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ABSTRACT

Let A be a linear bounded operator from a couple X = (X0, X1) to a couple
Y = (Yo, Y1) such that the restrictions of A on the spaces Xo and X; have
bounded inverses. This condition does not imply that the restriction of A on
the real interpolation space (Xo, X1)s,q has a bounded inverse for all values of the
parameters 6 and q. In this paper under some conditions on the kernel of A we
describe all spaces (Xo, X1)g,q such that the operator A : (zo, X1)o,q — (Yo, Y1)
has a bounded inverse.

Key words: real interpolation, invertible operators.
2000 Mathematics Subject Classification: Primary 46B70, Secondary 46M35.

Introduction

In the area of partial differential equations, the importance of invertibility of oper-
ators in scales of spaces was first observed by Alberto Calderén in 1985 [5], who
considered the case of LP scale and an operator bounded in L2. New applications of
invertibility of operators to PDE were recently obtained by Kalton and Mitrea [10].
These applications are closely connected to interpolation theory and, in particular, to
the remarkable theorem proved by I. Ya. Shneiberg (see [16,17]). This theorem in its
simplest form claims that if a linear bounded operator A from a couple X = (Xo, X1)
to itself is invertible on a complex interpolation space [Xo, X1]g,, then it is also in-
vertible on the spaces [Xo, X1]p when 6 is close to 6y: |0 —0y| < e. Later on different
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generalizations and applications of Shneiberg’s results were obtained by various au-
thors (see, for example, [2,6,7,11,19,20]). In particular, in the work [11] a general
theory of Shneiberg-type theorems was proposed.

The above mentioned applications are closely connected to the following problem.
Let A be a linear bounded operator from a Banach couple X = (X0, X1) to a Banach
couple ¥ = (Yp,V1). Let also Q, be the set of all 6§ for which the restriction of
the operator A on the space (Xo, X1)s,q has a bounded inverse defined on the space
(Yo,Y1)s,q. Then it follows from an analog of Shneiberg theorem (proved for the case
¢ < oo in [20] and proved for the general case, including ¢ = oo, in [11]) that the
set €2, is open. To describe the set (2, the following problem has to be solved:

Problem. Suppose that the restrictions of the operator A on the spaces Xo and X,
have bounded inverses defined on the spaces Yy and Y7, respectively. How can we
describe all real interpolation spaces (Xo, X1)g,q such that the restriction of the oper-
ator A on a space (Xo, X1)g,q has a bounded inverse on the space (Yo,Y1)g,q?

Two different but complimentary approaches to this problem are possible. The
first approach consists of a complete and, if possible, explicit description of the set €2,.
In the general case, this task is rather complicated, even in the case when the kernel
of the operator A is of dimension one. Let us also note that the proofs known for this
case are based on Hahn-Banach theorem and are not constructive (see [1,9]).

The second approach consists of finding sufficiently simple and easily tested condi-
tions that would allow for a complete solution of the problem. A constructive solution
is preferable since the problem can, in fact, be reduced to the problem of solving the
equation

Az =y,

where y € (Yo,Y1)s,4 and 0 does not belong to the set €2,,.
The present work takes the first step in developing the second approach. Our
main result is the following

Theorem A. Let A be a bounded linear operator from a Banach couple X = (Xo0,X1)
to a Banach couple Y = (Yo, Y1) such that A is invertible on the spaces Xy and X;.
Suppose also that its kernel Ker A C Xg + X7 is finite-dimensional and has a basis
€1,...,en such that

K(t,ei; Xo, X1) ~t% (0, € (0,1),0; #0; fori#j).

Then the operator A is invertible on the space (Xo,X1)o,q if and only if 8 # 0;
(i=1,...,n).

A direct constructive proof of this result will be presented below. It is easy to
see, especially in the case when the kernel is one-dimensional, how the algorithm for
constructing the solution to the equation Az = y, y € (Yo,Y1)s,4, changes as the
parameter # passes a critical value 6;.
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The following example, taken from [12], illustrates this theorem. Let Ly (t=*, 4t)
be a space of functions on (0, c0) defined by the norm

o0 Lt
ety = [ 1FOH G < o0

and let us consider an operator A = I — H (Identity minus Hardy) which is defined by
t

the formula (Af)(t) = f(t)—§ [y f(s)ds. Let also (Xo, X1) = (Li(VE, ), L1 (7. F))-

It is easy to verify that the operator A = I— H has a one-dimensional kernel in Xy+ X,

which consists of constant functions f(z) = C. Note that for f(z) = C holds

e ) t \ds

K(t, f; Xo,X1) = / Cm1n<\/§7 —)— ~ CVt.

