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ABSTRACT

In 1948 HOEFEDING, W ([7]) proposed the functional

A= J.(F(X’Y) (x,y)-F (X)Fz()’))zdF(x,Y) (%)

based on the distance between the joint and marginal dis-
tribution functions for measuring dependence. This func-
tional ins’t fully satisfactory. It’s an appropriate measure
only when F is absolutely continuous. In this article we
suggest the functional based on the generating function for
measuring dependence and testing independence for dis-
crete distributions. The corresponding empirical functional
is essentially the statistics to be considered for testing in-
dependence.

RESUMEN

En 1948 HOEFFDING, W ({7]) propuso el funcional

A= J.(F(X’Y) (x,5)=F(x)F, ()’))ZdFZX,Y) (x.7)

basado sobre la distancia entre la funcién de distribucién
conjunta y el producto de las funciones de distribu-
ci6n marginales para medir la dependencia. Es una buena
medida cuando F es absolutamente continua. En este arti-
culo se propone un funcional basado sobre la funcién ge-
neratriz para medir la dependencia y testar la independen-
cia de las distribuciones discretas.

®

1. INTRODUCTION

Measuring dependence and testing independence are
one of the most important aspects of many statistical inves-
tigation.

4

This problem has been receiving considerable atten-
tion. In the independence problem we want to test if two

(or in general n) random variables X and Y with marginal
distributions F}, F, and bivariate distribution Fy y, are in-
dependent. This hypothesis of independence can be tested
in a nonparametric framework.

“The idea of using various simple functionals of the
sample d.f of vector chance variables in order to test the
independence of components, is a natur one” ([1]). Many
functionals have been proposed and studied in the statisti-
cal literature.

The following measure which is based on the distance
between two distribution functions, is proposed by HOEF-
FDING. W ([7])

A= J.(F(X,Y) (%.y)-F(x)F, (J’))zdF(X,Y) (x.)

This function is not fully satisfactory as measure of
dependence, since the examples of the discrete distribu-
tions my be found where A = 0 in the presence of depend-
ence. It’s an appropriate measure when Fy y, is absolutely
continuous.

Example 1. (Kumar Joag Dev ([8]. p. 84)

FPX=0Y=1)=PX=1, Y=0)=1/2. It's easy
to see that A = 0. However, X and Y are dependent.

The main objective of this article is to measure de-
pendence and test independence for the discrete distribu-
tions. Our attention is aimed at the use of the generating
function. The discussion is limited only on the bivariate
distributions, as its extension to multidimensional distribu-
tions is straightforward.

Let (X, Y) be a random variable defined on the proba-
bility space (£, A4, P) taking values in the measurable space
(N2, P(N)).

Let G, G, and G, denote the generating functions of
(X, Y), X and Y respectively. We suggest the squared dif-
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ference functional for measuring dependence and testing
independence

1=[ (6(s:0)-Gi(5)Ga(r)) ds dts T =[]’

Let (X;, Y7);...; (X,, Y,) be independent identically dis-
tributed copies of (X, Y).

Let G, G,,, G,, be the empirical generating function
associated with the sample {(X; Y, ); 1<i<g n},
{X,-; 1<i< n} and {Y,-; 1<i< n} respectively, that is to say:

n

G(3(s.2)) = _1_2 RARAY

R

G (55)=Gul5(s.1)), Gua(-1) = Gu(-(L1))
G, is a sufficient, strongly consistent unbiased estimator of
the generating function G in such a way that

E,=n(G,-G) converges in cylindrical law to
N¢y (0, Q) (14]). An intuitively appealing estimate of I is

I, = L T, (5.1)ds dt where T, (s,6) = G, (5,£) — Gy, (5) G, (©).

2. CONSISTENCY

Here we want to etablish that I, is a strongly estimator
of I.

