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Abstract

The procedure of ordinary set splitting naturally makes possible to introduce the concept
of a fuzzy random event. It is easy to calculate the a priori and conditional (ordinary condition)
probabilities of a fuzzy random event. In the case of a fuzzy condition such calculations are not
trivial. The present paper introduces a descriptive definition of such a kind of probability
measure. Some properties of probability measures of fuzzy events are studied.
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1. The splitting of an indicator

Let Q be the universal set. Consider a subset A cQ and its indicator

I, e {0,1}Q . Associate with it the pair (I PRy Y ), where

Iz (0)=p, (@)1, (), 3o (@)=(1-p4(@), (@), weQ
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Call such correspondence the splitting of indicator 7, . It is clear that
Q
;.15 €[0,1]” and

I, (@) =1; (@) + 13 (@) (2)

According to Zadeh [1] I is the indicator of the fuzzy subset A. I

is considered as the indicator of the so called dual subset A” . The relation
between the dual subset and Zadeh’s complement is evident:

Li(e) =1-1; (@)=1,(@) Vv I; (@), weQ 3)

because for a given splitting of I, the splitting of /,c is independent from
Iy,1,c(@) 1,(0) =0, 0eQ.

The splitting of the indicator of intersection [,., . Let for some

f.g€[0,1]" we have:

IA(“’)—)(f(m)IA(‘") ’(1 —f(w))IA (w))

and
15(0) - (g(@)l; (@), (1- g(@))15(0)), weQ 4

If for the splitted indicator one demands to fulfil the same natural
condition as for nonsplited ones:

Iizp (@) 1;(w), I3(0) weQ (5)

then, as it is easy to see for the splitted intersection indicator when (4) holds,
the following two expressions are obtained:

. I (@) A I5() o ;
e (@)= 1 (0) I (@) we (6)

where A is the operation min and - the usual product. Representation
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L (@) > (£ (@)8 (@) 1, (@) 15 (@), (£ ()8 (@) 14 () 15 (@))”), ™
where |
(f @ (@)1,(@)15(@)° = f(@)(1-8@)14(@) 15 (o) +
+(1- £ (@) (@), (@) 15(@) + ®)
+H1-f@)(1-8@) @)1, weQ

We call the sequential splitting of intersection indicator. In fact, consider
1, and split I, , we obtain:

Lins (@) _ (1 (0) + 15 (0)) 15 (@) = (I (0) 1 (@) + (I35 (@) 1))
Hence, in a given case
Lizp (@)= (1;(0) 1,(0)) = £ (0) L5 (@),
! 0 (@)= (130 15(@)) = (1= £ (@) Ly ()
Now repeat the splitting of I, by the function I;(0)=g(w),(w):
L (©) > (8(@) 1,(0) Ly (@), (1- 2(@)) 15(0) 1%5) =

= (2(@) £ (@) 115(®)), (1- 2(@)) F (@) I 15(@))-
Similary,

I ey @) = (8(@)(1 = £ @) L (@), (1~ 8(@))(1 = £(@)) L15(@))

Thus, splitting sequentially first /, , and then /, we can write
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L1ns (@)= (1% (@), 1 2, (@),
where
IA?B(‘”)=1;(‘”)"5(‘")=f(a’)g(w)lms(w)v weEQ )]

and
10 @)=(1;@). 15(@)" =
(1 (@) 150 (@) + I3 (@) I3 (@) + I3 (@) 155 (@)) I, (@) I (@) =

(@) 15(0)-1; (@) 5 (@)=(1- f (@)8(0)) I4rs(@), weQ. (10)

In contrast to (6) the representation

IAnB(w)_)(Iz(m) A IE(CO),(IZ((D)/\ IE(a)))D) =

@) Lns(@).(1- F (@) Lins (@), f(@)< g(o) an
(8(@) 145 (@), (1 - (@) 1405(@)).  8(0)< S (@)
is called the simultaneous splitting of intersection indicator.
The splitting of indicator of a union /,_, . We have:
Liop(@)=1,(0)+15(0)-14~s(@), weQ (127)
and
I (@)Vv Iz(@)+1; (o)A I;(0)=1;(w)+1;(w), (127)

where v is the max operation. If we demand, as in the case of intersection, to
fulfil the natural condition:

Iis(@)21;(0), I3(0), weQ (13)
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then we get two possibilities again: simultaneous and sequential splitting of
union indicator.