0 Vs/ s

As the operator A is bounded and invertible on the spaces Xy and X7 (see [12]),

therefore the conditions of Theorem A are fulfilled. Hence Theorem A describes all

spaces (Xo, X1)g,q on which A =1 — H is invertible.

We will prove the theorem in two steps. In the first step we reduce the theorem

to the case when the kernel of the operator A is one-dimensional and in the second
step we consider the case of a one-dimensional kernel.

1. Reduction to the case of a one-dimensional kernel

First of all let us note that it is sufficient to consider the case when A is a quotient
operator. Indeed, if we denote by A : XX / Ker A the quotient operator then we
have A = BA, where B : X/ Ker A — Y is invertible on the end spaces and has no
kernel. Therefore, B is an invertible operator for all interpolation spaces (Xo, X1)g,q,
and it is sufficient to prove the theorem for the operator A. Note that A can be
represented as a product A = A, A,_1 - -- A;, where A; is an operator with the kernel
Ker Ay = Span{e; } and A; (i = 2,...,n) is an operator with a one-dimensional kernel
generated by the element A;_1--- Aje;. Therefore, Theorem A can be easily proved
by induction using the following result.

Theorem 1.1. If an operator A from a couple X toa couple Y is invertible on
the spaces Xo and X and has a one-dimensional kernel Ker A = {\e} such that
K(t,e; X) =~ t%, then from K(t,z; X) =~ t? with 0 # 0y it follows that
K(t,Az;Y) ~ 1.
The proof of the theorem is based on the following lemma.

Lemma 1.2. Suppose that the operator A : X — Y is such that AX;) =Y
(i=0,1). Then for any = € Xy + X1 holds

K(t,Az;Y) ~ ianK(Lx—u;X')

ueKer

with the constant of equivalence independent of x and t.
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Proof. Let u € Ker A and let g € Xy and x; € X; be some decomposition of x — u,
ie., x —u=x9+ x1. Then
Ax = Axg + Axq

and
K(t, Az;Y') < [[Azolly, + tl[Az1lly; < [|All(Ilzollxo + tlzallx,)-

Hence

K(t, Az;Y) < ||A| inf K (o —u; X).
ueker

To prove the opposite inequality let us consider a decomposition Ax = yg + y1
with yo € Yy and y; € Y7. Since A(X;) =Y; (i = 0,1) we can find such elements
9 € Xo and z1 € X; that Az; = y; (¢ = 0,1) and ||z;]|x, < cllyilly; (@ = 0,1) with
the constant ¢ > 0 independent of yg, y1, and z. Then from the equality

Ar =yo +y1 = Azo + Azy

it follows that © — xg — 1 = u € Ker A and

K(t,x —u; X) < [lzol|x, +tllz1lx, < elllvollye + tlyallvy)-
Hence

inf  K(t,x —u; X) < cK(t, Az; Y). O
u€Ker A

Let us now return to the proof of Theorem 1.1.
Proof. From Lemma 1.2 it follows that it is sufficient to prove that the conditions
cot? < K(t,e; X) < e1t?,

dot’ < K(t,2;X) < dqt?

imply .
iI)\lfK(t,l‘ —de; X) =t

Here c¢g, ¢1, dp, and d; are some positive constants.
As
K(t,Ax,l_/)) = iI;fK(t,JJ —Xe; X) < K(t,m;)?) < dt?

it is sufficient to prove the estimate from below
ir){fK(t,x —Xe; X) > 6t?.
Let us fix a number ¢ > 0. From the inequality

K(t,x — X e; X) > K(t, Ae; X) — K(t,2; X) > | Mcot? — dyt?
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it follows that if
2dq

|)‘|ZW

then K(t,z — Ae; X) > d;t? and it is sufficient to consider the case when

2d,
Now we will consider the two cases 6 > 6y and 6 < 6, separately. In the case of 8 > 6,
from the concavity of the K-functional it follows that for any 7" > ¢ we have

t Lot - .
Ko —re;X) 2 mK(T w0 = Ae; X) 2 o (K(T, 3 X) — MK(T, ;. X))
t 0 2d1 0,
> _ o).
- T(dOT cotfo—0 al )

If T =~t (v > 1) then

‘)Ut‘)f’).

