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ABSTRACT

We study compact embeddings for weighted spaces of Besov and Triebel-Lizorkin
type where the weight belongs to some Muckenhoupt A, class. For weights of
purely polynomial growth, both near some singular point and at infinity, we
obtain sharp asymptotic estimates for the entropy numbers and approximation
numbers of this embedding. The main tool is a discretization in terms of wavelet
bases.
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Introduction

In recent years, some attention has been paid to compactness of embeddings of func-
tion spaces of Sobolev type as well as to analytic and geometric quantities describing
this compactness, in particular, corresponding approximation and entropy numbers.
As an application D. E. Edmunds and H. Triebel [12] proposed a program to inves-
tigate the spectral properties of certain pseudo-differential operators based on the
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asymptotic behavior of entropy and approximation numbers, together with Carl’s
inequality and the Birman-Schwinger principle. Similar questions in the context of
weighted function spaces of this type were studied by the first named author and
H. Triebel, see [19], and were continued and extended by Th. Kiihn, H.-G. Leopold,
W. Sickel and the second author in the series of papers [23-25]. In all the above
papers the authors considered the class of so-called “admissible” weights. These are
smooth weights with no singular points. One can take w(z) = (1 + |z[?)*/?, a € R,
z € R", as a prominent example.

In this paper we follow a different approach and consider weights from the Mucken-
houpt class As. In contrast to “admissible” weights the A,, weights may have local
singularities, which can influence properties of the embeddings of function spaces.
Now the weight w(z) = |z|*, o > —n, may serve as a classical example. Weighted
Besov and Triebel-Lizorkin spaces with Muckenhoupt weights are well known con-
cepts, see [3-6, 15,31, 32] and, more recently, [1,2,18]. But (the compactness of)
Sobolev embeddings of such spaces were not yet studied in detail. The present paper
fills in this gap. First we give a necessary and sufficient condition on the parameters
and weights of the Besov spaces which guarantees compactness of the corresponding
embeddings. Then we determine the exact asymptotic behavior of entropy and ap-
proximation numbers of the embeddings of the spaces with weights that have purely
polynomial growth, both near some singular point and at infinity. In both cases we
use the technique of discretization, i.e., we reduce the problem to the corresponding
problem for some suitable sequence spaces. This can be done in terms of wavelet
bases. Then one obtains estimates of the following type: if the weight is of type

lx|* i |z <1, .
w(x) ~ with o > —n, >0,
(@) {|xﬁ it |z| > 1, b

and Aj . stands for either Besov spaces B, , or Triebel-Lizorkin spaces F; & with

52 S S1, 0< P1,p2 < 00, 0< qi1, 42 S 00, then
id: A%t (R™,w) — A2 (R™)

P1,91 P2,92

is compact if, and only if,

ﬁ>£* and 5>maux<a7 n))

%

b1 p p1 p
where § = 51 — s — 2 + It and 1% = max (.- — p%,O), as usual. For the entropy
numbers of this embedding we can prove that for k € N,
B
eolid: AT (R™w) —— A2 (RY) ~ k-G i Do
' ' p1
and
ep(id: A3 (R w) — A% (R™)) ~ k™7 it 755
' ' P
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There are parallel results for the limiting case ﬁl = ¢ and for approximation numbers.
It is remarkable that — apart from the criterion for compactness of the embedding —
the parameter «, connected with the “local” singularity has no further influence on the
“degree” of compactness (measured in terms of entropy or approximation numbers,
respectively).

The study of entropy and approximation numbers of embeddings in the context
of more general weights is postponed; likewise applications are out of the scope of the
present paper.

The paper is organized as follows. In section 1 we recall basic facts about Muck-
enhoupt weights and weighted spaces needed later on. We also prove the wavelet
characterization of Besov spaces via compactly supported wavelets. Section 2 is de-
voted to the continuity and compactness of the embeddings. For weights of purely
polynomial growth we find simpler conditions. In the last two sections we determine
exact asymptotic behavior of the entropy and approximation numbers for purely poly-
nomial weights.

