
On the structure of 
a vector measure ^ 

Recibido: 9 de mayo de 1990 

BY BALTASAR RODRIGUEZ-SALINAS 

Académico Numerario 

Abstract 

The Rosenthal's lemma and the Diestel-Faires theorem are generalized. As a consequence the 
subspace of l^ (/) are studied and it is proved that this space is primary when / as an infinite set. 

We will denote by z(J) the subspace of /^ (/) formed by the elements 
having countable support. A characterización of Banach spaces containing 
an isomorphic copy of l^ (/) and z(/) is stabHshed. Clearly it follows from 
the Hahn-Banach theorem that such copies of /^ (/) are complemented sub-
spaces. 

1. Lemma 

(Generalization of the Rosenthal*s lemma). Let H be a a-algebra of sub
sets of a set Q. Let (iLLi)iei be a uniformly bounded infinite family of finite 
additive scalar-valued measures defined on E. Then, if (Ei)i^j is a disjoint 
family of members ofH and € > 0, there is a sub-family (Ei)¿^j of {Ei)i^i 
such that card / = card / and 

If^il \[j^j\<' 

for all countable subsets A of J and all i G / . 
If 11= 2^ then the family {Ei)i^j may be chosen such that 

lA /̂l U ^7- < ^ 
ye A 

for all i G / . 
IfH is an algebra the first result holds for all finite subset A of J. 

* Supported in parí by DGICYT PB88-0141. 
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Proof. 

Being card ( / x / ) = ca rd / we can proved Hke in [1] taking a partition 
of / formed by a disjoint family (M/)/^/ of subsets such 

(J Mi= I and card M/ = card / 
iei 

for all / G I, and remarking that for every /at there exists an extension ¡u¿ on 
2^ such that p / | l = ||^/|| and 

\lXi\(A)^\fí¿\(A) for all A ell. 

(See [3]). 

2. T h e o r e m 

(Generalization of the DiesteUFaires theorem). Let S be a-algebra of 
subsets of a set O and G : T. —^ X be a Banach valued bounded measure. If 
(Ei)i^i is a non finite and disjoint family of sets Ei G S such that 

\\G{Ed\\>e ( e > 0 ) 

for every i G / , then there exists an isomorphism T : z( / ) -^ X and a 
subfamily (Ei)i^j of(Ei)iei with c a r d / = ca rd / such that 

neA)=G(EjXA)) 

for every subset A of I with XA ^ 2:(/) (in this case A is countable), being 

eA = XAÍ= U ) 

^JXA)=^EJV) 
ieA 

and J : I —^ J a bijection. 
In the case of being E = 2^, the last result holds also if z(I) is replaced 

If E is only an algebra then the result holds only if z(I) is replaced by 
^o(/). 

Proof. 

We can proceed like in [1] using the Lemma 1. 
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3. Definition 

Let / be a set, we say that a set / is J-primary if 

imphes the existence of some Ij having the same cardinal than / . 

Whatever the infinite set / be, there exists /-primary sets. In fact, if 

a b o a r d / and card/z= a + 1 , 

we have that / is a /-primary set. 

Remark. 
If the set / is iV-primary then the condition 

l|G(^/)ll > € 

can be substituted by G{Ei) ^ 0. In fact, there exists n e N such that the 
set 

{ieI:\\G(EM>l/n} 

has the same cardinal than / . 
If 

neN 

with card /„ < card / for every n e N, then the vector measure 

defined by 

G(AXi) = l/n if ieAn 

GiÁ){í) = 0 if i i A. 
('-S^') 

verifies that G{{i]) ^ 0 for every i e I and, nevertheless, there is not any 
disjoint family (Ei)i^j of subsets of / verifying that 

\\G(Ed\\ > € 

for some € > 0 and every / e I. 
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4. Corol lary 

Let I be a N-primary set and T a total subset of the dual space X* of 
the Banach space X, If I ¿^j Xi is a (formal) series in X with Xi ^t 0 for 
every i e / , and such that every countable subseries is T-convergent, in the 
sense that for every countable subset A of I there exists XA e X such that 

/ . X Xj 1̂1 X XA 

. ieA 

for every x* G F, then the space X contains an isomorphic copy of z(J). 
If in addition every subseries of I i^jXi is T-convergent, then X contains 

an isomorphic copy of ¡^ ( /) . 

