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Abstract

A large portion of statistical literature pertains to the theory and application of non-
parametric methods of inference. This work presents a new approach to some well-known statisti-
cal problems based on observation of stochastic process. The recent development of the theory of
probability allows us to consider these observations as ones of random variables with values in an
infinite dimensional vector space. This paper will be devoted to estimation and test by means of

empirical generating function Gn. We use a similar procedure to that of CRAMER-VON MISES
for various hypotheses testing problems.

0. Introduction

Here we present some general and basic notation which we have tried to
keep coherently throughout the paper.

The generating function of the probability law P = (pl.j) defined on

i.j20

(N2,P(N?)) is the complex function  G(s,f) defined in

{(s,t)e C? /|sl$1,|t|£1} by G(s,1)= '2>'0 pl.j.sitj. Subsequently with lan-
l

guage abuse, we call more generating function of P the restriction of G on
T =[0,1]x[0,1].

Let (X, Y, );...;(X,l Y, ),n 21 be independent indentically distributed

(iid) random variables (r.v's) from a probability space (Q,a,P) with values

* B.P: 706. Tetouan. Morocco.
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1 n
in (NZ,IP’(NZ)) and let P, =;2 5(X,-,Y,~) be the corresponding empirical
i=1

measure. G, its generating function. We denote by:
*T =[0,1]%[0,1]
*C = C(T) be the separable Banach space of all continuous functions endo-
wed with a norm ||f]| = sup|£(s, ). B(C) its Borel & -field.
T

*M = M(T) the space of all bounded measures defined on (T, B(T))
*C and M are paraid spaces, by the pairing functional

<fow>= [ fuv)du(uv)

*m, (k,l)=J; ukvidp(u,v),(k,)e N2,pe M .

In order to be more explicit and so that the subject can be accessible to anyone
wishing to read it let us list some important concepts and results that are ne-
cessary to prove several results stated in laters parts. They are moreover presen-
ted in perspective with the historical development and strong interaction
between Probability theory and Analysis.

A: MATHEMATICAL TOOLS
A.1: MEASURABLE VECTOR SPACE

Definition 1: Given a vector space E over R and a ¢ -field a of subsets of E,
the pair (E,a) will be called “Measurable vectorspace” (M.V.S) if the

mappings: (A,x)— A.x of R X E onto E and (x,y) = x+y of ExE onto
E are measurable when R is endowed with its Borel o -field.

Example 1: If E is a separated metric vector space (E, B(E)) is M.V.S.

A.2: DUALITY AND MEASURABILITY
Weakned o -field.

Let E and F be two spaces paraid by a bilinear form (x,y) =><x,y>. F
is identified with a vector subspace of the algebraic dual E* of E.
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Definition 2: We call weak ¢ -field on E, defined by the duality between E and
F, and denoted w(E, F), the weakened sub -c -field of a, such that every li-
near formon E:x =< x,y >, y € F, is continuous.

Remark 1: The weak o -field is identical with the o -field generated by alge-
braic base of E. So by subset of F spaning a o (F, E)-sequentially dense subs-

pace.
Construction of weak c-field: (E,F)’ denotes the family of all the finite
codimensional ¢ (E, F)-closed subspaces of E ordinate by the inclusion D. If
G e (E, F)f ,T; is the canonical linear mapping of E onto E/G. A cylinder set

in E is any subset of E of the form 7/ (B) where B is a Borel set in E/G.

Theorem 1: w(E,F) is the o -algebra generated by a Boolean algebra
o(E, F)— o _ng(B(E/G))

The vector space (E,a)" of all measurable linear forms on (E,a) will
be called the “Dual of the M.V.S.(E,&) ”. If The canonical duality between E
and (E,a)" is separated in E(i.e <x,f>=0,Vfe(Ea)" =>x= 0), then
(E,a) will be called “separated” (S.M.V.S.)

we have (E,w(E,(E,a)"))" = (E.a)".

Theorem 2: Every Borel linear form defined on a separable Frechet space is
continuous, wich my be written (E, B(E))m = E . However it is well known

that w(E,E') = B(E).
We refer the reader to ([33],[4]) for a detailed study of this theory of

“measurable duality” and its applications, especially for a characterization of
the dual of certain types of M.V.S.

A.3 RANDOM VECTORS AND THEIR OBSERVATIONS.
A. 3.1 Definitions and examples

Let (Q,a, P) be a fundamental probability space. Let E and F be two li-
near spaces paraid by a bilinear from <.,.>.
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Definition 3: An E valued random X:Q— E is an a — w(E, F) measurable
function.

Theorem 3: A function X:Q — E is a — w(E, F) measurable function if and
only if < X,y > defined on the same probability space is a random variable.

The previous remark 1-A.2 will be useful. Indeed it is enough to verify
that for restricted subspace of measurable linear functionals.

The important example of the random variables with values in an infinite
dimensional vector spaces is constitued by stochastic process with paths in so-

me space of functions. Let (€,a,P) denotes a probability space, (X,,t€T)

dénotes a R -valued stochastic process defined on’ (Q,é, P). If E is the vector
space of real functions on T so that for all ® € Q, the sample X (w) belongs to
E, then we consider the application X:w — X (o) as an E valued random if
there exists a vector space F so that E and F are paraid. That is, when F holds
the set of the linear forms &,:x — x(¢) generating a o (F, E)-sequentially
dense vector sub space.

If T is a 6 -compact metric space and (X,,t € T) with a.s-continuous sample
paths. It is easily seen that X:w — X (@), ® € Qdefines a random vectorXta-

king values in the S.M.V.S. (C, B(C).) whose topological dual is identified with
the space M (T) of all regular measures with compact support on 7. The ca-
nonical duality < C,M-(T)> being defined by the bilinear form

<f,u>=L fdu .

A. 3.2. CHARACTERISTIC ELEMENTS OF RANDOM VECTOR
Let X:(Q,a,P)— (E, W(E,F), Px) a random vector.

Definition 4: We call the characteristic function of X the function,

YEF;0x(0)= Be )= [ e dP(n)=[ e dPo (.

Definition 5: For random vectors (X,;n21) we say that (X,;n>1) converges

in  cylindrical probability to a random vector X, provided
ox, (y) 2 9x(y) VyeF.

n—yeo
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Definition 6: Let X:(Q,a, P)— (E, w(E, F), Px)a random vector. X is scalarly
integrable if, Vy e F' E, (< X,y >)exists. It will be said to be integrable if the-
re exists EX € E (identified with a vector subspace of F~) such that
<EX,y>=E,(<X,y>)forall ye F.

We now announce the most important results that we need for the proof
of our main results.

Theorem 4: Let E a separable Frechet space which topology determined by the
increasing sequence of semi norms (p,,n 1). Then X integrable if p,(X) it

is for all n.
In particular, if E is a separable Banach space EX exists as soon as || X||

be an integrable real random variable.

Proof: ([1]. p 112)
Under the same preceding hypotheses. We have,

Theorem 5: a) If E(P,, (X, )) < o0,Vn 20, there exists a random vector X so
1 n

that S, ==Y X; > X a.s.
noig

b)If E|X,| < oo, then||S, — EX,| = 0 a.s.

Proof: ([1] p. 114)

For more details see ([1]).

We close this section with the following example of random vector: Let
(2,4, P) be an arbitrary complete probability space, and let T be the mapping:

® —> 8, (0, being the Dirac measure en w € Q) from Q to the vector space E
of bounded measures with finite support on Q, endowed with the greatest-field
& which yields T measurable. By ([33]. p121) we have: for all integer n, the

functional defined in (E,§)" by:
n
feL (Qa)=(EE),o(f)= (J::fdf) ,
Where L, (Q,a) denotes the vector space of all real measurables functions on

T, is the Fourier transform of the unique probability on the separated M.V.S

(E.5).
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¢ is the Fourier transform of the random vector 7" from the product

space (©,a,P)" into (E,&) defined by T"(w,,...,mn)=.§,8m . The proba-
i=1

bility distribution of 7" is: the generalized multinomiale distribution
Mg z,(P,n) with parameters P and n.

