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Methods of approximation, which interpolate to given values on the boundary
of a triangle, are presented. These methods have linear weights and are
characterized on the basis of minimizing pseudonorm. Some forth coming research
projets are finally indicated. They will be related in part with some recent Ubiratan
D’Ambrosio and Dicesar Lass Fernindez research works.

Se exponen métodos de interpolacién basados en la minimizacién de pseudo-
normas.
1. Introduction

The fundamental bilinear interpolant of Mangeron [2],
which interpolates to f on the boundary of

M[fl@ ) =010—97(x00+3f(x1)+1—=x) 70,9y +xf(1,y—
—1=2)1=9f0,00—x(1—971,00—y1—2)7/0,1) — xy/(1,1) 1.1y

has had wide spread influence in the area of approximation of
R=)(x:0<x<1 0<y<1,

(*) The author wishes to express his warmest thanks to the State University
of Campinas Mathematics, Statistics and Computer Science Institute for the
invaluable conditions offered to him to develop his work there.
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bivariate functions. While M [f] and its generalization to include
interpolation to normal derivatives serves well for a rectangular
domain, many applications require approximations which are not
inherently rectangular and consequently there is interest in develop-
ing analogous methods for other domains. Of particular interest,
due to the application in finite element analysis and scattered data
interpolation, is a triangular domain. In this report, we present
methods for a triangular domain which are patterned after the
following two equivalent properties that characterize M [f].

CuARACTERIZATION 1.—M [f] is the unique function in C*2 (R)
which lies in the kernel of the operator 9*/d #? O y* and interpolates
to f on the boundary of R.

CHARACTERIZATION 2.——Among all functions in C*2 (R) which
interpolate to f on the boundary of R, M [f] uniquely minimizes the

pseudonorm
fo[/z,,(s,t)]!dxdt.
R

2. Linear Interpolation for Triangles

For notational convenience, we will use the standard triangular
domain T with vertices (0, 0), (0, 1), and (1, 0). Any other trian-
gular domain can be mapped linearly to T by the use of an affine
transformation. By C®™ (T), we mean those functions which
possess continuous partial derivatives

I floxidys i<mjij<monT.

In the development of techniques of interpolation for triangular
domains, there is a tendency towards the use of rational weight
functions. This is due, in part, to the fact that M can be viewed
as the boolean sum of two essentially univariate operators which
are based upon linear interpolation along lines parallel to the sides
of R. That is

M=M,DM,=M+M,—MM,
where

M)/ (@) =01 —x) f(0,9) %/,
M, [l ) =0 —19)f(x0)+y/(x1).
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The corresponding linear interpolation operators for the domain T
have rational weight function. For example,

T2 [ /100, 9) =[1 — x — /1 —»)] £ 0,5 4+ [x/1 — N FA — 3.9)

is based upon linear interpolation along lines parallel to the #-axis
and so it is clear that any scheme based upon the Boolean sum of
these operators will have rational weight functions. We now proceed
to develop a method which is void of rational weight functions.

Concerning the first type of characterization of M [f], the general
form of a function k& (#, y) which has the property that

04 &[0x294t=0
is
k(x,y) =g (%) +£2(9) + 583 () + xg(%)
for arbitrary, twice differentiable functions
gini=1,2,3 4.
If we now select,

8,7=1,2,3,4

by forcing k to interpolate to f on the boundary of T, we obtain the
-equations

&1 (%) 4 22 (0) 4 x g, (0) = f(x, 0)
£10)+g2(9) +55:0) = /1(0,9)
g1@)+g(l—2) 41 —x)gs(x) +xg,(1—2x)=f(x1—x).

‘Solving these equations, leads to

2—y—2x 2—-2y—x
R[f](x9) = 2(1 — %) S (%004 2(1—9) 70,5 4
(ctNB—x—9 2 x
20 —x) (1 —y) 7(0,0) + 2(1—3) [fl—99—r1—y0]+

+ 2(1y——x) [Fle,1 =2 =70, 1—x)]+xy[e) —g1—y)]

which interpolates to f on the boundary of T for arbitrary g. In

order to eliminate the rational weight functions, we choose

—2
g(x)=~2—517(—i—_f—3;)—[f(x,l- x)— f(0,1 —x)—f(x,O)—I—f(0,0)]
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which leads to the interpolation formula

B[flx.9)=(1 — %) Flx,0) + (1— x) 7(0,9) (1 —2x—»s(0,0)+
T tx[fA- 3y —F0 =0 0] Fy[F(x,1 - x) - 0,1 —x)]. (2.2p

It is interesting that this choice of g not only yields an interpolant
with linear weights, but it also leads to an approximation which has
a property analogous to the second characterization of M [f].

