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Resumen 

Se presenta el concepto de una torre dé espectros asociada a una cadena de complejos sobre un 

^—módulo, donde^ es el álgebra de Steenrod mód. 2, dentro de la categoría de espectros localizados 

en p = 2 y clase de homotopía de funciones entre tales espectros. 

Se dan tres ejemplos (los dos primeros bien conocidos); 

1) el espectro bu (que representa la AT-teoría conectiva compleja) 

2) una torre de espectros con periodicidad, donde el espectro de la base es bo (que representa la 

Á"-teoría conectiva real) y 

3) un espectro Y^ asociado a una cadena de complejos finita, cuyos grupos de homotopía son: 

Z s i z = 2 ^ - 2 , l<k<e 

o en todo otro caso 

Este trabajo fue motivado por un problema propuesto por F. Peterson en 1970 (ver [6] en la Bi­

bliografía) sobre el cual también han trabajado D. S. Kahn, D. Kraines y R. Steiner, entre otros. 

I. INTRODUCTION 

This paper presents the concept of tower of spectra associated to chain 
complexes over a Steenrod algebra module and gives three examples of such 
towers. 

The Steenrod algebra modulo 2 will be denoted by A. We will work in 
the category of spectra localized at two and homotopy classes of maps be­
tween such spectra. KG(m) wil represent the m~fold suspension of the Ei-
lenberg—MacLane spectrum KG (or KG(0)) for a group G. Thus, KG{m) = 
2 ^ KG(0) and (KG(m))n = K(G, m+n) for all nonnegative integers m, n. 
Other spectra which appear in this paper are bo and bu (the í2-spectra re­
presenting connective real and complex ^—theory, respectively), 2^6o[ i ] 
(the m-fold suspension of the (t—1)—connected covering spectrum over bo) 
and I'^bsp = bo[3]. 

Section II gives the necessary algebraic and topological background, as 
well as the definition of a realization of a chain complex by a tower of spec­
tra. Sections III, IV and V present three examples of such towers, with the 
corresponding constructions and proofs. 

A problem related to our present task was posed by F. Peterson in 1970 
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"Does there exist an Í2—spectrum X{n) with homotopy groups 

iz.2Íík = rn,r>Q 
7tk{X{n))= { 

\ 0 otherwise 

and so that the rth stage Postnikov system has /:—invariants co­
ming from the relations 

Sq""'^ = 0 

Sq^' ' ""^ (...5(?""^) = 0? 

One would expect the answer to be Yes. Also, the 0-th term of 
the spectrum should be a product of jSr(Z2,«)x...xiir(Z2,20x... 
with twisted Hopf algebra structure, so the homology generator 
in dimension n generates a polynomial algebra. D. S. Kahn and 
D. Kraines have partial results." [6] 

The three examples presented here are partial contributions to achiev­
ing a better understanding of Peterson's problem, which has been solved by 
Steiner [14], using an algebraic method of Segal's [13], and to extend the 
problem to cases not covered by them. 

The first example consists of an infinite tower of fibrations of spectra 
with bottom spectrum KZ(0), the Eilenberg—Mac Lane spectrum for addi­
tive group of integers Z. In the end, we obtain a spectrum S equivalent 
to bu. The tower constructed is associated with a chain complex 9^ over 
H*iKZiO),Z2 ) = A/ASq^, with differentials dj, = Sq^ . 

In the second example an infinite periodic tower of fibrations of spec­
tra is constructed, starting with the real connective spectrum bo. At each of 
the intermediate stages a well—known spectrum appears. The tower itself is 
associated to a chain complex 9^2with periodic differentials (rf̂ : = ^A:+4 
for Â: = 0, 1,2, ...) over i/^(6o;Z2 ). 

The third example es a finite Postnikov tower with bottom spectrum 
KZ(0) that realizes a finite chain complex ^ 3 oyerH*(KZ(0y^2)- The final 
spectum obtained has integral homotopy groups in dimensions 2̂ ^—2 (1 < A: 
< 6) and zero otherwise. Some relations involving X, the Thom antiauto-
morphism of the Steenrod algebra modulo 2, are used in the construction 
of the tower. 