For each measurable partition A,,...,Ax of Q, the distribution of the

random vector (< "1, >,...<T"1, >) is multinomiale with parameters

(P(A4).....P(A¢)) and n (133], p 122). This implies that for all
Aea,<T"1,> 1is a random variable whose distribution is binomiale
B(P(A),n) and then E(< T"1, >) =nP(A) which imply that for all
feL,(2a),E(<T",f>)=nE,(f) as soon as f is P-integrable. Note that
T" is not scalarly integrable relatively to the duality between E and
(E.§)" = L,(2,a) and it’s natural to ask when it is. To obtain this it’s enough
to consider 7" as a random vector with values in the vector space m(Q,a) of
bounded measures w.r to the duality < m(Q,a); £,(Q,a)> where L, (Q,a)
denotes the space of all real bounded measurable functions on (Q,a). The
weakened o-field w(m(Q,a), L..(Q,4)) is generated by the applications
p—<p,ly >=p(A),Aeca. The restriction of the functional ¢ on L, (Q,a)

characterizes entirely the law of 7" which is in this case scalarly integrable and
integrable with ET" = nP € m(Q,a).

1
Consider the empirical probability P, =—T7".P, is an unbiased estima-
n
tor of the law P. Let, the random vector D, = Vn (]P’n - P) which values in
n—yeo 1
<m(Q,a), w(m(Q,a), L..(Q.a)). we have ¢, (f) = exp —5(< fi,p>

-<f,P >2).That is to say, the sequence (lD),,) converges in cylindrical law

to a central Gaussian cylindrical probability on (L'; (Qa)w(L., L. )) which

determines a unique central Gaussian probability.
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A.4.NORMAL LAW AND GAUSSIAN RANDOM VECTOR

Taking into consideration the exceptional place which the normal law
occupies, and due to its numerous aplications which is witnessed by Probability
theory and the mathematical statistic, it is necessary in this list of mathematical
tools to devote a place to this law and some of its characteristics. We end this
part by the contribution which was brought by the WISHART law to the qua-
dratic analysis of some the Gaussian random functions.

Let E and F be two linear spaces paraid by a bilinear form <.,>

Definition 7: A random vector X with values in E is Gaussian if for any linear
functional y € F,< X,y > is a real valued Gaussian variable.

Definition 8: A random vector X with values in a S.M.V.S. E is Gaussian if it’s
relatively to the canonical duality < E, E™ >.

A.4.1. GAUSSIAN CYLINDRICAL PROBABILITY

Theorem 6: For all x, € E and non-negative quadratic form Q on F, there
exists an unique cylindrical probability v, o, whose Fourier transform is such

that forevery y e F

. 1
®y,,, (¥)=exp {z <X,,y> —EQ(y)}

Proof: (see [33] p. 78).

Y, o is called Gaussian cylindrical probability with mean x, and variance the

non-negative quadratic form Q on F.
The terms “mean” and” variance” are the language abuse borrowed from a
traditional terminology of Probability.

Theorem 7: Let E,, F others paraid vector spaces and u the linear mapping
from E into E,,c(E, F)—-c(E,,Fl) continuous. Then u(y me)=yu(xu),Q(,,u

Proof: It’s easy: simple application of the Fourier transform.

Definition 8: Let m be any fixed element of a real Hilbert space
Hu, =Yy |2 denotes the canonical Gaussian probability on H, whose Fou-

rier transform is:
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. 1
(pum(y)zexp{z<m,y>,, ——Z—Hy":,},yeH.

Theorem: Let w=(uy) y Dbe a cylindrical probability. If for any linear
y € F, y(1) (see [8] p. 72) is a real Gaussian probability, then p is a Gaussian
cylindrical probability.

Proof: (see [8], p. 78).
A. 4.2. GAUSSIAN PROBABILITY AND GAUSSIAN VECTOR-NORMAL LAW
Definition 8. A probability P defined in a weak measurable vector space
(E, w(E,F )) is said to be Gaussian if the associatied cylindrical probability
(PM ) Me(EFY is Gaussian.

In a particular, a probability P defined on a S.M.V.S (E,a) will be said
to be Gaussian if it is on a weakned S.M.V.S (E, W(E,(E, a)” ))

A random vector X in E w.r to the duality < E, F > is said to be Gaus-

sian if his law Py is Gaussian.

Definition 9: For m € E and a non-negative quadratic form Q on F, a random
vector X in E is distributed as Normal law if his characteristic function is,

. 1
y€eF, <px(y)=e)<p{l <m,y>—5Q(y)}
We note X — NE'p(m,Q).

Example 2: Let T be a set and (X,,s € T) a Gaussian real random function
defined on (Q,a,P) with mean function m = (m(t),t€ T) and covariance
function K (s,)= E((X_Y - m(s)) (X . —m(®)),(s,1)T xT.(X;,s€T) defines a
random vector in E = R relatively to the duality between E and

— y 3 3 T —
F=3% R, (R, =R ,VteT)ie in the S.V.S (R ,EB(R))—
= (E,w(E, F)). The mappings 8,:x — x(), € T form a base of F and the
form Q, (}: ki 8; )= Y AA AK(tA,t.) where [ is finish, defines a non negati-

iel i xi bJoNE

ve quadratic form on F. It’s abviously X — N (m,Qx). Now, let T be
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a o-compact metric space. Suppose that m and K are continuous and the pro-
cess (X,,se€T) with as-continuous sample paths. The associated random
vector X is with values in a separable Frechet space C (T) of all real continuous
functions on T, whose topological dual is identified as the space M (T) of all
regular Borel measures with compact support on 7. Moreover, the distribution
of X is Newymor (m,0,) where Q, is the non-negative quadratic form on

M (T) defined by
0:(W)= ] K(s.0)dn()du(r)

So that, ¢ x () = E(e"*#>)=exp {i <m,p> —';—Qk (H)}a peMc(T) (1)
Conversely, let P be a Gaussian probability on (C ,B(C )) and let
m(t)= J’C x(1)dP(x), K(s,1)= jc <x,8, ><x,8, >dP(x) — m(s)m(t).
Then, the characteristic function of P is given by (1) ([31], p. 303). .

A. 4.3. SUPPORT OF GAUSSIAN PROBABILITY

This section contains the main results concerning the support of Gaussian
probabilities which borings into evidence the important role played by the re-
producing kernel Hilbert space (RKHS).

Theorem 9: Let S be any non empty set with N(S) < N, the cardinality of the
continuum; and E =R S be the complete Hausdorff separable locally convex
space of all real functions on S endowed with the topology of pointwise con-
vergence. Let P be a centreted inner regular Gaussian on (E ,B(E )) Then the

support of P is H(K) where H(K) is the RKHS of the function K. More,
H(K)e B(RS) and P(H(K)) =0 if and only if H(K) is infinite dimensio-

nal.

Proof: ([31]).
Theorem 10: Let P be a zero-mean Gaussian probability on (E, B(E)), where

E is any separable Frechet space with variance the non negative quadratic form
Q on the topological dual E’. Then there exists a separable Hilbert space H(Q)
with following properties:
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i) H(Q)c E and H(Q)= suppP.
ii) The injection map j of H(Q)into E is continuous and j(y ol )= P.
iii) H(Q) e B(E) and P(H(Q)) = 0 if H(Q) is infinite dimensional

Proof: See ([31]). H(Q) is the R.K.H.S where
K(s,t)r:%(Q(Ss +8t)_ Q(SS)Q(St))'

A. 4.4. QUADRATIC ANALYSIS OF CERTAIN GAUSSIAN PROCESS

This section deals with the derivation of the characteristic function of
quadratic forms of certain real Gaussian process.