For simultaneous splitting:
IAU,,(w)—)(I;(w)vIE(a)),(IX (w)le(a)))D) -
=(f@ L (@)V 2@)1,(@).(f @)1, (©)V g©),(@)"), 0€;

and for sequential splitting:

IAuB(w)—-)(f(w)IA (0)+g (@) I5(0)- f () g (@) [, (@) I5(w),
(f (@)1, (0)+£(@) 1,(0)- £ (@)2(@) 1, (©)1,(@))°), 0.

Thus,
I (@)=1;(0)v I3(), weQ, (14)
1,35 (@)=1;(0)+ 15 (0)-1;(0)I;(0), 0eQ. (15)

2. The lattice of splitted elements of ordinary indicators
Boolean lattice

Consider the Boolean lattice I= ({O,I}“,v,/\ )with the natural ordering.

The set of all splitted elements of this lattice with the natural ordering
I'= ([0,1]n WV, /\) is a lattice.

Theorem 2.1. I” is a Brouwer’s lattice.
The direct demonstration of this theorem (i.e., the demonstration that for

any two elements I and I;€l” the set of all such I, el that

I;AT; XI; has the greatest elements (IE:’Z) called the relative

pseudocomplement of I, in I; ) can be done according to [2]. It is easy to
see that:
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1, 1; (@) 15(w)
(IE:IZ)(w)z{IAC(a))v L), I;> 1@ 2% (16)

where /,c = (1Q v ;) is a pseudocomplement of /. and, as a function of w ,

represents the indicator of the complement of the set A in Q. Next two
theorems are simply proved.

Theorem 2.2. The following statements hold in the lattice 1" :

@ I I < Iy, then (Ip:05)< (Ip:15),

@) I < (loi(l:15)),

i) (Ip:1;)= 12,:(1@;(10;13))), 17

(iv) (Ig (15 v 15))=(1®: AN
( (1.

v)

18)

3. The splitting of a set

The splitting of a set, which corresponds to the indicator splitting, as we
actually have seen, is represented as:

(1p =15 +1;) = (A=A® A7), (19)
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Here @ is the operation of set synthesis.

On the basis of (19) we can obtain a more general expression A®B
which, obviously, will make sense under the condition that

B c -]Z, or A g-|§. We can obtain also the existence conditions for
expressions A®B®C , etc.

Considering that such condition holds for expressions above, we can
easily prove that

=(AnB @[(AnED)U(ZDnB)]
(iv) (A’ @ZD)U(E ® BP )=(AUB)@(AUB) 20
=(A’u§)@[(}i°n§ Ju(a°nB)u(A° ﬂBC)]
» Ae®(BnC)=(A@B)n(AeC)
i) A@(&UE):(Z@E)U(K@&)
For example, to prove the last two formulas
v Ae(Bn C) s 1 +(I; aly)=(1; +1;) A (1; 1) &
s (A®@B)n(AeC).
w) Ae(BUC)s 1, +(11§ V16)=(IZ +1§)v(1/.1. +16) =
% (A® B)u(A® B).
We asume that in these formulas the following relations hold.
(lew=1; al;) = (AAB = AnB), on

(1w =1; v1;) = (4UB = AUB).
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which, because of (6), (14) and (19), are evident.

In the lattice of splitted sets almost all rules of Boolean lattice hold: 1)
reflexivity, 2) antisymmetry, 3) transitivity, 4) idempotency, 5) commutativity,
6) associativity, 7) distributivity, 8) the annihilation law, 9) the involution law
for fuzzy complement, 10) the indentity laws, 11) the order inversion laws, 12)
De Morgan’s laws.

In conection with the introduced notion of dual subsets we can prove the
following laws: 13) involution law for the dual subset:

~ D ~
(AD) =A. (22)
14) Duality laws for union and intersection of splitted subsets:

(3uB)” =(7°nB")u(4°n B)u(e°nA?)