1. Weighted function spaces

First of all we need to fix some notation. By N we denote the set of natural numbers,
by Ny the set NU {0}, by C the complex plane, by R™ euclidean n-space, n € N, and
by Z™ the set of all lattice points in R™ having integer components.

The positive part of a real function f is given by fi(z) = max(f(x),0). For two
positive real sequences {ay}reny and {bx}ren we mean by ap ~ by that there exist
constants c1,co > 0 such that ¢; ar < by < ¢ ay, for all k € N; similarly for positive
functions.

Given two (quasi-)Banach spaces X and Y, we write X — Y if X C Y and the
natural embedding of X in Y is continuous.

All unimportant positive constants will be denoted by ¢, occasionally with sub-
scripts. For convenience, let both da and || stand for the (n-dimensional) Lebesgue
measure in the sequel. If not otherwise indicated, log is always taken with respect to
base 2.

1.1. Muckenhoupt weights

We briefly recall some fundamentals on Muckenhoupt classes A,,.

Definition 1.1. Let w be a positive, locally integrable function on R™, and
1 < p < co. Then w belongs to the Muckenhoupt class A,, if there exists a con-
stant 0 < A < oo such that for all balls B the following inequality holds:

()" G frr ) <
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where p’ is the dual exponent to p given by 1/p’ +1/p = 1 and |B] stands for the
Lebesgue measure of the ball B.

The limiting cases p = 1 and p = oo can be incorporated as follows. By a weight w
we shall always mean a locally integrable function w € L°¢(R™), positive a.e. in the
sequel. Let M stand for the Hardy-Littlewood maximal operator given by

1
Mf(z) = sup = [f(y)l dy, = €eR",
B(z,r)eB ‘B(i& T)| B(z,r)
where B is the collection of all open balls

Bz,r)={yeR": ly—z|<r}, r>0.

Definition 1.2. A weight w belongs to the Muckenhoupt class A; if there exists a
constant 0 < A < oo such that the inequality

Muw(z) < Aw(z)

holds for almost all x € R™. The Muckenhoupt class A, is given by

As = 4.

p>1

Since the pioneering work of Muckenhoupt [27-29], these classes of weight func-
tions have been studied in great detail, we refer, in particular, to the monographs [16;
36, chap. 5; 37; 38, chap. 9], for a complete account on the theory of Muckenhoupt
weights. We use the abbreviation

w@) = [ w(e) da. 1)

where €2 C R” is some bounded, measurable set. For convenience, we recall a few
basic properties only; in particular, the class A, is stable with respect to translation,
dilation and multiplication by a positive scalar. Moreover, it is known:

Lemma 1.3. Let 1 <p < oc.
(i) If we A,, then we have wP /P e Ay, where 1/p+1/p’ = 1.

(ii) w € A, possesses the doubling property, i.e., there exists a constant ¢ > 0 such
that
w(Bg) < cw(By)

holds for arbitrary balls By = B(x,r) and By = B(x,2r) with x € R"™, r > 0.

(iii) Let 1 < py < p2 < o00. Then we have A, C Ap,.

Revista Matemdtica Complutense
2008: vol. 21, num. 1, pags. 135-177 138



D. D. Haroske/L. Skrzypczak Entropy and approximation numbers of weighted embeddings

(iv) If w € A,, then there exists some number r < p such that w € A,.

Note that the somehow surprising property (iv) is closely connected with the
so-called “reverse Hélder inequality,” a fundamental feature of A, weights, see [36,
chap. 5, Prop. 3, Cor.]. In our case this fact will re-emerge in the number

ry =inf{r>1:weuA}, weAldx, (2)

that plays an essential role later on. Obviously, 1 < r,, < oo, and w € A, if, and
only if, 7, = 1 in view of (iv).

In the sequel we shall use decompositions of A, weights into .A; weights several
times, for that reason we collect a few related facts, see [13, Lemma 2.3; 36, chap. 5,
§81.4, 1.9, 5.3, 6.1], and also [38, chap. 9, Thm. 2.1, secs. 4, 5].

Lemma 1.4.

(i) Let 1<pi,ps <oo, ws € Ay, wa € Ap,, and 6 €[0,1]. Let

=6 o 1 1-6 6
1 ,
wr = w;" wy?, - = + —.

p p1 D2

Then w € A,.