Proposition 1. We have:
a/ El,——Ilasn— oo

b/ I, converges almost surely as n— to I

Proof:

i=1 1=t %] ]
i=1,y=1 =1 =1

T,,Z(s,t) =(n- l)z/n{isx‘ty‘J - (Z(n- 1) /n4)(ixx‘ I J{ ixx‘ g }-(lln4 ){ isx‘ty’]

simple but somewhat tedious calculations which can be
obtained by writing to the author, yield

ET2(s,1) = [anG(sz,t2)+b,,G2(s,t) +6,G(s,1)Gy ()G, () +
dn(G(sz,t)Gz(t)+G(s,t2))+en GL(s)Ga (¢)

+ £, (Gl (s2 )G22 (t) + Glz (s)GZ (t2 ))] / nt

where a, = nz(n—l); b, = n(n——1)3; C, = —Zn(n—l)z(n—,’l)

d, =—2n(n— 1)2; e, = n(n— 1)(n2 ——3n+3);

fo= n(n - 1)(n ——2)

therfore, it follows that
El, = JTE(TnZ(S,f))ds dttends to I as n— oo

We notice that
T,(5,8)=T(5,t) =G, (5,£) = Gy (£)(Gr (s) - Gi (5))

=Gy (5)(G2 ()~ G (1))

We obtain then
=71 510,116, -6l 6a =G} { W= s

Since the right hand side tends to 0 a.s as n —> oo ([4]).
We have

IT, -T|——0 asas n—>
Let us write 1, = I+ [ (T7(5,6)~T*(5.t))ds de =1+ A

Since |A] < 4||T,1 - T[], it’s clear that I, converges almost
surely to ] as n—> o0
3. ASYMPTOTIC DISTRIBUTION

Here we give the asymptotic distribution of I, under
the hypothesis Hy: “X and Y are independent”. The follow-

ing result is needed.

Lemma 1. ((11]) p. 4): Let a(z; ..., z,) z=(x, ¥,
1 <i<m be a bounded function from IR*" into IR. Then

j...Ia(Zl,---,an)d D,,(Zl )-"an(Zm) = OP(l) (*)

where D, = \/;(Fn —F) is the empirical process.

Proof. We use lemma B ([9]. p. 223). We have

E(J...ja(zl,...,zm)dD,,(zl)...d Dn(zm))2 _o()

Using chebyshev’s inequality, we obtain (¥).

The following Proposition etablishes our intuition that,
under the null hypothesis of independence, I, is asymptot-
ically equal to a Cramer-von Mises statistics.

Proposition 2. Under the hypothesis H, we have:
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I= 2Z_“h( Y,))+0, ( ‘3’2)

where h((xl,y1 ); (xz, yz))= J.Tq((s,t); (xl, Y )) q((s,t);
(%2, )) ds dt
with g((s.2); (x.%))= (s" -G, (s))(ty —Gz(t))_
Proof. Write

T(s.2)=Gu(5.1)=Gi(s)Ga(t) - Gl( )(G 2(1)=G,(1))
—Gz(t)(G,,’l(s)—Gl(s))—(G,,, (s s )( ,,2 —-Gz(t)).

Let’s put u= (s,t); u= (x,y) and H; (u,z) = (ui)z
-G, (u"), i=12
where ()’ is the i-th component of (.).

Then it follows that '[ H;(u,2)dF(z) =0 yields to

T,(5.1) = [ (w9 (0 ) o (2)= [ [ i (.2 o 2 )d B ()4 )

-1

=n le (u.2)H, (u,2)d D, (2) ”H, (w.21)H,(,2,)d D, (21)d D, (22)

Using the lemma 1 we obtain
2 -3/2
T2 (s,)=n U B, {(12;)d Dy(a)d D, (22))+0 ()

We define q((s,t); (x,y)) = ( x -G,y (S))(ty -G, (t))
h(z1,2,) = JTq((s,t); z)a((s.2) 2 )ds dt

Thus

j (s,t)dsdt=n H(T”_lz st),zj)dsdt}

d D,(z)dD, (z2)+o,,(n—3/2)

=k S ()0, )

i,j=1

which cap be written in the form:

nl, =nV, +0p(n_1/2)

nV, is the von Mises’ statistics which is associated
with the Kernel h.

The Kernel h induces the integral operator bsl

Af(i. )= Y 1(( 7} (k1) (k)i adr 2

k120

where

1y k .
dy; _E(a Gi(s)/ ds )s=o' i=12

The associated eigenvalues characterize the asymptotic
distribution of nl, and the corresponding eigenfunctions
are orthonormal. We note that by rearranging terms, we get

h(z,2) =h (zll,zé)hz (zfzi)
with
I (x, y) = Jj(sx -G (s))(sy -G (s))ds
()= [ ~Ga(0)[” ~Gal))e

We define the integral operators
Bf(l)= h(Lk)F(k
k20

Now let Z,iK,Qk) k=12,..; be an eigenpair of B; =12
and let us put

i i=12

Ay = A; A, @,

x(.6) = j(s) @k (1)

It then follows that (Z,jK,cDjK) J, K21 is an eigenpair
of A.