(AnB)” =(anB?)u(A°nB) 23)

For example, to prove law 14). For the demonstration of the first law we
can write:

1(AuB)=(auB)° u(AUB)’ =(AUB) u(a°nB°)=

=(Ku§)”e(ACnBC).

On the other hand, according to (12)

Comparing these expressions we obtain the required proof. Now to prove
the second 14). We have:
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((An ))n(AnB) (AuTB)n(ANB)=
((acua®)u(B°uB))n(anB)=
=(A°n(AnB))u(A° n(AnB))u(BCn(AnB))u(EDn(AnB))=
=(anB”)u(A"nB).

In section 2 we considered some examples of the indicator splitting. They
also are examples of splitting. They also are examples of splitting of the
corresponding sets. Consider other examples. ’

Splitting of the set difference A\ B. Let Q be the universal set, A,BC Q.
The equality A\ B=ANBC holds. If we split the subsets A and B, then the
splitting of this equality, according to (6), will be:

ANB=ANBS =AnB° = An(o:B). (24)
For the splitting of the symmetric difference AAB , we have:

AAB=(A\ B)U(B\ A),
A’ZB:(ATB)U(B’TA):(Z nB°)u(Bna®). (25)

On the other hand
AAB=(AUB)\ (ANB).

Thus for the splitted symmetric difference we also have the formula:

(4RB)=(AUB)N(ANB)° =(AUB)n(4° nBE). (26)
According to (25):
(AnB°)u(Bnac)=(AuB)n(a°uB°). 27)

Actually, taking into account law 7), we have:
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(25) and (26) can be rewritten as:

A58 - (An(o: B)u(Bn(e:4)

=(AuB)n((e: A)u(e: B)). (28)

Let Q be the universal setand Q DA, DA, D ... By the equality:

oo

(A NADUANNADU.=A A (29)

j=1

the splitting of A, ,A,,... according to above example lead to the equality:
- C
(7\. nA‘i)u(Kz nAi)u...:K, n(ﬂ Aj] =
j=1

=/~\10[O AiJ:Kln[O (@:Kj)] (30)
j=1 Jj=1

Under the condition that VIR is a narrowing of I on corresponding
j 1

Ajie A=A NA,;.

Let again Q be the universal set but now A, cA,c...cQ. Asitis
well known

Cs

A=A UM VADU(A VAU €1))

~.
I

The splitting of A, A, ,... leads to formula:
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C\-’Aj =&, =%, U(A,nAS)u(A,nAS)u .. =
j=l j=l
=Zlu(7\2n(®:1'§,))u()i3n(@;Kz))u... (32)

On condition that A; DA, NA; .

Splitting of the element of the universal set (fuzzy point).

0, (®,,8,"), 0,=0,0," (33)
where
a, =0,
b,s I{E;,,}(w)= wy €Q, a[0,]] (34)
0, w#om,

Theorem 3.1. Let Q be the universal set, ,€Q and @, is a corresponding
splitted point, then the splitting of the universal set determined by the splitting
of the w, point will be the relative pseudocomplement of &,° in @, :

0=(®,.8,”). (35)

o

Proof.

= *=~ D _ ([~ _~ D
@Y o = s,y =18, =(@,:8,").

I5=1
4. The probability measure splitting

Let (Q,ﬂ, p( )) be a given probability space. The probability of the

event A € B is calculated from the formula:

p(8)= [ 1, (@)p(do) (36)
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According to splitting procedure of the set A, rewrite this formula in the

form:

p(ReR%)=[1; (@) p(do)+ [ I3, (@)p (@a),

(37

where I is a B -measurable membership function (the corresponding subset

Aisa fuzzy random event). Define p(X) and p(XD ) as follows

p(K) = I‘I ;(@)p(dw)  and p(KD ) = I I, (0)p(do);  (38)

the probability of fuzzy event A and the probability of dual fuzzy event AP,

correspondingly. Call the representation

p(A)= p(K ® AP ) = p(x) + p(KD )

the procedure of probability measure splitting.

The main property of additivity

p(DA’}zi”(Af)’ ANA =0, i%k

j= j=t

can be splitted in the following way: the left hand side is

p(D(Xj @7\‘;)] - I'“‘(xex») (@)p(do).