The techniques used in this paper can also be found in works by Davis 
[2], Mahowald ([4], [5]), Milgram ([5], [7]), Mosher and Tangora [8] and 
others. 
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II. ALGEBRAIC AND TOPOLOGICAL BACKGROUND 

Let Ajç be the subset of ^ generated by the elements Sq^ , i = 1,2, ..., 
k. Ajç is a subalgebra of ^ over the field Z2. The following Z2—cohomology 
groups are well known in the literature ([5], [7], [8], [9], [ 10]): 

H*{KZ2)=Aiio) 

H*(KZ) = (A/ASq')(io) 

H%bo)^(A/AiSq\Sq^))(vo) 

H*ibu)^iA/A(Sq\Sq')){xo) 

mibo[l])^iA/ASq^)iv,) 

H*ibo[2]) = {A/Sq^)iv2) 

H*(6o[3]) - / / ^ S ^ f o p ) = iA/A(Sq\ Sq'))iv^) 

where ij, x^ and v̂  are generators in the lowest dimension. 
A chain complex is a sequence of groups and homomorphisms 

S:Go < Gi < G2 

such that dtdt + i = 0. If G^ = 0 for all k greater than some positive integer 
m we say that 9 is a finite chain complex of length m. 

Consider a spectrum X and a map of spectra/;X -^Â'ir(m+1). The path 
fibration over KG{m+l) has total spacePKGim+l) and fiber aXGim-hl) ^ 
KG{m) [8]. The fibration over X induced by / has the same fiber and total 
space X^ consisting of all pairs (x, t) such that / (x) = 7r(i) in KG{m+\). So 
the following is a commutative diagram of spectra and maps of spectra: 

KG{m) > X' > PKG(m-\-l) 

P It 

X > KGim+l) 

One can repeat the process of obtaining induced fibrations, obtaining a 
tower of fibrations (or stalactite of fibrations) of spectra. 
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KGimi) 
72 

-̂  X, 
/a 

KGim2 + l) 

KG(mo) ^ Xi >KG{mi+l) 

/o 
-*KG(mo + l) 

where each ^ e [Xk, KG(mk + l)] ^ H'"k*' iXk;G). The A ' s are called k-
invariants. The maps jk and pk are inclusion of the fiber and proyection onto 
the base spectrum respectively. 

Suppose we have a tower of fibrations of spectra whoose s-th, (s+l)-th 
and (s+2)-th levels look as follows: 

KGim2) 
fs. S + 2 

KG(mi) 
h + i 

^X, 2 

^x, s 1 

Diagram A 

Vs-^i 

-^KG(m2 + l) 

KG{mi-^\) 

with KG(s) = the Eilenberg—Mac Lane spectrum X^KG, and G = Z or Z2; 
Vs is the 5-th ^-invariant, and each level is induced over the previous one by 
the path fibration over the corresponding KG{t). At each level we obtain 
long exact sequences of cohomology groups with Z2 for coefficients: 
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••^*(^s.2) -H*(KGim2))^-^ H*'UX,^,)-^—^ (*) 

...H*{KG{m,)) ^H'^HX,) -^H'^'iX,,,) > (**) 

{**) H*'MKG(m,)) ^H'^HX,) ^^^*'(^s. i)) ^ -

Diagram B 

Suppose now that 9 = ÍG^, dy^} is a chain complex, with d\^ = P = 
Sq^ for some admissible sequence / = 0*i, ..., i^) and c/̂ ^ i=a = Sq^ for some 
admissible sequence J = (ji, ..., /q). Then û?k^k+ i = jSa = 0. We say that the 
tower is associated to a chain complex S or that the tower "realizes" S if 

^ceOmi) = | 3 / l i ( V s , i ) = / t . i ( i 3 v s , i ) = 0 (***) 

One observes that t (i^^ ) = v^. Then v^+i is the class in H*{X^^ i ) such 
that/f^i(Vs^i) = aO'mi) ^^^ t̂ arises by exactness of the long cohomology 
sequence when T{OL{Í^^ )) = OL{r{im)) ~ oiy^) = 0. Thenr {im^) = 5̂+ 1 and 
^(|3(i'm2^) ~ i3(î s+ 1 )• If this last term is zero, then we obtain the desired chain 
of equalities in (* * * ). 