Theorem (J.L. SOLER) 11: Let T be a o -compact metric space and let
(X,,t € T) be a real Gaussian process with a.s. continuous sample paths on T

such that:

a-E(X,)=m(t),teT

b- E(X,X,)— m(s)m(t)= K((s,);(s, 1)) € TxT;

c- the covariance function K is continuous on 7x7,

d- the mean function m belongs to the R K.H.S. H(K);

then, for every regular Borel measure v with compact support on 7x7" such
that v(AxB)=v(BxA) for all Borel subsets A,B of T, the characteristic function

of the r.r.v:
Z, = J‘m X, X, do(s,t) is given by:

aeR,qz (a)=det (1 - 2iaAk )_”2 exp {ia <m,(1- 2iaA¥ )" o Ak(m) > k), }
where Ak is the self-adjoint nuclear operator in H(K') defined by:

feH(K),AS(f)() = jm F()K(2,.)dv (s,1);
and
E(Z,)=<m,A¥(m)>y, +Trace (AX )= L . (m(s)m(t) + K(s,t)) dv(s,1).
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As a particular case, for every regular Borel measure p with compact support

on T, the characteristic function of the r.r.v: ¥, = J; X2du(t) is given by:

aeR,py (a)= det(l - 2iaB} )-; a exp{ia <m, (1 - 2iaB )_l o Bf (m) >y k), }
where Bf is the self-adjoint nuclear operator in H(K') defined by:

f e H(K), Bf(f)(-)=L F@)K(t,.)du(t)
and  E(Y, )=<m, BX (m)> yx, +Trace(Bf )= jr (m?(2) + K(t,£))du(?)

Proof:([33])

This theorem unifies and generalizes the known results about quadratic
forms of Gaussian processes related to brownian motion in the central case.
Moreover, the derivation of the characteristic function of these quadratic forms
for a wide class of non central Gaussian processes, constitutes a progress which
allow us to look for statistical applications in two differents fields.

Finally, it looks to us that we dispose of enough tools that we could fo-
llow next part of our work.

B. EMPIRICAL GENERATING FUNCTION

The generating function may be used instead of the densities or distribu-
tion functions in problems of inferences. We shall now study some further pro-
perties of the empirical generating function and discuss its applitation in tests
for goodness of fit.

Consider a random variable (X,Y)(Q,a,P)—> (N?,P(N?), Pxy)). Let
(X,,Y,);..-3(X,,Y,) be iid random with distribution Py y, .

P, = % 2 8 (x,y) be the empirical probability and G, be the empirical genera-
i=1

ting function based on (X,,Y;);...;(X,,Y,).

Proposition 1: G, is a random :vector in (C ,B(C ))w.r to the duality
<C,M> scalarly integrable and integrable such that

EG, = G.More||G, —G|. > 0 a.s

Proof: G,:(Q,a,P)— (C, B(C))
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o — G, (0)((s, 1) > lz sXi@)h()y
n

i=l
It is enough to remark that for all (u,v) e T,

<G8y >=G,(u,v) = lz uXiv¥ is areal valued random variable. The G,
i=1

is a random vector in (C ,B(C )) scalarly integrable, since <G,,L> is ar.v.r

with E(<G,,u>)=<G,1u>. As (c, | H) is a separable Banach space and ||G, |

is integrable we know from (th. 5, A.3) that G, integrable such that EG, = G.

We can write G, :li Z:;Z;=()()". So that E(||Z1 ||)<oo and the
noia

hypotheses of theorem 5.A3 are fulfilled we obtain |G, — G| _ 30 as.

B.1.1. SUFFICIENCY

Définition 1: Let (Q,a,PP) be a statistical space. A sub-o -algebra Bca is

called sufficient (for ) if and only if for every Aea there is some B-
measurable g, such that for every P €P, the conditional probability

P(A/B)=g, as. .
The essential point is that g, does not depend on P. ,
The intersted reader will find in ([5],[32]) various expositions on this subject.

Example 1: Let (Q,a,P) be a statistical space (Q”,&@’",]P’” ={P®",P€]P’})
its n-fold product statistical space, ¢, designs the sub—d-algebra of a®" con-
sisting of sets invariant under all permutations of the coordinates. Denote by
fcz(w,,...,m,,)——>(wc(l),...,m(,(,,)) where o €S, . f; is a measurable iso-
morphism of (Q",é®") and preserves each P®". Then for any Ae€a®" and
Beg, we have

P®”(AmB)=;1—'Z P (AN £, (B)):%z P (f,(A)N B)

‘o€eS, ‘oes,

1 . .
Thus P®" (A/<Pn)=; 2 lfa(A)"’ a.s P®" and ¢, is sufficient.

‘oes,
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A present let G,:(N2,P(N?),P)— (C, B(C))
@=((x,-,y,~),1£i£n)——> G, Zx—,y_):(s,t)—éis""t”

Set S, = G;'(B(C)). It’s abvious that S, c¢,. Let us prove the conver-
se inclusion. For each Ae (P(‘N2 ))m, let s(A‘)=GkEJS fs(A)eo, . Then if
Beo,,s(B)=B. "

Let 7={ae(P(N))™:s(4)e 5, }

We want to prove F = (IP’(N2 ))®". Now ¥ is a montonoe class. Also,
any finite union of sets in ¥ isin ¥ .

Given A,,...,A, in P(N?),A,x...x A, € F. Since the collection C of finite

unions of such sets is an algebra; the smallest monotone class including C is
®
(p(N2))™

CONCLUSION: G, is a sufficient, consistent, unbiased estimator of the gene-
rating function G of the unknown law P.

B.2. EMPIRICAL GENERATING PROCESS

We now discuss the properties of the empirical generating process

E,(s,t)=n(G,(s,) = G(s,1));(s,1) € T.

Note that:

i) E(E,(s,t))=0,Y(s,t)eT

ii) K((s,2);(u,v)) = E(E, (s,1)E, (u,v)) = nE(G, (s,£)G, (u,v)) — nG(s,1)G(u,v)

= %E[i (1) ()" + 2 (s%ie )(u Xiyl )) —nG(s,1)G(u, v))

i=1 ij

= G(su,tv)—G(s,t)G(u,v)

Proposition 2: The sequence (E, ,n > 1) converges in cylindrical law to
X — Ncu(0,04).

Proof: Let pe M,
o, (L)=E,(expi<E,,n>)= E,,(expi\/Z<G,,,u >)exp— in <G>
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1 n
Since < G, ,u >= —z m, (X;,Y;). Hence
n

PE, (I-L) = [exp— ﬁ <G,u>.E, (exp#mp (X, Y)):l =

Put f=m,(X,Y)e L.(Q a). We have

<G,u>=E,(f)
and

A= exp(—v% E,(f )) xE, (exp l_«/%)

e ())E(mvf—"fiw(n)]

a=(1- (5, - B () o 1))

A=

Therefore,
lim @, (1)=exp-—0? (£), where 03 (£) = £, (1)~ (&, (£))
Note that o3 (f)= jm K((s,2); (s v)) (s, £) i (u, v) = Q1)

Thus ¢, (u)ngmeXP—Q—gl)=¢x(u)

That’s to say (E,,n>1) converges in cylindrical law to the random vector
X — Ncy(0,0).
Of course for any finite collection (s, ,t,),...,(s;,#, ) € T — taking

(a. ..... ak) n—ee
H= 2 a; (9/ 1) E(n.tx),‘...E,.(sk,lk)) - (P(X(s,,t,),...,X(s,,,tk))

The sequence {(E,, (s:,8,),.... E, (5,1, ));nZl} converges in law to

(X(s,,t,),....X(s¢,t.)) but an example ([9]), p20) shows that the finite-
dimensional set do not form a convergence determing class.

Let consider the random vector in C:Z = ()x ()y — G. We have
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E,(|Z) < and Ep( sup |Z(s,t)—Z(u,v)|2J<°°

(s,t)§u,V) "(s, t) - (u"’)lr

n
Hence by lemme 4.1 ([21]p.7) {n'” 2 z Z =En] is weakly convergent in
=1

C and this limitis X — N, (0,0).

In particular,
(-[r EX(s,t)du(s,t)n > I)L L X2(s,t)du(s,t)

(sup E, (h;,t);n > 1)—L> sup X(s,1)

Proposition 3: If the condition E, (X +Y)* < o is fulfilled, then the process
(X (s,2);(s,t) € T) is almost surely continuous in T.