Jj=1 pd

Because A ; arenot intersected, then

(39)
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[0 19 - 3] 1, olpta)+
+2 i I3 » (0)p(dw) = ,2 p(A ,.)+j2 p(R,°) (40°)
= - -
And the right hand side
gp(Aj)=§p(xj@K?)=§p(xj)+:§p(X?) (40")

P[O&}ip(ﬁ,—), A NA, =®,‘ i#k. 41)

Thus, the denumerable additivity property holds for fuzzy subsets also.

Similarly,
oo D oo
p[[UK,] J=p[UX€’] (42)
j=1 j=1

Actually, if Zm§=®, then A "BP =@ also, EDC_:AC,ZDQ B€.

From these relations it follows that for nonintersecting subsets the law (23) can
be represented as:

(AuB)” =2> UB®. @3

In general, for any finite n

(Au..U4,)" =AP U..UAP. 43)

n
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From Q=A @& ]A, where ACQ is an arbitrary subset, it immediatelly
follows: <

p@=p(R)+p (1K)
p (1K) =1-p(R). (44)

Further, because (@ : X) =A€ , it is evident that:

p((2:4))=1- p(4) (45)

From properties of Lebesgue-Stietjes integral the properties of the
splitted probability measures follow:

1.- monotony: Ac §=>p(g) < p(g) )

2.- continuity with respect to monotonic sequences:

,,TX:)p(X,,)—)p(K), )
7, Li= p(3,) - p(A),
3.- strong additivity:

p(AUB)= p(A)+ p(B)- p(AN5).

4.- o -semiadditivity:

p(gZ,Js gp(xj). 7

3 follows from the equality

(1; vI5) @)+ (I; A 15 ) (@) = I; (@) + [;(@), ©eQ (48)
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and 4 from the inequality
- < -
(}\/1 I; J(w)_ ; I; (@). (49)

5. Conditional probability (nonsplitted conditions)

The condition expressed by words “for a given event B” means that the
initial probability space (Q,B,p())is replaced by the probability space
(2.B, p5 0). As it is known, the conditional probability of some event A is the
conditional mathematical expectation of indicator 7,

E,(A)=p, (A)=;§ j 1,(@)p (dw)=p—(‘l-,7 j (I, L) @) p(ds).  (50)

In [3] this quantity is interpreted as the value of function
0" (@)= Ey(1,)I5(@)+ Epc (1) c (@), weQ. (51)

More generally, if B is the denumerable partition of Q and A4 is the
minimal o -field induced by this partition, then the 4 -measurable function

pA(A)= Z pr )jzA(w)p(dw) I, (@), ©eQ AcB (52)

B;

is a value of the conditional probability for a given o -field 4. The procedure
of splitting of the indicator /, leads to the notion of the conditional probability

of fuzzy event A fora given (nonsplitted) o -field A4 :

P (R)=3 | = [ L @)p(d) |15, (@), (53)

i p(Bi) B,

and
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P(E)-X [p(zj)nj ]Iaj -

| IA(w)p(dw)]z (@)- 2( ) j I (w)p(dm)]z (@)=

2

J P
=p*(8)-p*(A) €2)
The rule of splitting:
pﬂ(A)=pﬂ(K@KD)=p”(K)+p’q(KD) (55)

Formula (53) defines the conditional expectation for any nonnull crisp
event Be 4. Actually, B may be represented as a union over subclass of

{8,}:
B=ij'Bj :

and, according to (50), we may write:

PBE,(I;)= | ;@) pw)=Y" [ I;(0)p(dw)=
U's i B

=Y.' p(B,)Es (1;)- (56)

J

We see that if p? is known, then E, (I ;) can be evaluated.

Let p, be a narrowing of P on A, which is determined by the formula:

pa(B)=p(B), BeA.

Then, the right hand side of (50) can be represented as:

Z' Ep (I;)p(Bj)=z' E, (I;)!p(dw)=

J J
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=[1, @ (Es, (1)) 1, @)p(dew) = [ E*(1;)dps - 7

The left hand side is equal to J'B I (0)p(dw). We obtained the

descriptive definition [3]. The conditional expectation E” (I Z) for a given 4

(conditional probability of 4 for a given A) is the A -measurable function
whose indefinite integral with respect to p, is a narrowing on 4 of the

definite integral of / 5 With respect to p:
j E*13)dpa= j 15 (0)p(dw) (58)
B B

It is easy to see that

1- B((E*))=E(1;)= p(4).