(ii) The minimum, mazimum, and the sum of finitely many Ay weights yields again
an Ay weight.

(iii) Let wy and wy be A; weights, and 1 < p < co. Then w = wywy * € A,.

Conversely, suppose that w € A,, then there exist vi,v2 € Ay such that

1_
w=uviv, L.

(iv) A positive, locally integrable function w on R™ belongs to A,, 1 < p < oo, if,
and only if,

ﬁ /B fly) dy < (U}(CB) /B P (x)w(x) dx)l/p (3)

holds for all nonnegative f and all balls B.

Of course, Lemma 1.3 (i) can be understood as a special case of Lemma 1.4 (i).
Moreover, let E C B and f = xg, then (3) implies that

Il (B
Ek (w<B>> . EcB @

whenever w € Ay, 1 < p < oo.
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Ezamples 1.5.
(i) One of the most prominent examples of a Muckenhoupt weight w € A,,
1 <p<oo,is given by w(x) = |x|?, with

—n<o<n(p-1), ifl<p<oo,

= |x|® if, and only if
w(x) = |z|® € A, if, and only if, {—n<g§0, 1.

Thus r, = 14 2 and w € A, if ¢ <0, whereas w ¢ A, for ¢ > 0.

(ii) Let
v(@) = [z[*log™ (2 + |z]) or wv(x) = [e]*log” (2 + |a] ).

Then, also in view of Lemma 1.4 one verifies that

R, if — 0
vea o [IER H-m<a<o
6>0, ifa=0,
whereas the counterpart for 1 < p < oo reads as
veA, if —n<a<n(p—-1), PER,

see also [13, Lemma 2.3]. Similarly as above, r, = 1+ <.

(iii) Finally,
w(z) =|z,|* € A, if, and only if, —1<a<p-—1,
where © = (21,...,2,) € R" and 1 < p < oo. This is a special case of
[13, Lemma 2.3], see also [18, Prop. 2.8]. We return to these examples (and
combinations of them) in the sequel.
1.2. Function spaces of type Bg,q(R", w) and Fps’q(]R", w) with w € A

Let w € Ay, be a Muckenhoupt weight, and 0 < p < co. Then the weighted Lebesgue
space L,(R™, w) contains all measurable functions such that

1l = ([ reree w)

is finite. Note that for p = co one obtains the classical (unweighted) Lebesgue space,
Loo(R",w) = Lo (R™), w € Ax. (5)

We thus restrict ourselves to p < co in what follows.
The Schwartz space S(R™) and its dual S'(R™) of all complex-valued tempered
distributions have their usual meaning here. Let pg = ¢ € S(R™) be such that

suppp C{y € R": |y <2} and ¢(z)=1 if |z] <1,
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and for each j € Nlet ¢;(z) = ¢(2772) — p(277* x). Then {p;}52, forms a smooth
dyadic resolution of unity. Given any f € S'(R™), we denote by Ff or f, and
F~1for fV, its Fourier transform and its inverse Fourier transform, respectively. Let
f € §’(R™), then the compact support of ¢, f implies by the Paley-Wiener-Schwartz
theorem that (p;f)Y is an entire analytic function on R™.

Definition 1.6. Let 0 < ¢ < 00, 0 <p < oo, s € R, and {g;}; a smooth dyadic
resolution of unity. Assume w € A.

(i) The weighted Besov space B, ,(R™,w) is the set of all distributions f € S'(R")
such that

o0 ] l/q
1| BEy (R, w)] = (Z 25| £ (o, Ff) | LpaR",w)nq) (6)
j=0

is finite. In the limiting case ¢ = oo the usual modification is required.

(ii) The weighted Triebel-Lizorkin space Fj (R™, w) is the set of all distributions
f € 8'(R™) such that

I1f | ES (R w)| = H (i 2j8q|}.1(%ff)(')q)1/q

Ly (R u)|

is finite. In the limiting case ¢ = oo the usual modification is required.