Proof: Indeed,

E, ((X(s,t) - X(u,v))* ) = (G(s2 12 ) —2G(su,tv) + G(u?,v? )) -

(G*(s5,1) - 2G(s,£)G(u,v) + G (u,v))= Var (sXt¥ —u*v¥)

1X(s,) = X(u )|} < E, ((s%¢" —u*v?)?)

Put[(s,t) - (u,v)] =sup(|s —u|,|t - v|)

EHEP (A v]lz <? ([(s, t)—(u, v)]), with

¢:x—ax ,a=|X+Y|, so that r (p(e""z)dx<oo which that a sufficient

condition due to X. FERNIQUE ([20]p.77) for the sample continuity of
(X(s,t);(s,t) € T); furthermore

By (V) <o forall o> %uKum

E, ) . .
CONSEQUENCE ;n 21, is a.s. relatively compact in C
en
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(e,, =1,n=12;e, =./2log logn, n> 3). Indeed let us consider the random
vector in C:Z=(-)*(-)" —G. We have E, ("Z"2) < oo, Thus we are in a po-
sition to apply theorem 4.3 ([29]p.20).

B. 2.1. APPROXIMATION OF THE EMPIRICAL PROCESS E, (s,t);(s,t) e T

This section is mainly devoted to Brownian Bridge and Kiefer process
approximation of the empirical process (E,(s,t);(s,t) €). We begin it with a
well-known results for approximation of the empirical process indexed by

functions and applications.
The reading of survey articles about this written by M.CSORGO, S.

CSORGO, P. PREVESZ, and D. M. MASON ([15],[17],[19] ) can be highly re-

commended. This problem is studied for arbitrary dimensions and arbitrary
continuous distributions functions.We feel there is a chance that the method
could be generalized for an arbitrary distribution function. First some notations
and definitions.

D.1. Wiener Process (W.P.): A separable Gaussian Process (G.P)
W(x)={W(x1,...,x4);0< x; <oo, i=1,...,d } with EW(x)=0 and

d
R(viox2) = EW ()W (r2)= I (v mxy ) = (), 1212

1<i<d

D.2. Brownian Bridge (B.B):
B(x)=W(x)—x;...x,W(1,...,1) where W(-)is a W.P.

D.3 Kiefer Process (K.P.):
K(x,y)=K(x1,....x4;9) = W(x1, ..., x455) = x1... x4 W(L,....L; y);
Where W(x;,...,x4;y) isa W.P. of (d+ I)- dimensions.

Let U;, <...<U,, denote the order statistics of the first n of independent
uniform —(0,1)(U(0,1)) random variables U,...U, with the corresponding uni-

form empirical distribution D, defined to be right continuous and uniform
k-1

empirical quantile funtion Q,(s)=U,,, <s< f—(k =1,...,n) where
n

0.(0)=U,, . We define the uniform quantite process T, (s)= n (s -0, (s))
and the uniform empirical process 8, (s)= Vn(D,(s)~5), 0<s<1
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Theorem: With an appropriate sequence of Brownian Bridges
{Bn (s);0<s< I} ,on an appropriately constructed probability space
Q',a',P')we have

Pr supd|1:,,(s)—B,,(s)|2n‘”2(alogd+x) <be

0<s<—
n

Pr| sup |t,(s)- B,(s)|=n"?(alogd +x) |< be~**

1-—<s5<1
n

whenever n, <d<n, 0<x<d"?, where n, , a,b and c are suitably chosen
positive constants.

Proof: [15]

(*): Let L denotes any class of functions 1 defined on (0,1) such that: each 1 can
be written as 1=1; —1,, where 1;and 1, are nondecreasing left continuous
functions defined on (0,1). Let L be a positive nonincreasing function defined

on (O%] slowly varying near zero and define

N(8)=sl\:£ osslxlga[(lll(s)l+|12(s)|+'l] (l—s)||]2(1_s)|)]s1/2 / L(s)

Theorem: If éiﬁzN(S):O, thenon (Q',a',P')

sup / L("l‘) =0pq)
n)

leL

[ 1630, ) El 1(s)dB, (s)

Proof: ([15])
At Present let F be a right continuous distribution function

Theorem: Let A= {g, (ytela, b]d} be a function class. Assum that A satis-

fying (*) with L(-)=1. Assume that the function d2(s, t)=L+w(gs(x)—
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—g,(x))2dF(x) is continuous in [a,b]* x[a,b]* and let N, ([a, b]d,e)be the
minimum number of d, -balls with centres in [a,b]° and radius at most € )0

that cover [a,b] . If in addition the metric entropy condition.

J([a, b]*,d, )= JjA (log N, ([a, b]* ,e))md E<co.

is also satisfied where d, = sup{d A(s,2);5,1€[a,b]’ }, then, on the probability

1 =

space (Q',a',P'),as n— oo

E 8 (x)d® , (F(x))- Eg, (x)aB, (F(x)j =0,(1).

sup
te[a,b]?

Proof: ([17]p.17) or ([15])
Remark: a well known sufficient condition of the metric entropy condition is

j: (@4(r)/ (nlogh™ ))mdh <o for some & >0

where ¢ 4 (h)=supd, and ||, stands for the maximum normin R¢.

s,tefa,b]?
fs-rlysh

In our case, consider A = {g(m) (x,y)=s5*1";(x,y) e N2, (s,1)€ T} :

Since d((s,£), (u,v))<|| (s.£) = (V)| (E((X +Y) ))”2 and @ 4(e)< ke

94(€)

Jeloge™

and as a consequence of Theorem 3.2 ([1 9].p 1462) we obtain on the probability
space (Q',a',P")

3
It follows that J; de <o for some & >0

sup
(s.t)eT

_E: E 8(s. (%) o (F(x,)) = J: f: 8(s) (%, 3)dB, (F(x, y))) =

=0,(1) as n— +eo



Moreover,
sup |(1=s)Y1—1)E,(s,1)— (l—s)(l—t) z sitIB, (F(i.j)|=0, (1)
(s.t)eT
as n—» +oo
Since B, (v)=W(v)—vW (1), we have
(1-sX1 —t), Z st F(i, j)= G(s,1)
and (1—s)(1—t) Z s't/ B (F(, ]))— s'th(o,oij)whc?re
i,j=zo0
_ 1 a’“G(s t)
°u= z'j' dsidt/ oo 00

Thus, we obtain the following statement

| Proposition 4: | aE, - b||_ =0, (I) as n—> e where

a(s.1)=(1=s)1~1) and b(s.0)= 3 sith(O,Gij)—G(s,t)W )

L,jz2
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The results described here follows from KOMLOS. J, MAJOR. P,
TUSNADY.G’s results ([24]) proved in the case when F is the distribution

function of the uniform distribution on (0,1). When F is continuous the gene-

ralization is trivial since F(X)is uniformly ditributed on (o,1). It was observed
in a conversation with P. REVESZ that the extension is also quite straightfor-
ward even F is entirely arbitraire ([18]). We hope that it could be generalized to

more than one dimension.

Proposition 5: There exists a sequence of B.B(B,)and K.PK(x;y)such that

where

nll = O(n1? logn)and" E,-n"2L, ": O(n™"? log? n)

Z,(s,0)=(1- s)(l—t) Z sit/B (F(lj))L (s,0)=(1-5)(1-1) ¥ sit/k (sz) n)

i,j=0

Proof: Let ., = /n(F, — F). We have E, (s,t)=(1—-s)1~1) % sitjocn(i,j)
i,j20
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It’s enough to remark,

| E, (5,6) = Z, (5,1)] s:;jp] o, (i, j) - B, (F(i )}, V(s.0)eT

In the same way with n~"2L, ,

We have |E, - Z, ||_ =0(n""? logn) and " E,—-n""?L, |L° =0(n""2 log? n)
More,

Pr(| E, - Z, | > a,(Z)) <A, 747 where

a,(Z)=n"1" ((A, logn)+ Z) forallnand Z.A;,A,,A; are positive constants.
B.2.2. Inequelity of Kahane-Khintchine with standard Orlicz norm.
This section will be devoted to the study of standar Orlicz norm-the lu-

xembourg norm-as well as the inequality of Kahane-Khintchine for empirical
process E,

I would like to express my gratitude to Goran Peskir who sent me pre-
prints of his work and to which I was faithful.