Also by exactness one notices that there exists a class Vs+ 2 in H*{X^^ 2 ) 
such that 

/ l2( l^s+2)=^0m,) 

and this v^^ 2 becomes the next /^-invariant. 
The explanation given above can best be described by the following dia­

grams, which must be read together with diagram B in mind: 

... >H%X,,2) ^ H^KGim^)) : >Hm{X,,,) >.,. 
•^5 + 2 

mi » ^ s + 1 

^s.2 1 ^ ^Om, ) I ^ ^(Vs.i) = 0 

Diagram C 
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-* H*X, n ) -7^^ • H*(KG{m, )) • //*(Z J 
^ . 1 ^ 

VsM ' " «Om. ) I " a (Vs)*=0 

Diagram D 

The rest of the paper consists of three examples in which a given chain 
complex is realized by a tower of fibrations of spectra in the way described 
above. 

III. Example 1 

Let A' = A/ASq^ = H^iKZiZ-i ). Then, the following is an infinite chain 
complex: 

^ r ^ o ' 5 i * - ^ - 5 2 - ... 5„.i 5„ ... 

where B^ = Á and d^ = Í'Í?^ for every Â: = 0, 1, 2,.... 

We observe that cZkî k + i =Sq^Sq^ =Sq^Sq^ = O m o d ^ ' . 

Theorem 3.1. There is a tower of spectra and a spectrum>S that realize 
the chain complex 9^1. Furthermore, 5* satisfies the following: 

a) H*{S;Z2)=AlA{W,Sq^) 

\Z\ïi is even 
b) 7r¡ {S) = { 

\ 0 otherwise 

(Thus S « 6M.) 

Proof: Consider the fibration of spectra 

KZ{2) — ^ Xi "̂  PKZ(3) 

Xo = KZ(0) " KZQ) 
V3 
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where v^e[KZiO),KZi3)] corresponds to the class bSq^(io)^H^(KZ{0);Z), 
ÍQ is the generator of H^ (Kl^O); Z) corresponding to the identity in [KM.O), 
KM.O)] , b is the integral Bockstein and Xi is the induced spectrum over the 
path fibration nKZ(3) ^ KZ{2) >PKZ{3) > KZ{3). 

Consider the long exact Z2—cohomology sequence of the induced fibra­
tion: 

r Pt if 
... > IT {KZ{2)) >IT'^ (KZiO)) > H^'^^iX, ) ^ //""^ (KZil))-^ 

where r is the cohomology transgression homomorphism. If is is the nonzero 
generator of H\KZ{s)\ Z2) (̂  = 1, 2) we have 

r{Í2)=Sq\io) 
and 

r{SqHi2)) = Sq^Sq\io) 
Furthermore, 

r Sq^(Í2) = Sq^SqHio) = 0 mod A/ASq^ 

By exactness of the long cohomology sequence we obtain the following 

a) There exist classes v 5, V7 EH*(Xi ;Z2 ) with V7 = Sq^(v5) such that 

j\Hv's)=Sq'SqHi2) 

Ji''iv,)=Sq^Sq'SqHi2) 

b) P5 is an integral class in H^{Xi;Z) which reduces modulo 2 to V5. 
This is easy to see, since Sq^Sq^(Í2) = reduction modulo 2 of bSq^iÍ2) ^ 
//^(ii:Z(2);Z). Hence, 

j'iHv5) = bSqHi2) 
and 

fi''(r2(v5)) = r2(bSqHi2))=r2j\'^{Vs) = SqHi2l 

c) The two nonzero classes in dimension 0 and 2 inH*(KZ(0);Z2) are 
mapped under /?x * into H'^iXi ; Z2 ) by exactness. 

Taking 
Vs^H'{X,;Z)^[X,,KZ{5)] 

as our /r—invariant, and proceeding as before, we obtain the following tower 
of fibrations, where each X^^ ^ is obtained from the induced fibration over 

the previous /t-invariant ^2^ + 3 ^ [ ^ , KZ{2n-^3)] with fiber ilKZ{2n+3) ^ 
KZ{2n-¥2): 
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/n+ 1 ^ ^̂ 2 n+ 5 

KZ{2n+2) ^Zn, 1 ^ KZ{2n+5) 
I 

is:Z(2«) ^X„ > KZ(2n+3) 

72 i 1̂7 
Í : Z ( 4 ) ^ ;r2 > KZ{i) 

il ^ Vs 
KZ{2) " ^1 ^ KZiS) 

I V3 

KZ{,Q) = Xo ^ KZÍ3) 

Diagram E 

Remark: Recall that H*(bo; Z2) = ^S¡^^ Z2. We need the following 

Lemma 3.2 A Z2—basis for A®j^ Z2 is given by {XSq^/l an admissi­
ble sequence (zj, ..., /„)? h ^2/s+i ana Zj = 0 (mod 4), 1*2 = 0 (mod 2) ). 
(See [4], p. 367). 