Remark 1.7. The spaces B, ,(R",w) and F}; (R", w) are independent of the partic-
ular choice of the smooth dyadic resolution of unity {¢;}; appearing in their defi-
nitions. They are quasi-Banach spaces (Banach spaces for p,q > 1), and S(R") —
B, (R, w) — S'(R"), similarly for the F-case, where the first embedding is dense
if ¢ < o0; see [3]. Moreover, for wg = 1 € Ay we re-obtain the usual (unweighted)
Besov and Triebel-Lizorkin spaces; we refer, in particular, to the series of monographs
by Triebel [39-42], for a comprehensive treatment of the unweighted spaces.

The above spaces with weights of type w € Ay have been studied systemati-
cally by Bui et al. in [3-6]. It turned out that many of the results from the un-
weighted situation have weighted counterparts: e.g., we have Fy) 5 (R", w) = hy,(R", w),
0 < p < oo, where the latter are Hardy spaces, see [3, Thm. 1.4], and, in particu-
lar, hy(R™, w) = Ly(R™",w) = F5(R",w), 1 < p < oo, w € A, see [37, chap. VI,
Thm. 1]. Concerning (classical) Sobolev spaces W}(R™,w) (built upon Ly (R",w) in
the usual way) it holds

Wj(R",w) = F;;Q(R",w), keNy, l<p<oo, wedA,
see [3, Thm. 2.8]. Further results, concerning, for instance, embeddings, (real) inter-
polation, extrapolation, lift operators, duality assertions can be found in [3,4,16, 32].
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Rychkov extended in [33] the above class of weights in order to incorporate locally reg-
ular weights, creating in that way the class A%,OC. Recent works are due to Roudenko
[15,31,32] and Bownik [1,2]. We partly rely on our approach [18].

We collect some more or less immediate embedding results for weighted spaces of
the above type that will be used later. For that purpose we adopt the nowadays usual

custom to write A7  instead of B, , or F, , respectively, when both scales of spaces

are meant simultaneously in some context.
Proposition 1.8. Let 0 < g¢<o00,0<p<o0, sER, and w € A.

(i) Let —oco <81 <sp< o0 and 0< gy <q1 <oo. Then

A, (R w) — A5, (R w) and A3 (R™w) — A3, (R”,w).

Dsq0
(ii) We have

pomin(p.q) (R w) — FJ (R™ w) < B} ov.0)

(R™, w).

(iii) Assume that there are numbers ¢ >0, d > 0, such that, for all balls,
w(B(z,7))> er?, 0<r<1, zeR" (7)

Let 0 < pg < p1 <00, —00 < 81 < 59 < 00, with

d d
Sop—— =81 — —. (8)
Po P1
Then
B;gaq(Rn7 w) - B;i,q(Rna w)a (9)
and
F;Q,OO(R”,w) — F;ll,q(R”,w). (10)

(iv) Let w satisfy (7) and let 0 <pg <p < p1 <00, —00 < 81 < § < 59 < 00 satisfy

d d d
Sop ——=8§—— =81 — —.
Po p P1
Then
B (R",w) — F5 (R",w) — B3 (R",w). (11)

Proof. Parts (i)—(iii) coincide with [3, Thm. 2.6] where, in particular, assumption (7)
is denoted by w € My. As for (iv) we use the partial result

Fo (R, w) — B3 (R, w) (12)

Po,00 P1,Po
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from [3, Thm. 2.6] together with (10) and interpolation results for weighted F-spaces
in [3, Thm. 3.5]. Obviously, the right-hand side of (11) is a consequence of (12)
together with (i) (for A = F'). As for the left-hand side, choose, for given sg, po,
and s, suitable numbers o1, 02, and 0 < 6 < 1 such that for appropriate r1, o,

d d
01> 8)>09>8, 89=(1—0)o1+ 00 and op——=8——, 1=1,2.
Po T

According to (10),
F2 (R" w) — }7}‘91_7(1(11%",10)7 i=1,2.

P00

On the other hand, the interpolation results [3, Thm. 3.5] read in our case as

(F5 o (R w), F32 (R™ w)), = B33 (R",w)
and
(Ffl 7‘1(Rn’ w)’ Ffzaq(an U/)) 0,p = Fliq (an ’lU),
which concludes the proof of (11). O

Remark 1.9. The above embeddings (i) and (ii) are natural extensions from the un-
weighted case w = 1, see [39, Prop. 2.3.2/2], whereas (iii) and (iv) with d = n have
their unweighted counterparts in [35, Thm. 3.2.1; 39, Thm. 2.7.1].