Proposition 6: Let 62 (s,t)= G(s2,¢2)— G2(s,t) . If the process (E,(s,1);
(s,t)eT)is pregaussian: that is Ly ,(a) Sexp%o 2(s,t)a*, YVaeR . Then
for every C>~/2 o(s,t) the sequence {expg—”zg’-t—),n 2 1} is uniformly inte-
grable. (L is the Laplace transform).

Proof: Let C>+/20 (s,1), it is enougt to show that for some p)I we have

s(p)=supE { exp (—E—%t—)ﬂp (oo,

n21

We have:

14 2
E,(s,1))’ b E,(s.1)
sup E{exp| ———= = P ——=| |>u|du=
P{ o[ 26 )} wl, f[“*’("( &) e
oo C
=I+su Pr| |E,(s,t)>—=.flogu |du
A (RN

since by our assumption {E, (s, );(s,t) € T }is pregaussian we have
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2\P
E .t oo o0
sup E| | exp M S1+2] ex —Czﬂ— du=1+2|u"*du,
P
n21 Cc 1 2pc2(s,t) 1

a=C?/2pc?(s,t)
we see that there exists p e |1,C2 /262 for which s(p)(es.

.. n—e [
Proposition 7: | E, (s, 1) ”\v - 3° (s,0)=e(s,1).

Before proving proposition, we will go through some other facts. First, reca-
lling [, denotes the standard Orlicz norm or the Luxembourg norm on

(@,a,P):
H X"w = Inf{a >0/ E(\v (ED < 1} for all real valued random variables on
a

(Q,a, P), where y(x)=y(x)=e* -1 VxeR and inf@=0
If X - N(0,0°(s,)}] X]|, =e(s,1)

Proof: Let e, (s,t)=| E,(s,7) ”w . In a first step assume that e(s,t)<lime, (s,?).
Thus e(s,t)+€ <e,, (s,¢) for some n; <n, <... and some € > 0. Since

e(s,)>~/2 (5,1). Then by proposition 6-B2.2 the sequence

E.(s,0) Y
{exp (—"———3———] n 1} is uniformly integrable, and
e(s,t)+¢

2 2 2
2 ZJ. exp( X ) dP >J exp(———)—(————J dP2lim exp(E—"(s’—t—)—) P2z
Q e(s,t) Q e(s,t)+¢ n—e JQ e(s,t)+¢€
E, (s,1)
e(s,t)+¢e
Thus e(s,z)<lime,(s,t)is not possible. Assume now that e(s,?)> lime,(s,1).
Thus e(s,?)—€ >e,, (s,¢) for some n;{n,{... and some ¢ )0 , we also have that

2 2 2
E, (st E, (st
221_{{1_1_[ exp EACD) dP>liLnJ exp RG] dPZLi_rLzJ exp| _ X _ar
Q e, (s,1) Q e(s,1)—¢ Q e(s,t)—€

k—>+o0

2
2 lim Qexp[ ] dP22.
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Thus e(s,2)>lim e, (s,t) is not possible.
This concludes the proof.

Proposition 8: Let (X,,Y;), i=1,...,n be independent a.s. bounded pairs of
random variables with generating functions G;,i=1,...,n. If

G+ #6n ey
n

. 2 172
D, <2 (él |%7% -6, J

Proof: Let ((Z,,T;),...,(Z,,T,))be a random vector defined on the same pro-
bability space (Q,a,P), such that (X,,%),....,(X,.Y,).(Z,,Ty),....(Z,,T,) are
independent and (X;,Y;),(Z;, T;) identically distributed. Put

5,, =Jn (5,, - 5,,,,) where 5,, is the empirical generating function of

D, =\/;z_(G,, —5,,,1) where G, ; =

1 r .
P,=— > & , then we have:
(27)

n i=1

| D.s.0)], < Du(s.t)= D (s.1) ||W =d(n)
2
Indeed, let consider the function f:(s,#)— exp[;—(_—;-) . Then t— f(s,t)isa
n

convex, forall se R .

~ 2

~ ~ B D, (s,t)— D, (s,1)

E( F(Da(s.1) ED, 5,1))) < E( £(Da (.1, B (5.1))) = E[exp ) <2

Therefore

| 2.0}, <d@)=| Das.0)= B (50 =?1ﬁ?

n X. Y . T,
Z(s ltl—szltl]
i=1

As (sHrh —sZf,  s¥th —sZ¢T)is sign-symetric ([22] p.8). Thus by

theorem 6 ([27]. p.23)
) Jl /2

8 . Y. . T,
ool <fE( 3 |40 -

v
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and

) 1/2
Gl

In.0l, <2 (3

The proof, therefore complete.
In particular, if (X;,Y;),i=1,...,n be independent identically distributed pair
a.s-bounded, then

172
Bl <[ e - ool

i=1 .

C. GAUSSIAN RANDON FUNCTION ( X=X(s,);(s,t) € T)

The main purpose of this section is to study the properties of the
Gaussian random function ( X = X(s,?);(s,#)€ T ) determined by its covariance

structure, more precisely by the reproducing kernel Hilbert space (RKHS).
Expositions on Gaussian probability measure and the RKHS have been given in

particular in the celebrated course ([26])by J. NEVEU and also by RAJPUT. B.S.

(31]).

Theorem: The stochastic process (X = X(s,t);(s,2)€ T) admits a version
which is measurable and separable.

Proof: On the index set T, consider the pseudo-distance dy given by.

dx ((5:£): (@, v)) = x(s,£) = X(u,v) ||, = JG(su,1v) = G(s,1)G(u, v)

Since dy is separable, we therefore have the result from a theorem of
X. FERNIQUE ([22].p.38).

C.1. THE REPRODUCING KERNEL HILBERT SPACE

At present, we’re studying the Gaussian probability, which constitues the
law of random vector without refering to it. Let
X:(Q,a,P)-> RT,T=[0,1]x[0,1]be a Gaussian random function. For all
function o null unless on a finite subset of 7, Y a(s,t)X(s,¢) is a real

9

Gaussian random variable.
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L(X,T)= {;a(s,t)X(s,t);oc vanishing outside finite subset of T} is a vector

space.
Let H,(X,T) be the closure of L(X,T) in L*(Q,a,P) (square P-integrable

functions on (Q,a, P)).H,(X,T) is constitued by Gaussian random variables

and called Gaussian space Spanned by X.
Let J be the map from H,(X,T) into R defined by J(Z)(s,t)= E(ZX(s,1)).

Set H(K)=J (H (X, T)) , then J is easily seen to be (1,1) mapping of
H,(X,T) onto H(K).
H(K) is a Hilbert space with inner product defined by

<f.8>nx)=< J_l(f)’Jﬁl(g)>Hp

Furthermore,
H(K) consists of real functions 4 on T such that

K((s,t).)e H(K),V(s,t)eT.
Vhe H(K), V(s,£) e T < b K((5,£).)> oy = h(s:1)

Remark 1: H(K) is the closure of the subvector space spanned by -

{K ((gv, 1),.).(s,t)e T}.
Proposition 1: H(K)c C(T)

Proof: Let he H(K). Forall (s,) and (4,v) in T. We have | A(s,t)— h(u,v)| <
<|n || X(s.8)— X (u, v)"L2 .

As K is continuous, the Gaussian random function (X = X(s,t);(s,t)eT) is
continuous in L2 . Then,

For £€>0,In>0:V(u,v)eT:|s—ulv|t—v|<n , we have

| X(s.2)- X(u,v)"L2 <—° and hence |h(s,t)—h(u,v)|<e ie h is
L P

continuous.