2-If A=B, or I; isa A -measurable, then E’l(l‘-‘)=1’i a.s.

Note that (58) , makes sense also for non-denumerable partitions [3].
6. Conditional probability (splitted condition)

The constructive definition of Ez(1,) is such that the direct application

of the splitting procedure for obtaining of conditional probability in the case of
fuzzy condition is impossible. However, as it will be seen bellow, one can
obtain a formula similar to (50) in the case of fuzzy condition (splitted
condition). For this purpose when splitting the corresponding measure, we must
retain some features of this formula. Let proceed from the notion of the
mathematical expectation of a random event indicator for a given function [3].
If for such function take a function corresponding to the fuzzy condition
(membership function of fuzzy condition) and then perform the convenient
splitting, we can obtain a reasonable measure which has almost all basic
properties of ordinary conditional probability.
Let I induce the denumerable partition of

Q(UA,- =0, A;(A =0, i;&j). In this case
J
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plj(IA)=Zij (N, (@)+p,c(W)] (@), weQ (59)

Thus, for a function of conditional probability in the case of fuzzy
condition we can take the expression:

p (IA)=20‘;PA;(A)IA,(“’)’ (60)
J
where the numbers

1
o, =——|1.(w)l, (0)p(dw), 61
j P(A,-)iA() (@)p(dw) (61)

A similar expression is obtained for p*” (I, ). It is clear that

[P*(1x)p(dw) = p(ANA) and [ p*° (1,)p(dw)= p(A°NA) (62)

A

Now consider any measurable indicator I, . If, for any natural n, we

define the function

1) (@)= 2.2"_{ M}(w) 63)

2nA

then the sequence {I%") (w)} T andin VoeQ—1 ;(@). We have

2(n) — k
p* (IA)= Py e D=1, wen) (@) (64)
2 ptenortt) 7 )@

= Fsheror sli(o)<

and

[P (1 )p )=, = p ({ "“}nA) (65)

It is clear that

'{iﬁz—p({—<l (® )<1‘-f-'-}nAJ p(ANA)  (66)
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These definitions make sense because of the generalized Radon-
Nikodym’s theorem [3] . Comparing formulas above we conclude that p* can

be considered as the conditional probability function in the case of the
measurable fuzzy condition. All considered formulas were related with
measures of crisp events in the case of fuzzy condition. If, in right hand side of
basic formula (65), we perform the splitting of indicator I, , then we obtain the

definition of p*(I):
[P A(1;)dps = j I (@)1, ()p(dw) = p(ANA) 67

where AUA=A®A (see (9)).
The version of conditional probability in the case of fuzzy condition
almost surely has all properties of ordinary probabilities except the condition

p* (Io)=1, which must be replaced by

-~ d p]_ dp[
A A
P (lo)— P (Ig)—2= dp =1, 2 (68)
We have
pr(Iy)=0 as, pA(1,)20 as, Az@ (69)

px(A, UA2)=px(A,)+p§(A2) as. A NA,=

Formulas (68) and (69) are evident. For example in the case (68) we have
(taking into account that p, << p and p, =<<p):
i iP :

- dp,. b dp,_,
J |7 00T (1) =] 1@t @)+ s @)=

A

—JIA(“’)I (w)dp= JP IA) plA

A dp '1 A” A plA
= p*(I\)—- (7, )d =p" (1) as. (70)
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From this for A=Q follows (68), because pA(IQ)= 1. Adduce some
formulas connected with conditional probability functions in the case of fuzzy

conditions.
A _ A AP
J.P (IA)dplA '—J'P (IA)dpl; +J p (IA)deZD
A A A

[ PR dp,, = p()- [P (14)dp,,

A
IP‘“(IA)dpLﬂ =] p*" (1,)dp, , + [ P (10)dp, . -
Q A A€

j P(A:;)(IA)’dP

Q

J p(A:A)(IA)dpl(LA) =J P;(IA)dpl; + J. PAC(]A )dplAc
Q 4 *

)=p(A)

'(A:Z

All these formulas are simple results of above definitions.
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