Remark 1.10. We shall need an extension of the (unweighted) Besov spaces B, ,(R")
to so-called weak-B; , spaces. By this we mean the modification of (6) (with w = 1)
when L,(R"™) is replaced by the Lorentz space L, - (R™),

[e'e) 1/q
17 weak B3, B = (L2015 70) | Lo @) (13)

§j=0

Note that )

1] | Lp,oo(R")|| ~ supt> f*(t),
>0
where f* is the non-increasing rearrangement of f, as usual,
fft)=inf{s>0: {z eR":|f(x)|>s} <t}, t=>0.

We recall the definition of atoms. Let for m € Z™ and v € Ny, Q,,,, denote the
n-dimensional cube with sides parallel to the axes of coordinates, centered at 27 "m
and with side length 27%. For 0 < p < oo, ¥ € Ny, and m € Z" we denote by x,(f,)n

the p-normalized characteristic function of the cube Q, ,,,

o 2% for z€Q
®) (2) =2% v, (1) = o
Xu,m( ) Xv, (z) 0 for =z §é Qu,m»

hence ||Xl(/p1)n | Lp(R™)[| = 1.
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Definition 1.11. Let K € Ny and b > 1.

(i) The complex-valued function a € CK(R") is said to be an 1x-atom if
supp a C bQo,m for some m € Z", and |D%(x)| < 1 for |a| < K, z € R™.

(ii) Let s € R, 0 < p < oo, and L +1 € Ny. The complex-valued function
a € CK(R") is said to be an (s, p) k. -atom if for some v € Ny,

suppa C bQ,,m for some m € Z",
ID%(z)] < 277Gl for |o| < K, zeR",

/ Pa(z) dz =0 for |8| < L.

We shall denote an atom a(x) supported in some @, ,, by @, in the sequel. For
0<p<o0,0<g<o0,wée A, we introduce suitable sequence spaces b,q(w) by

bp,q(w) = { A= {/\Vﬂn}mm  Am €C,

%) q 1/‘1
||A|bp,q<w>||=<2 S A XTI (R, ) ) <oo}. (14)
v=0"megz"

Then the atomic decomposition result used below reads as follows.
Proposition 1.12. Let 0 < p < 00,0 < g <00, s € R, and w € Ay be a weight
with ry, given by (2). Let K, L+ 1 € Ny with

K>1+[s]); and L> max(—l, [n(; - 1)+ _SD.

Then f € S'(R™) belongs to B, (R"™,w) if, and only if, it can be written as a series

f= Z Z Avm@y,m(x),  converging in S’ (R™), (15)

v=0mezZ"

where a, ., (x) are 1x-atoms (v = 0) or (s,p)k,r-atoms (v € N) and A € bpy(w).
Furthermore

f[A [ bpq(w)]]

is an equivalent quasi-norm in By, (R™, w), where the infimum ranges over all admis-
sible representations (15).

The above result coincides with [18, Thm. 3.10], see also [1, Theorem 5.10].
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1.3. Wavelet characterizations of Besov spaces with A., weights

Nowadays there is a variety of excellent (text)books on wavelet theory and hence we
may assume that the reader is familiar with basic assertions. For general background
material on wavelets we refer, in particular, to [10,21,26,43].

Let 5 be an orthogonal scaling function on R with compact support and of suf-
ficiently high regularity. Let 1 be an associated wavelet. Then the tensor-product
approach yields a scaling function ¢ and associated wavelets ¥1, ..., ¥on_1, all defined
now on R™. We suppose

5 e CNM(R) and suppg C [N, No|
for certain natural numbers N7 and Ns. This implies
b, € CN1 (R™) and supp@,suppe; C [-Ns, N5, i=1,...,2" —1. (16)
We shall use the standard abbreviations
bum(x) =22p(2%x —m) and i, (z) = 2 2 (2Vx — m).

