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Resumen 

Se investigan las propiedades y caracterizaciones equivalentes de los conjuntos abiertos pseudo-

convexos en espacios normados complejos de infinitas dimensiones, apoyándose en teoremas previos 

de Ph. Novcrraz. 

Se obtiene entre otros resultados el siguiente: si / e s una función holomorfa definida en un do

minio de Hartog, que corta a su plano de simetría, entonces /puede ser desarrollada uniformemente, 

sobre subconjuntos compactos, en una serie uniforme de Hartog. 

1. INTRODUCTION 

In finite dimension one can study certain special domains which have 
interesting applications in quantum field theory. They also have connections 
with the theory of partial differential equations with constant coefficients. 
(see Vladimirov [7, ch. V]0. So it seems natural to study those domains in 
spaces of infinite dimension. For this purpose we try to characterize those 
concepts in infinite dimension; then we analyse the pseudoconvexity proper
ty of such domains looking for necessary and sufficient conditions. The cho
sen space could be a seminormed space, for by a theorem of Noverraz [6, 
th. 2.1.1] we have several equivalents characterization of pseudoconvex open 
sets, which would be sufficient to prove the results in this paper. But another 
theorem by Noverraz ([6 th. 2.1.7]) shows that in order to study pseudocon
vexity one just have to look at normed spaces. Thence the space E conside
red in this paper will be a complex normed space, (dim E>2) 

Another result obtained in this paper is the following: i f / i s a holomor-
phic function, defined on a Hartog's domain which meets its symmetry pla
ne, then / c a n be uniformly expanded on compacts subsets in a series of Har-
togs. 

2. PLURISUBHARMONIC FUNCTIONS AND 
PSEUDOCONVEX OPEN SETS 

2.1 Definitions; Let U be an open set in E. The map 

u ^ —oo is said to be p.s.h. (plurisubharmonic) if: 
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/) u is u.s.c. (upper semi—continuous), that is, the set [x ^ U; u{x) < a, 
OL^R }is open. 

ii) For every a^U and b ^E -- {0} the map X ^ t/(a+X6) is subhar-
mfnic or -«^ in K = {X E C;a+Xb ^U}. 

2.2.—Definition: If U is an open in E we put 

6: Ux(E-{0}) > ( 0 , + 0 0 ] 

given by 8(x,y) = sup r if {x + Xy; |X| < /* } G i7. Note that for each fixed y 
in E - {0}, 8(x,y) is the distance of x to the boundary of U in the direction 
of y. 

2.3.-Definition: An open set ¿7 in £ is said to be pseudoconvex if —In 6 
is p.s.h. in (7 X (£ ' -{0}) . 

3. POLYCIRCULAR DOMAINS 

The following remark can be easily proved: 

3.1.-Remark: Let ^ C ^ " be a hyperplane and y EE - H, then every 
z ^E can be writen in a unique way as z = z + Z i j where I ^H and Zi E C. 
Furthermore, the function 

^H:E- >CXH 

given by ^H{Z) = (zi ,z) is an isomorphism. 
Using the notation introduced above we now consider y ^E - H fixed 

such that \\y II = 1. Then we have the following: 

3.2.—Definition: A complete poly circular domain G y with plane of 
symmetry / / is a domain G y with the property: 

if (zi ,z) GGy CE =^ (Xzi ,z) e Gy with |X| < 1. 

3.3.—Lemma: A complete polycircular domain Gy with plane of sym
metry H can be characterized as: 

Gy ={(z iz ) ; zCB=Gy H/f and |zi | < 5 l ( z ) } 

where 51:5" ^ (0, +oo ] is given by Jl(z) = sup r if {(zi,z); \zi\<r)CGy 
is l.s.c. (lower semi—continuous). 

Proof: By the definition of Jl(z) and the fact that Gy is polycircular 
domain we have that Gy = {(zi X) such that z ^ 5 and jzi | < ^ ( ? ) } . 
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To show that J l is a l.s.c. in J?, we have to verfy that for alljS Gi? the 
subset {z EB; Jl(f) > i3 } is open inB. Let w G 5 be such that J l (z) > jS and 
13 < a < 5l(iv). Consider the set K = { w = (zj ,w); |zi | < a } then K C Gy 
and K is compact in Gy, hence there exists a neighborhood of the origen W 
such^ that K+WCGy. Thus if T^w + W, then (zi ,z)= (0,z ^ w) + 
izi,w)E G y if |zi I < a , for what we have is the sum of an element of IV with 
an element ofK, therefore J l ( z ) > a > 0 . 

3.4.--Theorem: A complete poly circular domain Gy is pseudoconvex 
if and only if 5 is pseudoconvex i n ^ and the function —lnJl(z) is p.s.h. inB. 

Proof: The function p:E ^H given hyp(zi,z) = z is open linear con
tinuous and onto. Besides p(G-^) = 5 , then by Noverraz ([7], th. 2.1.7), we 
have that B is pseudoconvex in H. Since Gy is pseudoconvex —In 8 is p.s.h. 
in Gy X (E -{O}). In particular —In (z,y) is p.s.h., where z G5 . But note 
that ô(?,y) = 5l(z), then —In ô(I,y) = —In Jl(z) is p.s.h. inB. 