Proof: It is well-nown that i Sq^ /J = (ji,...j\),j\> 2)^+1} is a Z2—ba­
sis for^ (Serre"Cartan basis). Also {XSq^} is a basis, where X is Thom anti-
automorphism of the Steenrod algebra. One can verfy that 

^^2n . i ^Sq'Sq^"" 

Sq"""""^ ^Sq^Sq"""" + Sq^Sq^'^'Sq' 

by the Adem relations 

l^/^l / f t ^ c ^ l 

Sq^Sq^ 

for a < 2b, where [a/2] is the greatest integer less than or equal to a/2 and the 
binominal coefficient is taken modulo 2. Thus, 

XSq^""^^ = XiSq^Sq'''') = (XSq^'')Sq^ 
and 

XSq""""^^ = XiSq^Sq"""") = (XSq^'^ySq^ 

and both equations are equal to zero in yl 1, So, for every n, a nonnegative 
integer, we obtain that the only possible nonzero elements of the form XSq^ 
are those whose first term ii is of the form 4n. 
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Also, we have X{Sq'^''Sq'^) = Sq'^iXSq'^'') and, by the Adem relations: 

X{Sq''''Sq^) = X{Sq^Sq'^'' + Sq^Sq""""^) = 

= {XSq'^'')Sq^ -\-{XSq'^''-')Sq^. 

But this last term is zero in A^ , which also shows that 12 = 0 (mod 2) 
for XSqi #= 0 in the basis of ^SÍAI 2 2. 

We now continue with the proof of Theorem 3.1. 
We observe that 

H*{X' ; Z2) = (A/AiSq\ Sq' ))p, Hio) ® (A/A(Sq\ Sq' ))v's 

As we proceed to the n-th level we obtain an exact Z 2—cohomology 
sequence 

T P 1^ 
^ n •' n 

corresponding to the fibration 

KZiln) 
X„ 

/ n 

Pn 

X n-l 
V 2 n + 1 

PKZ{2n-¥\) 

KZ{2n-\-\) 

The classes in dimensions 2f2+l and 2/i4-3 mH'^iX^.i; Z2) dirt "killed" 
by transgressions from the cohomology of the fiber. The classes in dimen­
sions 0 and 2, which come from the cohomology of the base by exactness, 
keep "surviving" and are mapped by Pn into H%X^; Z2), also by exactness. 
Two new classes in dimensions 2n+3 and 2«+5 arise in the last cohomology 
group, so that 

and 
n{V2n^3) = Sq'Sq\i2n) 

niv2n^5)=niSq^V2n^3) = Sq^Sq'SqHi2n) 

where V2n+ 3 is the reduction modulo 2 of an integer class, by the same ar­
gument used for V3 above. This V2n+ 3 is chosen as our next invariant. 

. Taking 5 = lim X^ (inverse limit in the category of spectra and homo-
topy maps of spectra) we obtain the desired spectrum. 

It is imediate that 

H*(S; Z2) = A/A{Sq\ Sq^) ^m(bu;Z2) 
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by the previous two paragraphs. Also from the homotopy exact sequence of 
each fibration one obtains 

Í
Z if / is even, / < 2n 

0 otherwise 

In the limit, one obtains 

Í
Z if / is even 

0 otherwise 

In order to check that the tower constructed realizes the chain complex 
iTi in the sense of section II, consider the portion of diagram E 

I 
KZ(2n+2) > X„+ 1 > KZ{2n+5) 

/ n + 1 ' 1̂ 2 n+ S 

KZiln) ^ X„. > KZi2n+3) 
in 1 V2n+ 3 

KZi2n-2) > X„.i — ^ KZ{2n+\) 

We observe that 

and 

0= Sq^Sq\i^^) = Sq^mvxn* 3 ) =/•n*(V''2n.3)• 

This completes the proof of Theorem 3.1. 