THEOREM 2.1.—Among all functions in C* 2 (T) which interpolate
to f on the boundary of T, B [f] uniquely minimizes (-, -) where

{hg) =fflz,_,,(x,t)g,}, (s,2)dsdt.
T

Proor.—First let 2 be any function in C*2 (T) which is zero om
the boundary of T ; then by using integration by parts we have

<hB[f]>‘—f [ xy("? [j] (s,2)dsdt =

osot
_f (1 -t (=11 f——f (0, 7) ©0,Hd¢—
0
ff 63B
—_ ky($yt)———— YY) (s tydsdtr 2.8
where
*B(/]
3507 &=zl —9)=fr(51 =9 —f:(50) 4/ (0.1 —5) +
+A =80 —fx1 =88 —f(0,6)F f- (1 —1¢,0). 2.4y

Since 4 (0, t) = 0 we have that Ay (0, ) = 0 and from (2.4), we can
see that

O*BIfT

“osor (1—HHN=0

and so the first two terms of the right side of (2.3) vanish. Using

integration by parts again, we have

*B[f]
<h, B[f])f [ h),(.r t)—a-;—a—-t—(s, Hdtds= —
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#Bl/] : i

|
=—f/t(s, —5) VY (s,l—s)ds—{—f/z(&,O)-m;—(s,O)d:—{-

o*B[f]
+ff/z(s,t; Sson —— (s t)d¢ds.

The first two terms are zero because # = 0 on the boundary of T.
“The last term is zero because

o‘B[f)os*o

is zero on T.
Let g€ C>2(T) have the property that it interpolates to f on
the boundary of T. Then,

<8, 8 —<(BI[fI,B[fl) =<{g—BI[fl,§—BIfI) +2<{g—BI[f,B[fD) =
=(&—B[fl,g—BID >0

and so we have established the minimum property of B [f]. In order
to show uniqueness, we assume the existence of another minimizing
interpolant, say g, and consider the error ¢ = g — B [f]. Since both
‘minimize the pseudonorm, we have that

{e,e) =<&§—BI[fl, §—BI =0,

“which implies that e,y = 0 on T. This, along with the fact ¢ =0
-on T which concludes the argument.

CoroLLARY 2.2.—The operator B is exact for any function of the
form

gEN=g O+ g (N +xg30+58(1 —x)
for arbitrary functions g,,¢ =1, 2, 3.
Proor.—Applying B directly and using
& (x,0) =g, (¥) }g4(0) 4+ xg4(0)
g0 N=gMN+2g, 0+ ygs (1) |
£(0,0) =g, (0) +£,(0)
gl—99)—g(1—20 =g, (v +g3(y) —£2(0) — (1 —)g5{0)
gyl —x)—g (0,1 —2x)=gy (x)+g3(1 — 2) — £, (0) — (1 — x) g5 (1)

will yield this result.



94 G. M. NIELSON AND D. J. MANGERON

In order to analyze the error and rate of convergence of this
approximation, we introduce the triangular domain T, with ver-
tices (0, 0), (0, &) and (h, 0) and the corresponding operator

x

1
Balf](x,9) = B[/ (xh yh) (7 , Tt) =5 [t =57 (x 0+

Fh—2)f0,9)— (h—x—3)70,0)Fx[F(&—239 —Ft—50]+
+ylf e b —x)—f(0, 5 — x)]].

TrEOREM 2.3.—For f€ C4* (T,)
52
IBalfl(xs) —f (e 1 =5 Nyl a (%,9) € Ta.

where the norm is the uniform norm on T,.

Proor.—Since it is true in general for f € C**? (T,) that
z
FeE)—f @0 =700 +70.0= [ [ ry@nasas
0 0

it follows that.

x

h—zx
By [f](x,y)=—§—of of Sy (s, 8)dsdt 4

—y

+%of Ofyf,},(:,i)d.rdf——JZJyf,j(s.t)dxdt.

Therefore

h— (A —
Bl ) — ) | < 220 e T e 4
h— e —
toylfilln =—2EEZEZD ey,

This bound is maximized for (#, y) € T, when v =y = %to yield

the desired result.

Our forthcoming research papers will deal with application of the
triangular Mangeron interpolant to scattered data interpolation and
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subsequently with trilinear interpolation in tetrahedrons based upon a
Mangeron extended theorem and their applications. These papers
will be related also in part with some actual Ubiratan D’Ambrosio and
Dicesar Lass Fernandez research work.
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