Remark: a) The family {K((s,,,t,, );.):(s,,,t,,)eS} is total, where S is a dense
subset of 7.
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b) For he H(K),sup|n|<C| A, ,, where CeR
' T

The next proposition treat the orthogonal expansion of a Gaussian random
function (X = X(s,t);(s,z)€ T) and its covariance.

Proposition 2: For every complete orthonormal set {€,;ne€ N} of H,(X,T),
there corresponds a sequence {h,;n € N} with the property that,

X(5,0)=Y h(s K, K(s:0))= Y, ha(s,0)h,

n20 ’ n20

For all ((s,);(u,v))e T? we have K((s,);(u,v))= §0 h, (s,1)h, (u,v); more the
nz

convergence is uniform.

Proof: V(s,t)e T, X(s,t)= Z a, (s, 1),

n20

a,(s,t)=< X(s5,2%,&, >, =< K((s,);.), by >=h,(s,1)

So,X(s,t)= z h,(s,t), and K((s, t); .)= z h, (s,0)h,

n20 n20

Thus, K((s,2);(u,v))= 2 h,, (s, 2)h,, (u,v)

n20
In particular

K((s,2)(s,1))= z h2(s,1)

n20

Then, the monotonuous convergence of the continuous fonctions 3, hf (s,2)
n<p

when pTeo to the function K((s,t); (s,¢)) is uniform by vertue of DINI's

lemme.

This shows, that the series X h, (s,1)h, converges uniformly in (s). We
n20

write,

pore
sup -0
T .

K(s.0))- Y, hy (s,0)h,

n<p

eventually,
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K((s.0).)= Y, ha(s,t)h,

n<p

A u K((s. 65 @)=Y, ha(s,0)h, ()

<sup
n<p T

sup" K((s.1), .)ll—)O as p—0
T

Corollary 1: Suppose that T endowed with the Borelian o -field 7, . Then the

Gaussian randonm function (X = X(s,),(s,¢)€ T) admits a measurable version.

Proof: Let (§,,)n be orthonormal sequence of H,(X,T), it corresponds a
sequence (h,), in H(K) (by J). The series ¥ h, (s,1)§, converges in L?
n=0

and almost surely. We define our version X as follows.

X ((s,t)0)=limsup 2 B (5,006 (@), V((s,2);0) € T2

P2 pgp

Since, the functions h;,;nZO are ‘.T,,-measurable, it follows that X is
measurable which is the result of the corollary. ' '

Proposition 3: For all peM(T), there exists an unique element
X, € H,(X,T)such that

E,(X,Y)= L E, (X(s, )Y )du(s, £) = L J(Y)(s,t)du(s,t) VY € H, (X, T)

Proof: For proof of this proposition see J. NEVEU ([26] p.45).

Now we consider the mapping : h— J.r h(s,t)du(s,t)= L <K((s,2)..)
h>dp(s,t) from H(K) to R . Also there exists an unique element h, € H(K)
such that < by, h>= J; <K((s,t);. ) h>du(s,r).

Therefore
V(u,v)€ T, by (,v)=< hy, K((V))> i) = jT K((s,£), (. v))du (s,2).

Thus h, coincides with the function J; K((s,t);.)au(s,0)=J (Ir X(s,t)du (s, t))
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Remark 3: a-Since h, = J()—(:) H'= {hu JLE M}is dense in H(K)
b- V(s,t)eT, f; o =K (s 1))
c- YpeM,V(s,t)eT
fuls,t)= L_ K((s,); (u,v))adu (u,v) = cov(sxty ymy (X, Y))

Proposition 4: Let H(K)be the RKHS of the covariance K, then H(K)is
isomorphic to a vector subspace of L? (N2 ,p(N?), P) .

Proof: To prove this, let o denotes the map from H'into
L2(N2, p(Nz),P)deﬁned by

Vf, € H'o(f,)=Ny:(i,j) > my (i, j)-< G,pn>
* ¢ is linear
* ¢ preserves the norm. Indeed, for all p € M we have

||°(fu)"z = piNE(d)= Y, pis(mli =< Gn>) =Y, pij mi(i,j)-< G, >?
ij ij ij

On the other hand,

Ju "2 <fusfu>= Lﬂ K((s,t);(u, v))du (s, )dp(u, v)

2

}(N?)

Sonfu "2 ="°(fu)

More precisely, if be an element of H(K)and (f,)a sequence in H' such that
f» = f . Since || fo—fm "="0| f,,)—c ( f,,,)", it follows that, the sequence
(o (fn )) is a Cauchy sequence and it’s convergent. Let g= '{z_r)ri o (f,), we set
g=o(f).

Not we prove that o (f)is independent of the sequence (f,). Let (f,) and
(gs)in H'such that (f,).(g,)—f. Assume that (o(f,))— e and

(c(g.)—B.

"a_ﬂ"Lz(Nz) S"a —O'(f,,)
then a = .

2 (N?) +"6 (f”)_o(gn)“Lz(Nz) +|l0 (gn)'“ B ||L2(N2)":(T
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Finally we define ¢ on H(K)by: o(f)=limo(f,)where (f,)cH'and
(f.)— f. More ”G(f)”y(m)="f”H(K)' Let L denotes o (H(K)). For

(aij)cL we have Zpijaij =0 and Zp,-jag <oo,

6Ly ij

Proposition 5: The injection map j of H(K)into C is continuous and
Py =Ny (0,0)= j(y o luce )where YoJ],, s the canonical Gaussian
cylindrical probability.

Proof: Let e M, j(f, Ju.v)= J; K((u,v),(s,))du (s, 1)
l fu(u, v)’ =| < fus K((uv), )>' S" fu "n K((u,v), )”

K is continuous on a compact 7xT , hence it’s bounded. We have
liu (u, v)l SM" fu ” Vf, €H' and Nj(f“)”m < M” fu" which be enough to say j

continuous.
Let v, | H( 1'<) be the canonical Gaussian cylindrical probability on H(K).

We have j (Y ol lycey ): Yol by

For
()= M2,<j(F)A>=[ (s (0= [ K(s. 051k (5.0 () =

=<fui h Zuwy=<rfus tj(7")>H(K)
' ts 2 — 2 _
Thus 'j(A)= f, and ” ](7”)" =[ Al =00)
Finally, ]('Y "-“'uﬂ(x)):y ”’“'j(')“ff(x) =Ncwu (0’ Q)

< H(K), H(K)>
jid ij\

(C, M)
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D. * APPLICATION
D.1. * TEST OF SEPARATE FAMILIES DISTRIBUTIONS
D.2. * GOODNESS OF FIT TESTS

Some alternative procedures for testing hypotheses are discussed here.
These procedures are based on the probability generating function.

While most of the attention has been directed toward the use of the
empirical characteristic function, we suggest the use of the sample generating
function to test hypotheses concerning discrete random variables.

D.1. A TEST OF SEPARATE FAMILIES OF DISTRIBUTION

In testing an hypothesis that a population has a specified distribution
against the alternative that its distribution belongs to a separate family in the
sens that an arbitrary simple hypothesis in H, cannot be obtained as a limit of

simple hypotheses in H,, it is well known that the likelihood ratio does no
apply. COX.D.R. ([12][13])proposed a test based on the difference in the
maximum loglikelihoods of the sample under H, and H,. The test was further
studied by JACKSON ([27])and developed by ATKINSON ([3]), but was shown
by PEREIRA ([30])to be not always consistent.