. 1 L
(o =Ae X) > - (d0r”t" — pw e 120

Let now ~ be such that
3d
doy? = e
Co

Since 0 > 0y, d1 > dy, and ¢; > ¢, therefore v > 1 and we have
S 1d
K(t,x —le; X) > (7—10179‘))759 =6t%,
Y €o

with the constant § > 0 dependent only on the constants 6, 6y, d1, dg, c¢1, and ¢g. In
the case of 8 < 6y we take T' = vt with v < 1. From the properties of the K-functional
we obtain the inequalities

K(t,x — X e; X) > K(T,z — \e; X) > K(T, ;. X) — |\ K(T, e; X)

2d 2d
> doT? — ﬁclTe" =t (dwe - 7101700)-
cot? &

0
Since 6 < 6y we can choose such v < 1 that

3dq
doy? = —c1y™.
co

For such ~ we have

> d
K(t,z—le; X) > —101790159 = 6t?,
co

with the constant § > 0 dependent only on the constants 6, 6y, dy, dg, ¢1, and ¢g. O
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2. The case of a one-dimensional kernel

Let A : X — Y be a bounded linear operator which is invertible on spaces X,
and X;. Suppose also that A has in X+ X; a one-dimensional kernel Ker A = {\e}
with K (¢, e; )_(') ~ t%. We need to prove that A is invertible on the space (Xo, X1)s
if and only if 6 # 0.

We start with the case when 6 # 6. Since K(t,e;)_(') ~ t% therefore Ker A N
(Xo,X1)o,q = {0} and it is sufficient to show that for a given y € (Yp,Y1)gq it is
possible to construct an element x € (Xo, X1)g 4 such that Az =y and [|z[|(x,,x,),, <
Yyl (vo,v1)e.,, With v independent of y. From the equivalence theorem of the K- and
J-methods (see [4]) it follows that there exists a sequence of elements y,, € Yy N Y7,
n € Z, such that

Q=

(Z(Z“’"J(2”,yn;37))q) <Yl vo.v1)6.4 (1)

neE”Z

—

where J(2",yn;Y) = max{||yn vy, 2"||ynlly, }- As the operator A has inverses on the
spaces Xo and X7 defined on the spaces Yy and Y7, respectively, therefore we can find
two sequences xj € Xo, 2T € Xi, n € Z, such that

Azg = Axt = yp and |25l x, < Allynllve, 27 x < Allynllva- (2)

Now we can define the required element x € (Xo, X1)g,4 as

xzz:lc? for 6 > 6,
and

szxS for 0 < 6.

Let us first consider the case of # > 6. We note that if the series x = > 7
converges in Xy + X; then we have Az = ) Az} = > vy, = y. To prove the
convergence we need the inequality

As Axf = Azl = yp, then zff — 27 € Ker A and hence zf — 27 = A,e. Moreover,
from K (2%, Ape; X) ~ | A\p|2F% and (2) it follows that

<Yl (vo,v1)6., 3)
(X0,X1)6,q

il < y27H K28, Are; X) <727 ([lallx, + 2% [[af]] ) < v27F0T (28, yi; V).
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(By v and 7y, we will denote different positive constants in different contexts.) Hence

(2" le, )<K<2” Zwo—f—z:):l, )+K<2"Z )\keX)

k<n k>n k<n

leg Zx’f +Z|)\k|K(2",e;X)

k<n k>n X1 k<n

<D Nl +27 Y ll2f g +92%" Y

k<n k>n k<n

on . ,
< 7(2 min (1, 21«) J (2, yi; Y)) +y2%m "2k g2k g V).
k

k<n

< + 2"

Xo

Therefore, the proof of the inequality (3) (and also the convergence of > x7 in
Xo + X1) follows from (1) and the boundedness of the operators S and Sy, in the
space [,({27"%},,cz). Here S and S, are defined by the formulas

(S{ar})n me( ) (Soplax})e =2 32700, (1)

k<n

The boundedness of the first operator in the space l,({27},cz) follows from the
fact that this operator is a discrete analog of the Calderén operator

- [0S [t

which is bounded in L,(t~%, ) for all 6 € (0, 1).