IV Example 2 

Let Co = AlA{Sq\ Sq^). For/ ^ 0 define 

Í
A/ASq^ i f / = 0,1 (mod 4) 

A if/ = 2,3 (mod 4) 

Also, define the following homomorphisms: 
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Í
Sq^ i f /= 0,1 (mod 4) 

Sq^Sq'^ i f / = 2 (mod 4) 

Sq^Sq^Sq^ i f /= 3 (mod 4) 

We have the next 

Proposition 4.1: Let ^ be the sequence of groups and homomo-
phisms 

Then ^2 is a chain complex. 

Proof. It is easy to check that for every nonnegative integer k we obtain 
djcdjç^ 1 = 0 (modulo Q ) . 

Now, consider the fibration induced over the path fibration 

KZ{0) >PKZ{Q) >KZ{Q) 

by the map VoG[6o, KZ{Q)] ^ H^{bo; Z) which corresponds to the genera­
tor 1. We obtain the following diagram: 

KZ{-\) ^ aKZ{Q) yX^ >PKZ(0) 
/i I 

Pi 

bo >KZ(0) 

with Xi = induced total space. 
In the Zj —cohomology exact sequence of the induced fibration we 

have: 
T (Í.I) = VQ 

r (Sq^i.i) = Sq^Tii_j) = SqHvo) 

r (Sq'Sq^i_j) = Sq^Sq^ivol 

But the last two equations are equal to zero en H*{bo; Z^), Thus, by exac-
ness, a class Vi in dimension one exists in H*{Xi •• Z^) such that /*(vi ) = 
= V 0 ' - ; ) . Similarly, 

/1(%'vO = W O ' - i ) . 

Analizing the long exact sequence in Zj —cohomology 
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...—^H*{KZ{-l))-^H*'^ibo)-^H*'\Xi)^H'^HKZ(-\))-^... 

we observe that 

H*"'(X,) - Ker (r) = (A/A(Sq', Sq^)) ^^{A,¡A,Sq^)(vi) 

and the latter is isomorphic to A/ASq'^(vj ). Thus, Xi « bo[l]. 
For the second /:—invariant of the tower of spectra we wish to cons­

truct we take Vj G [6o[l], KZ2ÍI)] = H^{bo[\],Z2). Consider now the indu­
ced fibration with total space X2 over the path fibration of i^Zzil) induced 
by Vi: 

KZ2 (a)^nKX2(i) •PKZ2(\) 
72 

P2 

We conclude that: 

bo[l]- rKZ2Íl) 

•'-Oo) = vi 

T(Sq'(,io))^SqHvi) 

T(Sq^Sq'iio)) = Sq^SqHvi) 

TiSq^iio))=SqHvi) = OmH*ibo[l];Z2) 

TiSq^Sq"-Oo)) = Sq''Sq^{v,) = Q inH*{bo[\]) 

for any admissible sequence /. 
By exactness, Ker(T) = / m / ^ and so, X2 '^ bo[2]. Notice that 

H*(X2;Z2) = (A/ASq^)(v2), where V2 is the nonzero class in ^^(Zj .Za) 
that arises by exactness so that/*(v2) = Sq^iio). 

Thus far, we have obtained a two—story tower of fibrations of spectra 

KZ2Í0) 
72 

bo[2] 

P2 

KZi-l) 
7i 

bo[l] •KZ2ÍI) 

Pi 

bo >KZ(0) 
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Now, taking Vi G [bo[2], KZ2 (2)] ^ íP (bo[2]; Z^ ) as our next A:-inva-
riant, consider the induced fibration over the path fibration and V2, with to­
tal space X3 : 

KZ^iD^aK-^iT)- ^X 
h 

3 

P3 

PKZ^il) 

bo[2] = X2 •KX2Í2) 
V2 

and let us look again at the long exact Z2 —cohomology sequence of the in­
duced fibration: 

/* T P* 

Then 

r O'l ) = V2 

r {SqHH)) = Sq'v2 

T (SqHh))=Sq^V2 

T iSq^SqHh)) = Sq^Sq'v2 

All of the above are nonzero caisses in H*(_bo[2];Z2 ). But 

r ( 5 í ¡ r ' V 0 i ) ) = V v 2 = 0 mH*ibo[2]-;¿2). 