Proof. 

If we define G '.H —̂  X such that GÇA) := XA for every A G H, being 2 
the (7-ring of the countable subsets of / or 2^, we can apply the Theorem 2 
since it follows from the Dieudonné-Grothendieck theorem that the vector 
measure G is bounded.-^ 

5. Corol lary 

Let I be an N-primary set. If l i^jf is a (formal) series in C{K) of 
functions fi^ 0 such that every countable subseries is pointwise convergent 
on a dense subset H of K, to some function of CiK), then C(K) contains 
an isomorphic copy of z(I). 

If in addition every subseries of I^ ieifi is pointwise convergent on H to 
some function of C{K), then C{K) contains an isomorphic copy of ¡^ ( /) . 

Remark . 

If G : S -^ X is a bounded vector measure (for instance with X = C{K)) 
and // : Z -^ jR is a non negative finetely additive measure, then 

GM) = G{A) + fi{A)x {Aei:, xeX) 

defines a bounded vector measure Gx'-^ —^ X. If (J?/)/^/ is a disjoint family 
of non void sets Ei G 2 the measure ¡x can be chosen such that //(JE/) = 0 
for every / E / and 

"(y/') = 1 

for some countable subset / c / . Therefore, there exists vector measures 
Gxi^G such that 

^Theorem 2 holds for measures defined on a <j-ring E since they can be extended to a 
(j-algebre taking G^A) = -G(A') when A' eHifÜil.. 
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G^(Ei)=G(Ei) 

for every / e / . 

6. Definit ion 

A family (XÍ)Í^T of complemented subspaces of a Banach space X is 
said to be a projective representation of X when PfX = 0 for every i E I 
implies that x = 0, being Pi. X -^ Xi the proyection associated to Xi. An 
important particular case appears when PiPj = 0 if / 9̂  j . 

A Banach space X is said to ht primary if for every direct sum Y ®Z— X 
we have that X is isomorphic to Y or Z. In a similar way, if / is a set, we say 
that the Banach space X is J-primary if for every projective representation 
iXj)j^j of X there is an Xj isomorphic to X. 

7. T h e o r e m 

Let be X — l^{i) or X :=z z(J), where I is a J-primary set and J is an 
infinite set, IfiXj)j^j is a projective representation of X, then there exists 
an Xj containing an isomorphic copy of X. 

Therefore, if X — l^ (jt), this Xj is isomorphic to X and l^ (!) is a 
J-primary Banach space. 

Proof. 

Let us suppose that X = 1^(1). Then there exists a bounded vector 
measure G :2^ -^ X and a disjoint family {Ei)i^i in 2^ such that HGÍE"/)!] > 
€ for every / G / and some € > 0. Let be Gj ~ PjG, being Pj the projection 
associated to Xj, then there exists an Xj such that 

Ij={iel: GjiEd^Q) 

has the same cardinal than / . Therefore, since Gj : 2^ -^ Xj is a bounded 
measure, it follows from the Theorem 2 that the space Xj has a subspace 
which is isomorphic to /^ ( ^ and, therefore, complemented (in Xj). 

Being X = XJ® Y and Z / « X® Z it follows from Pelczynski's decom
position method that 

X® XJ K X® (X® Z) K (X® X)® Z ^ X® Z ^ XJ 

and 

X® Xy « (X® X® . . . ) ^ ® Xy « ( ( F ® Xy)® (F® Xy)® . . . ) ^® Xy 

« (F® F® . . . ) ^® (Xy® Xy® ...),o® ^7 
« (F® F® ...)«. ® ( ^ y e X y ® ...),o 
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« ((Y^Xj)^(Y^Xj)e ...)oo 
^ X 

and, therefore, Xj ^ X, 
In a similar way we can proceed when X = zÇT) (or X = Co{I)) for the 

first part. 

Remark. 

If / is not J-primary the Theorem 7 does not hold since (/^ (Ij))j^j is a 
proyective representation of /^ (/) if 

The same happens for X = z(/). 

8. Theorem 

If I is an infinite set then l^ (J) is a primary space. 

Proof. 

It is enough to proceed like in the Theorem 7 with some evident modi
fications. 

Remiark. 

The Theorem 2 can also be used for proving that /^ is a prime space, 
in particular for proving the Lemma 2.a.8 of [2]. 
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