The second operator Sy, is a discrete analog of the operator

(S0,5)0) =t [ 577

0

which is bounded in Lq(t’e, %) for # > 6y. Indeed, from the Minkovskii inequality
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we have

c\
3
7
I
s
N
|
>
kﬁ
—
)
S~—
| &
~
i)
s
~
=]

<[ o))

This concludes the proof for the case of 8 > 6.
The case of 8 < 6y can be considered in a similar way, we only need to define
x =Y, xy and to prove that

>

n

n
Lo

<Yl (vo.v1)6.,
(X0,X1)6,q

This inequality is proved similarly to (3). We have

K(Z",zk:x’g;)?) < K(?”,;xlg + Zm’f,f) +K<2”,ZAke;X)

k>n k>n
> ag Soakll D IlK (@ e X)
k<n

k>n X1 k>n

< D llabllxe +2" Y lleflx, +92%" Yl

k<n k>n k>n
2" ~
< V(Z min (1, 2k> J<2k7yk;Y)>
k

+y20om N "2k g2k 1Y),
k>n

+2"
Xo

<
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Therefore, the inequality (3) follows from (1) and the boundedness of the operators S
(see (4)) and S% in 1,({27"%},,cz). Here S% is defined by the formula

(8% {ar})n = 2"y 27 ay.

k>n

We already know that the operator S is bounded in 1,({27"%},cz) for all 6 € (0,1).
The operator S% is a discrete analog of the operator

ds

S

(8% F)(t) = 19 / T f(s)

Its boundedness in L,(t~%, %) for < 6 follows from the Minkovskii inequality:

([ wrsmnoy Cff) ([ (e [ s%f(s)‘f)q‘ff);
(L L))

(0 [y s)

[ (s

/01 o/ w<<su>0{<s>)qdj> o

<([ ) | / e

<o [Tetsors)

This completes the case of § < 6y, and it only remains to consider the case of 8 = 6.

We need to show that the operator A does not have an inverse on the space
(Xo,X1)ay,q- As the element e € Ker A belongs to (Xo, X1)a,,00, therefore A does not
have an inverse on (Xo, X1)g,,00-

Let us consider the case of (Xg, X1)g,,q With ¢ < co. In this case the kernel
of A does not intersect with (Xo, X1)a,,q, but we will show that it is possible to con-
struct a family of elements x. € (Xo, X1)g,,q such that sup, [[Az:||(v;,v1),, , < 00 and
1im5_,0\|x5||(X0,X1)907q = o0o. Hence the restriction of the operator A on (Xo, X1)g,.q
does not have an inverse.

To construct the family of elements z. € (Xo, X1)g,,q We fix an arbitrary € € (0,1)
and consider the K-functional of the element e on the three intervals (0,¢], (g,e71),

IN

IN
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[e71,00). Let us denote by ¢5, 5, and ¢§ the concave majorants of K(-,e; X)X(o,e],
K(~,6;X:)X(57571), and K(-,e;)z)x[sflvm) on (0,00), i.e.,

05 = K(e; X)X(0.0) + K (&, € X)X[e.005

—

t > = _
oS = gK(s,e;X)X((m] + K(e; X)X+ K(e Le: )X[e~1,00)5 (5)
t B S S
903 = FK(E 1763X>X(0,E*1] +K<'7€;X)X(a*1,oo)-
Then K (-, e; X) < 5+ ¢S +¢5 and from the K-divisibility theorem (see [3]) it follows

that there exists a decomposition e = z§ + x§ + 2§ such that

K(,25X) <v¢f, i=0,1,2,

79

with the constant v > 0 independent of €. Let us take z. = zj. Then we only need
to prove that

L [[25 ] (x0,x,)6.4 = v
and

Slip HAxin(Yo,Yl)go,q < 00. (7)

To prove (6) we note that from K(t,e; X) ~ t% and from the formulas (5) for
t € [e,e71] it follows that

S S S S t
K(t,27; X) > K(t,¢; X) - K(t,25, X) - K(t,25; X) > 71" — 7% —n_e %.

Let us now fix a number § € (0,1). Then from the above inequality we have

o dt\ @ 1y}
. e —80.,46 L a
oSy, = ([ @215 ) " = (2m)"

Since § € (0,1) is arbitrary, we have lim._.o||2{||(xy,x,)y, , = 00 To prove (7) it is
sufficient to prove the following estimate

K(t, Az5;Y) < ~ef min(l, é) + (e min(l, —) (8)
The proof of (8) outside of the interval [e, 1] follows from K (¢, e; X) ~ t% and
K(t, A25;Y) < 9K (125 X) < ¢ < ’YEK(& & X)X, +7E (7,6 X)X 1 o0
and its proof inside the interval [e,e71] follows from Lemma 1.2:
K(t, Az Y) ~ inf K (t, 25 — Ae; X) < K(t,a5 —e; X) < K(t,25; X) + K (t,25; X)
<yK(e,e; X) + fyg%lK(a_l,e;)Z').

Thus the case of 8§ = 6y and the proof of Theorem A are complete.
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