By exactness of the long cohomology sequence there exists a class V4 G 
H*(X3; Z2) such that j%iv¿i) = Sq^iii). Furthermore, V4 is the reduction 
mod 2 of an integer class V4. We take this integer class V4 as our next k— 
invariant. 

One can easily see that ^*(JSr3 ; Zj ) ^ iA/AiSq\ 5'Í75))(V4). Thus, we 
conclude thatX3 « bo[3] = X^bsp. 

Consider now the induced fibration over the path fibration and V4 : 

KZ(3) • ^ ^ 4 PKZÍ4) 

P4 

bo[3]=X3 •KZiA) 

From the Z2 —cohomology exact sequence 

it ^ Pt 
...-^H*{X^)-^H*{KZ{2))-^H*^\bo[3])^H**\X^) 



542 PEDRO A. SUAREZ, S. J. 

we verify that 

r {Sq'SqHh)) = Sq'SqHv,) 

r iSq^Sq'SqHi3)) = Sq^Sq'Sq^v^ =0mH%bo[3]) 

Thus, by exactness, there exists a class v^ E H^{X^; Z^) such that/^ivg) — 
= ^ 0 * 3 ) . 

It can be verified that i^'^(Z4,Z2) = UM(5'(?^ 5^2 ))(V8). Hence, X^ 
^ Yé^ho. Thus, the construction process starts all over again, but eight di­
mensions higher. 

We have seen that an infinite4ower can be constructed. It remains to 
prove that it realizes the infinite chain complex ^ 2 of proposition 4.1. We 
summarize what we are set out to prove in: 

Theorem '^.2.~The following is an infinite tower of spectra that reali­
zes <^2. 

KZ2 (8) •^X^ =28¿)o[2] KZ{\0) 
h '10 

KZ{1) -^Zs = 2 « ô o [ l ] KZ2Í9) 
is V9 

KZ(3) >X^ =^^bo 
/4 

KZ{S) 
v& 

KZ^iX) ^èo[3] -2 '*èsp >KZ{A) 
73 I V4 

72 I Vj 

KZ{^\) Zi =bo[\] KZ^il) 
il 

Xo^bo KZiO) 

Diagram F 
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Proof: The construction of the first four stages has been indicated abo­
ve. In general, one can check that for A: = 0, 1, 2, 4 and for any nonnegative 
^y^%n^k — ^^^^k^ with V/t as before. 

It remains to show that this tower realizes the chain complex ^2 of 
Proposition 4.1. With diagram F in mind, we see that the following diagram 
illustrates the form in which Z2 —cohomology classes are mapped: 

v% 

} 4 

Sq^Sq'SqHh) 

h 1̂ 4 

n 
Sq'SqHii) 

V2 

SqHio) 

Vi 

Therefore, 

ñ 

Vo 

Sq^Sq^(i i) = Sq^(/'I^CH )) = /* iSq^vi) - 0, since Sq^Vi =0 in 
H* ibo[l];Z2^A/ASq^ivi). 

S ç i V V 0 ' o ) = Sq»V(/ '*2(v2))=/1(V(v2)) = 0, since SqHvi) = 
= 0 in H*ibo[2];Z.2)^A/ASq^(v2). Notice that also Sq^Sq^Sq^ = 0 by the 
Adem relations. 

Sq^Sq'SqHSq'SqHii))=Sq^Sq'Sq^Q•%(^ )) = i%{Sq^Sq'Sq^v^) = 
= 0, since Sq^Sq^Sq^V4=iSq^ +Sq'^Sq^)iv4) = 0mH*ibo[3];:^2) 
=iA/AiSq\Sq'mv^). 

SqHSq^Sq'SqHh)) = Sq^QMik )) = nSqH^ ) - 0, since SqHv^) = 
= 0 in//*(S8 ôo/Zj) . 
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The proof of this relation relies on computations due to D. Davis and 
others (Cfr. [1], [11]). We list here some relevant formulas involving the 
Thorn antiautomorphism X used in the proof. Part c) is just Proposition 5.1. 

