7)dxdr.
By (49) and Lebesgue's theorem, we have

lim J;J:!s - §|H, (s = §) p(7)dxdz = 0.

0"

Since u—it € L? (Qy), (u-#), € L* (0, T; V'), pH, (w) €
L* (0, T; V) and (pH, (w)), € L? (Qy), mtroducmg the
spaces Y := [V, 12 lin and Y = [L Vi, one has (cfr. [1])

j;(ur - iy, H,,(w))wp(f)dr = - J;J;(u — i1) (pH,,(w))ded't.

We agree to write
~ JLfLt = @) (oo () dsds = = [ (u = ) (oH, (),

because pH,,(w) € BV(O T: L'(0, 1)) and the Borel mea-
sure (pH (w)), is L~Lebesgue absolutely continuous with
density (pH, (w)), We know that u — 2 € BV(0, T; L' (0,
N nL” (QT) and pH (w) € L™ (Qp) N H' (Qy), then (u
~ @) pH,(w) € BV(0, T L0, 1)) (cfr. [1] and the referen-
ces therem)

Thus, we can use the formula of integration by parts to
obtain

j;(u, ~ iy Hy(w)),, p(7)dT = J-Qp(v:) Hy(w) (u - ).

Now

lim,_,o+ Hy(w) = sgn® (@(u) — (@) = sgn* (u — &), #,, -
a.e. and Lebesgue's theorem yields

lim [ p(2) Hy(w) (u = @), = [ p(2) ((u - @) .

Going to the limit as 77 — 0 in (51) we obtain

[,po (e -a)), <o

T
by which it follows the nonincreasing of (u(x, -) — d(x, -))*
as function of . Since t — (u(x, -) — #(x, -))* is periodical,
this implies that (¥ — 4)* is constant i.e. # < . Changing
u with i the same argument proves that u 2 4 by which the
uniqueness of the periodic solution follows.

In conclusion, we have proved the following result.

Theorem. 13. If (H,) — (Hy) and (49) hold, the prob-
lem (1) - (4) has a unique periodic strong solution.
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