Denote the random variable to be observed by (X,Y) and let H, and H,

be respectively the hypotheses that the probability generating function is
g,(;0)and g (;0), where Oand o are unknown parameters with

0 e©®cR* and o €d c R'. Actually, we are concerned with the problem of
testing H,:"g=g,(,0),0 e®@c R* “against the alternative H;:"g=g,(.,o)
aed R«

We impose the following regularity conditions C;:

a-0 must be estimated from the data. Let {é,,;n} be a sequence of maximum

likelihood estimators.

b—(3708,)f, ((x,y);8 )exists for each i=1,...,k;0 € © and (x,y)e N2,

- ¥ |24 e0)

b <e foreach i=1,...,k and 0 €O.
X,yEN i
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2
d- The function 6 — 9
00,00 j

(x.y)and E,((22 /28,08, )log £, ((X,¥),6 ))<o. Forall 1<i,j<kandall 0 .

log f, ((x.y):8)is continuous uniformly in

e- The matrix 1(8)= E, [[5%7) log £, ((X, Y),e)[a—z—]—J

(log £ ((x, Y),e)),l <i,j <k. is positive definite for all 6 . The matrix 1(0)is
called the FISHER information matrix.

f - The map 6 —(3/96;)g,((s,£),6) is continuous uniformly in (s,#) for all
i=1,..,k.
If we denote by S((X, Y ),e)the vector of partial derivatives

([az Jlog L(x Y)g);i=1,,_.,kjthen 6, is a solution of the system of
i

equation i S((X:,Y:):8)=0.

i=1

Define the k-dimensional vectors a,(s)= Z S((X1,%,),6 )and the kxk
I=1

1
n

matrice

1 2 3 _
B,(0)=— 9 z log f, ((X,,Y,),e ) . According to C, ,
n aelaej 1=1 . .
<i, j<k.

Ey(B,(8))=-16) .

RESULT. 1: Let (é,,) be a sequence of maximum likelhood estimators. Then,

Jn(B, -9) L N(0.17(@)).

n— oo
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Proof: Let g,(0) designate the log-likelihood gradient Iﬁl S((Xl,Yl);e) .
Then, g,,(é,,)=g,, ((-))+nB,,(5,,).(é,, —9) where 8, is a point on the line

segement between 6, -and 0 . Thus we can write
—Jna,(®)= nB,,(é,,).(é,, —9)

B,(8.)=B.0)+(B.(8n) - B.©))

Since E,

log f,((X,Y),8 <o, V6 €®, by the Kolmogorov
26 20,
theorem

B,(0)>-I(®)as as n—eo.
-~B,,(§,,)—B,,(9)—->O a.s as n—oo
Indeed, 6, =06, +(1-v)0 forsome 0<v<1land (én)":)”g as.,

(5,, ) n:;oO a.s.

2
More, the function 6 — {a 0

log £, ((x, y);0 ) is continuous uniformly en
0,00 ’
(x,y).
Hence B, (5 n ) =-1@)+¢e, with (g, )n—_: 0 as. I(0) is positive definite, this

implies the nonsingularity of B, (5 ,,); with probability one, for sufficiently

large n. Thus for sufficiently large n we can write
\/;(é,, —e) =-B;! (én).an ®) as.

Finally we obtain
Jn(6, -8)SNO,17 @) as n—rco.

A present, consider the statistic H(s,t)=~/n (G,l (s,)- g, ((s, )6, ))
H(s,t)=Jn(G,(s.£)- g,((s:1):0)) — Vn (g, ((5.£):8., ) — 8, ((s.):8)).
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We have «/;(G,, (5.6)— g, ((s.2);0 ))"-_L?N N(O;g,, ((sz,t2 );9) - 82((s,2)0 ))

Let Dgo((s,t);9)=((a 100,)g,((s.2)0)i=1,..., k).

Since g, ((s, 1);6, ) =g,((s,2),0 )+ Dg, ((s, 1),6 ) (é P 6) where 6, is a point on

the line segment connecting é,, and 0 .
*6,-6=0,(1)
It occurs that,

w/;( ,,((s,t);é,,)—go((s,t);e))=\/;Dg,,((s,t);ﬁ ).(é,, -—9)+y,, with
(y.)—>0 as

Therefore

V(g ((s,£16.) - & ((s,t),G))n—_%c N(0,Dg, ((5:2)8 )I' @ )/ D2, ((5:130))
Finally H(s, t)n—i N(0,52((s,£).6 )) with

oi(500)=()0)-i(o00)- S 2 e )[53—];}0(@,:);9)

ij=1

Where 171(0)= (oc,-j)

1<i, j<k
As, 8 =02 ((s,2),8)is continuous, we obtain the follow result
RESULT 2:

The statistic v/n (G,, (s,)— g, ((s, 1)6, )) /o, ((s, t);é i ) converges in law
to N(0,1), forall (s,)e T so that 0<c2 ((s,2);0) <o

We reject the hypothesis H, if
H(s,t)

c,((51)6,)

| A(s,t)| > u, where Pr(| N(o,))> u, ) =o and A(s,t)=
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D.2. QUADRATIC TEST

We now discuss another applications of the empirical generating
function to the problem of test the hypothesis that a random variable (X,Y)has

a specified generating function G. Our first exposition is taken from J.L. SOLER
([33]) to which we refer for a more complete exposition.

After the work of ANDERSON and DARLING ([2]), several authors have

used a similar procedure to that of Cramer-von Mises for various hypotheses
testing problems and the bibliography in this domain is large.
Briefly, for testing some hypothesis H, on the basis of a n-sample of a

random variable they use a criterion which is based on some properties of the
test under H, as n— oo, they show that 7, converges in distribution to a r.r.v.

1
of the form Z=j0X 2(e)y (t)dt where {X(t);ze[0.1]}is a zero-mean real

Gaussian process with known covariance function and y is some fixed
measurable positive function on [0,1] verifying others conditions, as the case
my be.

Actually, we are concerned with the problem of testing the hypotesis
H,:"0=0," against H,:"0 #0," in the Gaussian statistical space:

(C(T); B(C(T))); {Nc(r) (6,0x),0 € H(K )}) Without loss of generality we can

assume that 6, =0.

Definition 1: A quadratic test of H,:"0 =6,"against H,:"6#6," in the
previous statistical space will any test of the form x € C(T), ¢,,(x)=1 [ }
1
2

qu (X)>1
where g, (x)= -[r x2(t)du(t), pe ME(T): positive cone of all regular Borel

measure with compact support on 7, and some positive real number 1.
Expression of the power function

400
Let pbe such that ‘[ |(p?,“ (T)Id‘l: <o where ¢ is the characteristic

function of the r.r.v Y, =g, (X). Then, by a classical theorem on characteristic
functions, the d.f. F,‘a of Y, is everywhere derivable and it is given by:
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eitu -1

—iT

0 L 0
ueR.,, Fy (u):gj; 9§, (t)dr

So that the power function of the quadratic test ¢,, is given for every
8 € H(K) by:

eirI2

1 [+ -1
o, @)=1--— [ “—— o, (t)as

In particular, the significance level of the test is given by:

det (1 - 2itB )—”2 dr

1 preei™ —1
o= o =1——I
B%‘L() 2K J—=  —iT

which theoretically gives 1=1(ct, )

Continuity: 1-For fixed 1 and w, the power function 6 — B,  (6) is

continuous on H(K).

2 - For fixed 1 and 6, the functional p — B,,, (6) is continuous on

the positive cone M} (T) endowed with its vague topology.

Proposition 1: For every o,0 <o <1, there exists an unbiased quadratic test of
size o for testing H,:"6 =0" against H;:"0 #0".

Proof: Taking for the Dirac measure &, at some fixed point ¢, €T, the test

(x);xeC(T)
¢to,l reduces to l{|x(tg)|2!} x);xe .

It is similar unbiased for testing the linear hypothesis H,:"8(z,)=0" against
H,:"0(zy)#0", for, it coincides with the U.M.P.B. test.

Proposition 2: For every o, 0<a <1, ¢u is the U.M.P.B test of the size o if

and only if, for all 6 € H(K), u({t eT:0(r)= 0})> 0.
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Proof: See ([33]p.118).

Finally, quadratic criteria may be used to derive tests of equality of mean
functions based on observed samples x and x’ of two independent Gaussian
processes X and X* with same known covariance function.

Indeed, by similar arguments to that used abov, any test of the form

ep,,(x,x')=1{

}:x.x‘eC(T)

(IT (x()-x' )(t))2 dp (,)uz )>l

will be similar for testing H,:"0 =0'" against H,:"0 #0'" in the product
statistical space: '

(c@), B(CT)), {Nciry(m, 05 ), m e H(K)}. ) x (C(T), B(C(T)),
{Nciry©@'.0x).0" € H(K))) since X —X'— Neiry (0 -0', 02 ).