Lemma 5.2. -The foUow îng relations hold in A/ASq^. 

a) Sq' {XSq^^ ) = Sq^^ ~ 'Sq' {XSq^^ ~ ') 

b) {XSq^^ )Sq ̂  {XSq^^ * ' ) = 0 

c) Sq» {XSq^^*')Sq^ {XSq'^) = 0 

Now, we come to the main theorem of this example: 

Theorem 5.5.—There is a finite tower of fibrations of spectra, with bot­
tom spectrum KZ{Q), that realizes the chain complex ^ . Furthermore, this 
is an "induced tower" over another tower of fibrations. of spectra with bot­
tom spectrum "L^bu, and the two towers can be represented by the following 
picture: 

KZ{62) 

KZ{3Q) 

KZ{\A) 

KZ{6) 

KZ{2) 

KZ{0) 

Js 

/ 4 

h 

-^ Y, 

-^ Y, 

-> F , 

i 
^ Y^ 

^ Y, 

'•• 1 
Y^ 

h = Id 

« 4 

« 2 

-̂  T, 

-^ n 

^ r. 

-̂  T, 

UQ 

. T, 

U 

h 

h 

h 

To 
/o 

KZÍ63) 

KZ(3l) 

KZ(15) 

KZ(J) 

KZ(3) 

Hows: 
Corollary 5.^.—The homotopy groups of the spectrum Y s are as fo-

^i(Ys) 
Zifi = 2^-2, l<k< 6 

0 otherwise 

The proofs appear in [11] (see also [15]). Let it suffice to say that the 
T—tower looks as follows: 
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By the periodicity of both the tower and the chain complex one sees 
that these are all the possible cases to be considered. The proof of Theorem 
4.2 is complete. 

Finally, one sees the following immediately: 

Corollary 4.3. The tower of Theorem 4.2 is periodic and each piece 
looks as follows: 

^Z(8n+3) ZZ(8(w+l)) 
^8(n+ 1) 

KZ2(Sn-\-\) > 2:«"6o[3] >KZ{%n+A) 
^8n+ 4 

KZ^i^n) > 2^''6o[2] JS:Z2 (8^4-2) 
^8n+ 2 

KZ{M~\) ^2«"6o[l] >KZ2{^n+\) 
^ 8 n + l 

KZ{%{n l ) + 3 ) > J^'^'^bo •KZiSn) 

'Sn 

V. Example 3 

Let A =A/ASq\ as in example 1. Let i \ = ^ 'and c/k = Sq^XSq^^) for 
l < ^ < 6 . T h e n : 

Proposition 5.7.-Let ^3 be the finite chain of groups and homomor-
phisms 

di G?2 ^ 3 < 4̂ ^ 5 
<^3:D, < D2 < Ds < D^ < Ds < De 

Then ^3 is a chain complex. 
Proof: It suffices to show that rfkrfk+ 1 ~ O(mod Sq^) for all nonnega-

tive integers. This is equivalent to showing that 
k + l 

SqHXSq"" )SqHXSq^'') = 0 (mod Sq') 
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KZ(62) 

KZ(30) 

KZ(14) 

KZ{6) 

KZ{2) 

-^ r. 
h 

-* Ta 

h 
-^ r. 

-* KZÍ63) 

KZ(3\) 

/ 2 
-* KZ{15) 

^ Ti ='E^bu 

To ='Enu 

Furthermore, each/^- satisties the following. 

/ i 
•^KZ{1) 

/o 
-^ KZ{3) 

/o = nonzero generator oîH^(L'^bu; Z) 

/ i = 5<7̂  (Vs ) G i / ' (S^ et/; Z), where Vj = nonzero 
generator of ^ * (2^ bu; Z). 

h =Sq'Sq'SqHvrs)^H'HTs--Z) 

f =Sq'^Sq'SqHv3s)^H^Hn;Z) 

where each v^ appears by exactness of the long exact sequence in cohomo-
logy of each fibration (m = l""* ^ + 2"'^ —2, k = 2, 3, 4) and each/^ is an in­
teger class (0<k<4). 