Conversely, if B = Gy r\ H is pseudoconvex and —In Jl(z) is p.s.h. then 
C X 5 is pseudoconvex and the function In |zi | — lnJl(z) is p.s.h. in C X ji?. 
Recall now that Gy ={z = (zi,z); |zi | < Jl(z)} , that is, Gy = {z; In |zi | — 
—In5l(z)<0} and by the result of Noverraz ([6] th. 2.2.1), Gy is pseudo-
convex. 

3.5.—Definition: A poly circular domain Gy that contains no points of 
its plane of symmetry H, is a domain of the type: 

Gy = {z = ( z i , z ) , K z ) < | z i l < J l ( z ) , z E 5 } 

where 5 is a domain contained in J ,̂ r(z) is u.s.c. function and Íl(z) is a l.s.c. 
function. 

3.6.-Theorem: If B CH is a pseudoconvex domain and the functions 
rif) and —In Jl(z) are p.s.h. in J5, then the polycircular domain Gy is pseudo-
convex. 

Proof: If B is pseudoconvex the (C —{0})X5 is pseudoconvex. Let 
w(z) = sup {In \zi I — ln5l(z), In 1/zi + In r(z) } , u is p.s.h. since it is the su
premo of p.s.h. functions and it is also u.s.c. (see Noverraz [6]). Thus Gy = 
= { z ; w ( z ) < 0 } is pseudoconvex. 

4. SEMI-TUBULAR DOMAINS 

We shall be using the same notation previously introduced, that is, let 
£• be a normed space, H CE 2i hyperplane, y GE - H and \\y || = 1. 

4.1.—Definition: A semi-tubular domain is a domain of the type: 

Gy = {z = (xi + z>i,z); (xi,z) ED, y^ arbitrary} 

where D is a domain contained in i? X //. 
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We now consider semi-tubular domain of the type: 

Gy = {z = (xi +Z7iz); v(f)<xi <V{z),zEB má | ; ^ |<^} 

where B CH isa. domain and the functions viz) and V{z) are upper semi— 
continuos and lower semicontinuous, respectively. 

We the have the following result: 

4.2.--Theorem: A semi—tubular domain Gy is pseudoconvex if B is 
pseudoconvex and v(z) and ~v(f ) are p.s.h. in B. 

Proof: We just consider the p.s.h. function v*(z^) = suî){xi ~ V{z'),viz)-
-Xi} and recaU that, Gy={z such that v*{z) <0,zECXB} . 

5. HARTOG'S DOMAIN AND SERIES 

We will consider non complete poly circular domains given by the defi
nition: 

5.1.—Definition: A non complete poly circular domains with plane of 
symmetry H isa domain G y satisfyng: 

ifz(Zi,z)EG^ C^" => (Kzi,z)EGy with |X| = 1 

where z = (z i ,z ) and such that z = Z i 3 ^ + z , Zi EC and ̂ EH. Such domains 
will be called Hartog's domains. 

If E and F are normed spaces and UG E is a non-empty open subset 
oí E, we have (see [4]) the following results. 

5.2.-Proposition: (Cauchy integral). Suppose/EJC(Í7,F) (space of all 
holomorphic functions). Let ^EU, x EU and p > 1 be such that (1—X)̂  + 
+ Xx G Í/ for every X EC, |X| < p- Then 

^ r /[(1-X)? + Xx] 
f(?c) = 27rf J\\\= p X - 1 

5.3.-Proposition: Let fE K{U,F), ^E U, y EE and p> Ohe such that 
^ + XyE Ufor every X G C, |X| < p Then 

1 . 1 f/Cg + Xĵ ) 
In i I m! J^ ^ -^ 27r il \m + i 

form = 0,1, ... 
Let Gy be a Hartog's domain containing points of its plane of symme

try. Suppose that a function /(z) is holomorphic in Gy. Let KCGy be a 
compact such that K r\H=^ (¡>. Let z = (zj,z), z EK and 1 EK HH. We put: 
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i? = sup|ziL diK,fGy) = v, ' ' = 1 + W -
ZeK ^ 

Let us construct the function 

, , 1 \ fÇKiZuz) ^^ 

When z ^K, the points XiZi 4- z E G^ if IX̂  | = r. Indeed 

\\{\,z,^z)^{é'''^^z,m<ixizi -é-^^izj = 
= | z i l | X i - ~ / - ^ ^ i | < R ( | X J - l ) = ^ . 

Note that 

(1 ^ Xi )(0,z) + Xi (zi,z) = (K^z^:z) e Gy if |Xi I = r, 

therefore by proposition 5.2, ^ (̂z) =f(z) since/ [(1 — Xj )(0,z) + Xi(Zi,z )] = 
= /(XjZi ,z) when IXj | = r, that is, for all z ^K. Let us show, now, that 

A ^ 

fiz) = 2 
m = 

uniformly for zEX. We have that 

uniformly for |X| = 

1 
X- r 

= r, hence 

/(Xzi,2)_ 
X-1 

^1 • 
0 

= 2 
m=0 

- S 
m = 

m! 

1 

fi^z, 
0 X-1 

,?) 

uniformly for z G ̂  and |X| = r. Therefore we have 

Then by 5.3 we have |zi ¡ = r\zi | 

/(z) = l z f ^ 3 ; 

uniformly for z ^ K, where z =Zi:v +zGiir. 
We have just proved the following. 

5.4.-Theorem: If Gy is a Hartog s domain containing points of its pla
ne of symmetry and K CGy is a compact such that K r)H=^ (f), then 

f(z) = Xz-l -^^y 
m =0 m! 

uniformly for every z=Zi7 +zEK,z^K(^H. 
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