Thus, to solve the integral equation to obtam K We
need only to solve the integral equations for l ané

We have ([9]. p. 196)

E(®;(X.Y)®x(X.Y)) =8 k1) B(® (X.Y)) = 0 Vi, j

E(r((x.7); (X.1)))= 2/1, <o

Remark. 1: Let's put O'K(f) =f(k)dk,1,fk(j)=

(j.k)and 04 =0;(f). If X has a finite spectrum

1,..., } then the eigenvalues of B, are the eigenvalues of

the matrix 21 (G‘J)lg o (We have the same result if the
Jjs<m

spectrum is {x,..., m}.
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Proposition 3. Under the hypothesis H;,, we have

d 2
nl,—2>Y 1Ny
i.j

where (Nij;

i, jzl) are iid N(O,1).
Proof. We have

nl, =nV,+0,| n 2

nV, = lih((Xi:Yi); (Xi:Yi))‘*’z(;)Un

i=} n

Where U, is the U-statistics that is associated with the
Kernel A.

We have

a/ By the strong law of large numbers

LS (1), (5 )= B () =3y <

b/Byth 1([2] p. 4), n U, —> " 2y(Nj -1)

ijzt

These results together prove the previous proposition.

4. TEST OF INDEPENDENCE

The problem under study is that for testing Hy: “X and
Y are independent” against the alternative H;. Choose a
possible prescribed level of significance o (0 < ox< 1). We
consider the following test: rejet H, if nl, > u,, where u,, is
choosen so that an approximate level of significance is
achieved. u, is the upper o-point in the limit null distribu-
tion of nl,.

Example 2. Let X—B(p) and Y-B(u); O<p,u<1

[B(.) is the Bernoulli distribution]. We want to test the
null hypothesis H, that the two variables X and Y are in-
dependent. We have G,(s) =ps+q, G,(f) =ut +v;p+q=
u+v=1.

In the light of proposition 3 and remark 1, it’s easy to
check that

nI,,-—i—-m'z(p, u);(lz where O'Z(p, u) =(pquv)/9

For o:0<a<1 we reject H, if nl, u, where
P(az(p,u)x12>ua)=a

REFFERENCES

1. Blum, J.R., Kiefer, J. & Rosenblatt, M. (1961), Distribution
free tests of independence based on the sample distribution
function. Ann. Math. Statist. 32, 485-98.

Carlstein, E. (1986), Asymptotic distribution theory for degen-
erate U-statistics for stationaty sequences. Mimeo Series 1704.
Dept. of statistics. Chapel Hill, North Carolina, U.S.A.

3. Chan, N.H., Tran, L.T. (1992), Nonparametric tests for serial
dependence. Jour. of. tiem series analysis. Vol, 13. N.° 1, 19-
28.

4. Chergui, J.D. (1994), Estimation and tests of the discrete prob-
ability Law based on the empirical generating function (two
dimensionalcase). Revista de la Real Academia de Ciencias
Exactas, Fisicas y Naturales. (Esp). Tomo LXXXVIII, cuader-
no segundo-tercero. Madrid.

5. Cotterill, D.S., Csorgo, M. (1985), On the limiting distribution
of and critical values for the Hoeffding, Blum, Kiefer, Rosen-
blatt independence criterion. Statistics & Decisions 3, 1-48,

6. Gregory, G.G. (1977), Large sample theory for U-statistics and
tests of fit. The Annals of statistics. Vol. 5, N.° 1, 110-123,

7. Hoeffding, W. (1948), A non-parametric test of independence.
Ann. Math. Statist. 19, 293-325.

8. Joag-Dev, K., Measure of dependence. In P.R. Krishnaich and
P.K. Sen, eds., Handbook of statistics, Vol. 4. Elsevier Sci-
ence Publishers (1984) 79-88.

9. Serfling, R. (1980), Approximation theorems of Mathematical
statistics. New York. Wiley.

10. Shorack, G. R. & Wellner, J. A, (1986), Empirical processes
with Applications to statistics. New York. Wiley.

11. Skaug, H. J. (1993), The limit distribution of the Hoeffding
statistic for test of serial independence. Report n.° 23. Dept. of
Mathematics. Univ. of Bergen. Norway.