The F—tower ia induced over the T-tower in the following way. At 
the first stage we have 

KZ{0) 

KZ{2) 

* 25 bu 

-* £3 ¿j^ 
« 0 /o 

PKZ{3) 

KZ{3) 
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where ÛQ G [KZiO), XHu] such that/o^o = bSq^Oo) ^ [KZiO), KZ{3)] 
^H^(KZ(0); Z). Then Y^ is the total spectrum over the path fibration 
Kl. {2) > PKZO) > KZ{3) induced by Ua^. By the functorialpro­
perties of induced fibrations Yi is equivalent to the total spectrum induced 
by Uo over the fibration KZ{2) ^ l^^bu > 2^ bu, so there exists a 
map Ui : Yi > 2^ bu. 

Taking the composition of ai with/ j E [Tj, KZ{1)] we obtain a map 
f^ai E [Yi,K1.{l)] which induces the spectrum Y2 over the path fibration 
KZ{6) > PKZÇ1) ^ KZ(7), and the process can be repeated again. 

Using this constructive method, the process can only go as far as the 
picture of the complete tower indicates. It is not clear that v^ ^H\Y^;Z2) 

exists {s = 2^"^+ 2^-^-2; r = 2 ^ " ^ - l ) such that V^^?"^^ "'^^^Hv,) is an 
integer class for A: > 5. 

Acknowledgements 

I wish to thank Professors M. Mahowald, J. Stasheff, W. Singer, H. Mi­
ller and D. Davis for sharing their knowledge and insights during the prepa­
ration of this paper. 

REFERENCES 

[I] D A V I S , D . M . . "The antiautomorphism of the Steenrod algebra", Proc. Amer. Math. Soc. 

44(1974), 235-236. 

[2] , "On the cohomology of Mo (8)" Contemporary Mathematics, vol 12(1982)91-104. 

[31 M A C L A N E , S . S. : Homology, New York: Springer-Verlag. 1967. 

14] M A H O W A L D , M . : "bo-resolutions",P¿rcz/zc/. of Math 92(1981), 365-383. 

[51 and MiLGRAM, R. J.,;"Operations which detect Sq"̂  in connective K-theory and their 

applications", Quart. J. Math. Oxford (2). 27(1976), 415-432. 

[6] MiLGRAM, R. J . (éd.), "Problems presented to the 1970 AMS Summer Colloquium in Alge­

braic Topology". Algebraic Topology, Proceedings of Symposia in Pure Mathematics, vol. XXII, 

AMS, Providence, Rhode Island, 1971 (Problem 43), p. 194. 

[7] , "The Steenrod algebra and its dual for connective K-theory", Notas de Matemáticas y 

Simposia No. l. Sociedad Matemática Mexicana, Mexico, D. F. (1975), 127-158. 

[81 MOSHER, R. E. AND T A N G O R A M. C : Cohomology Operations and Applications in Homo-

topy Theory, New York: Harper and Row, 1968. 

[9] P E T E R S O N . F . P., Lectures in Cobordism Thery, Tokyo: Kinokuniya, (1968. 

[101 S T O N G , R . E . , "Determination of H * ( B 0 ( , . . . , ° * = ) ; Z2) and H*(BU(k,..., OO); Z2)" Trans. Amer 

Math. Soc. 107(1963), 526-544. 

[ I I ] SUAREZ, P. A.: A spectrum realization of a finite chain complex over the cohomology ring of 

the stable integral Eilenberg-MacLaine space at the prime two", thesis. Northwestern Univer­

sity, Evanston, Illinois, 1977. 

[121 D A V I S , D . M . A N D M A H O W A L D , M . : " v i - and V2- periodicity in stable homotopy theo­

ry",^Ime/-. / . of Math. 103(1981), 615-659. 



548 PEDRO A. SUAREZ, S. J. 

[13] S E G A L , G.: The multiplicative group of classical cohomology". Quart J. Math. Oxford (2), 

26 (1975), 289-293. 

[14] S T E I N E R , R . , : "Decompositions of groups of units in ordinary cohomology", Quart J. Math. 

Oxford (2), 30 (1979), 483-494. 

[15] SUAREZ, P A., "A tower of spectra that realizes a chain complex" Proc. Amer. Math. Soc. 

91(1984, 133-138. 

Universidad Autónoma de Santo Domingo 

Fordham University, New York, N. Y., U.S.A. 

Dirección presente: Barry University 
11300 N.E. Second Ave 
Miami Shores, Florida 33161 
U.S.A. 