D. 2.1. GOODNESS OF FIT TESTS FOR DISCRETE DISTRIBUTION
IN THE STATISTICAL SPACE (N2,P(N?),P).

In the statistical space (N2,P(N2),P)" corresponding to an n-sample, it
is desired to test the null hypothesis H,:"Fyy) = P" against the alternative
H,:"Fxy) # P". It’s equivalent to test the hypothesis H,:" Gy =G" against
H,:"Gxy) # G" . We suggest the quadratic test :

‘P((XI’YI (X"’Y )) { Ez(st)dsd»lz}_crlthal region

If a,0<a<l, is the size of the test ¢, the value 1, so that 12 =an‘%‘ (1-a)
is the approximate value of 1 for n sufficienthy large, where
a= L o2(s,t)dsdt, o2(s,t)=G(s?,1?)-G*(s,t)and F; the cumulative

distribution function of the chi-square distribution with one degree of freedom.

1
The test statistic 7, = jo E? (s,t)dsdt is expressed by T, =Q,; —20,, + O3

n ¥ 1
where Q,; = z (2x; +1)(2Y +1) ,Z‘ (X,. +X; +1)(Y,~ +Y; +1)]

i#j, j=1
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Z 1
n2 = T, ; T, = Pt Timy > Timy =
Onz 2 2 Pl Siml T o e m 1YY, +141)

i=1 m,120

On2=n L G?*(s,t)ds dt

Now we test the independence of components. Specifically, we wish to
test the null hypothesis H, that the two variables X and Y are independents,

that iS G= Gl X G2
Note that E, =+/n (G,, -G, ) where Gy, (s,t)=G;(s)G,(t), V(s,t)eT
The test is ¢ (Xi, K )-..;(X,. Y, ))=1{T,.>F}' T, and I are the same as before

1 1
with little modification: Q, =n( jo G, (s)ds) ( jo G, (t)dt).

Remark 1: If the probability generating function is exponential type we
suggest a graphical method for testing H,:"G(xy) =G" against
H,:"Gixy) #G". Indeed for all (s,t)eT,(logG,(s,r)), converges almost
surely to log G(s,t), and if almost surely we can fit the function
(s,2)—> log G, (s,?) to the function (s,z)— log G(s,#) we accept the hypothesis
H, .

D.2.2. APPLICATION TO THE POISSON DISTRIBUTION

Let (l'*IZ,P(NZ),P’)'l be a statistical space corresponding to a n-sample
and P, the family of Poisson distributions. All P in P, has point probability of
the form
aip’

i
iy’

P(i, j)=e @) i,jeN;o,p>0.

The problem now is to test the hypothesis that the true distribution belongs to a
given family P, from the remaining n observations.

One can use the test
(p((Xl,Yi)$---;(Xn’Kt))=1~{T..>l’}

the statistic 7, can also be expressed as T, =Q,; —2Q,, + Q3.
Q.1 conserves his expression
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Qn2=, L shithexp (a(s—1)+B(—1))dsdt = lox Ip,,
i=1 i=1
For this term, as it easy to verify the relations.
1 1
Iyo=—(1-e*)lgo=—(1—eP
o=t 1= Nlyo =1(1-e?)

1 1
I =;‘(1_Xi1u,x,-—l);1|3,}'i =E(I_Y;IB,H-1)

a,Xi

(1-e)1-e7%F)

40 B

Qn,3 =n

ESTIMATION

In this section we consider the problem of the estimation of the
parameters in the statistical space (NZ,P NZ),P,,)n I (XL ) (XL Y)
are independent identically distributed random variables with distribution given
by, :

Xy .
e'(“"a)g—ﬁ— ; (x, y)eNz; o,B>0.A complete sufficient (this follows
x!y!

easily from NEYMAN’S criterion for sufficiency) statistic is the sample total
— —_ n
Tz(X = il X; Y=% Yl) Therefore, as G, (s,t)is an unbiased estimator of
= i=1
G(s, ), the conditional expectation function G, (s,tXT)= E(G,(s,)/ T)is the
uniformly minimun variance unibiased (U.M.V.U) estimator of G(s,?) (see [5].
Chap VI 2). The conditional distribution of (X,Y) given T'is

P((X,Y)=(xy)/ T=(k1)=C} (i)(l - %)k c? (l)y(1 - l)l_y ie

n n
L(X,Y)/(X,7)= B(X l)@ B(?, l) . B(.,.) is the Binomial distribution.
n n

It follows that

6. 6.X1)= 56, )1 )= (e 1)=(10 22 (121
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X Y
In particular the UM.V.U. estimator of e @) is (l—l) (l—l) . In the
n n

X Y

1 1 . .

same way (1——) (resp.(l——) JIS an UM.V.U. estimator of P, . (resp.
n n

F).

Now we trow to another estimator

é,(,p‘q)(s,t)(T)=E(p!q!C,?C,‘ls’“”t""’ /T) p<X<X;q<Y<Y

IA

- i J AVAYAR AR
G,(,”’q)(s,t)(t)-:Z 2 plq!CEC C\CY sk-ptl-q(_) (—) (l——) (1_—)
k=p l=¢ o "

t=(xy)

-{r=g rac () R wa e ( ()}

k=p I=q

as CECY =CEC3Th set k— p=a where ae{0,...,x — p}. We obtain

\P _1\*P
1=p!cg(-’-) (1+s 1)
n n

finally

- 1 ptq 1 X-p 1 Y-q _ _ _
G (5, 1XT) = p!q!c;c;(—) (‘1-—) (1-—) X2p,¥29,T=(XY)
n

n n
Remark 2: G\ (s,tYT)= (277 / 35735 { G, (s, £XT))

The statistic
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Y (X h ) (X0 X)) = p!q!cgc;(ljm. (1 -1)){_”(1 -l)y—qu(hizq)

n n n

is an UM.V.M. estimator of e @*F)grga
D. 2.3. COMPARAISON OF TWO DISTRIBUTIONS

Let (X,Y)and (Z,T) be two iid random variables with probability
generating functions respectively G;,G,. Let ((X],Y]);...;(X,l,Y,, ))and
((z..1)...;(Z,.T,)) be two samples of (X,Y)and (Z,T). G! and G be

the corresponding empirical generating function and define a new empirical
process E, , by:

E,pn=(nm!(n+ m))”2 (G} — G2). Suppose that 2-a.
n

It’s easy to verify that E,, is a random vector scalarly integrable and
integrable. More, under the hypothesis H,:"G; = G= G, " we have

E(E,.(s,t))=0 VY(s,t)eT
E(E, . (5,0)E, (., v))= K((s,£);(,v)) V(s,2),(u,v)eT

Proposition: Under the hypothesis H, ,(E,,,m) ,, converges in cylindrical law

n,

to the Gaussian random vector X — N¢ 4 (0,0).
Proof: Let pe M,

1/2
n

+m

as, Gl =E! /Jn+G and G2 = E2 / Jm + G. We have

9k, (1) = ox [\/gu) ox(—\/gu]mpx (1)

Thus (E,,,,,,) converges in cylindrical law to X — N¢,,(0,0).

n.m
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The quadratic test for testing the hypothesis H,:"G, =G =G, " against
H] :"Gl ?‘-'Gz " is

JCRIEERATCE PRNCA S K.

Where the approximate value of 1 for » sufficiently large is
I, =aF; (1-a)0<a<l)a= J; o 2(s,t)ds dt and

62(s,)=G(s?,12) = G(s,1)

CONCLUSION

This work, as we see forms a new way of approaching some well-Known
mathematical statistic problems. However the set up object is restricted. So, we
have not tackle the independence of two random variables by the empirical
generating function as like as it has been dealt in the continuous case by BLUM

et al ([6]) and so the approximation by Brownian Bridge and the Kiefer process
(@1).
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