Apart from function spaces with weights we introduce sequence spaces with
weights. Let 0 € R. We extend (14) by

bg,q(w) = {)\ = {Al/,m}l/,m : Au,m, S (C,

AT b2, (Z 2V

a\ 1/q
) <=

Z )\I/mem’ (anw)

mez”

and

Ly(w ):{)\ {Am}tm : Am € C,

A [ £ (w

| 5 ] <}

mezn

If o = 0 we write b, ,(w) instead of bj  (w); moreover, if w = 1 we write b , instead
of b9 ,(w).

For smooth weights and compactly supported wavelets it makes sense to consider
the Fourier-wavelet coefficients of tempered distributions f € §'(R™) with respect to
such an orthonormal basis.

Theorem 1.13. Let 0 < p,q < oo and let s € R. Let ¢ be a scaling function and
let ;, i =1,...,2" — 1, be the corresponding wavelets satisfying (16). We assume
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that |s| < Ny. Then a distribution f € S'(R") belongs to B, ,(R",w), if, and only if,

£ 1By 4R, w)||" = [[{{f, Go.m) }mezr | Lo(w)]|
2" —1

+ Z H{<f7 wi,l/,m>}z/eN0,m€Zn
i=1

bg,q(w)H < oo, (17)

where o = s+ 5 — 3. Furthermore, ||f | By ((R", w)|[* may be used as an equivalent
(quasi-)norm in By (R™, w).

Proof. The idea of the proof is standard, see [31, Theorem 10.2].
First we assume that (17) holds. There exists a positive constant ¢ such that

functions a; ., (r) = ¢127 v(st3-3) Vi v.m are (s,p)-atoms and g, () = ¢ Loom
are l-atoms. The distribution f can be represented in the following way:

2" —1
f = Z <fa ¢0,m>¢0,m+ Z Z Z <f7 wi,u,m> ¢i,u,m
mezZmn 1=0 vENg mezZ"
2" —1
=Y clfsdomaom+ Y, Y. D 2 CTETNE G m)aism,  (18)
mezZn =1 veNgmezZ"

see also Remark 1.14 below. So Proposition 1.12 implies

171 B2y (R™, )]
< 0| X (tnmith Lp(Rn,mH

mez"
2"—1 , oo g\ 1/q
+Z<Z 3 2T 1 ) X | Lp (R ) )

=0 “w=0"'mezn

27 —1
< Cl{4F om) bz [ (@)l + D IR4F i) b iy mezn 95,0 (@]
i=0
Now let f € B, (R",w). We can define an equivalent (quasi-)norm in the

Besov spaces with .Aoo weights using the mhomogeneous - transform see [1, 14].
Let ® € S(R") and &y € S(R™) satisfy supp ® C [—m, 7] \ {0}, supp o C [—, 7],
and sup;en{ 1D(279€)|,|D0(€)|} > 0 for all & € R™. Given a pair &g, ® € S(R")
satisfying the above conditions one can find functions ¥y, ¥ € S(R") satisfying the
same conditions and such that

fj B2I)V(27E) = 1
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for all ¢ € R™, see [14]. Let ®;,,(v) = 2%/2®(22 —m), j € N, and m € Z".
Moreover, we put ®g ,,(z) = $o(x — m), m € Z". In a similar way we define ¥; ,.
The inhomogeneous ¢-transform Sg is a map taking each f € §'(R™) into the sequence
Sa(f) = (Saf)jm defined by

(Sef)im = (f®jm), JENo, and meZ".

The inhomogeneous inverse ¢-transform Ty is a map taking each sequence

A = {Njm}jeNg,mezn to
o0

TN => > XNm¥im,
j=0 mezn

with convergence in §’'(R™). We have the following representation formula,

f =Ty oSa(f) (19)

for any f € S’(R"). The operator Sy is a bounded operator from B  (R™, w)
into b (w) and Ty is a bounded operator from b7 (w) onto By  (R™ w). More-
over, Ty o Sg is the identity operator on B, ,(R",w). Thus

K @gim) i |0 g ()] < €[ £ | B (R”, w)]. (20)

Applying the formula (19) to the function v; .., we get

<fa wi,u,m> = Z Z <fa \I/j,k><wi,u,m7 ‘bj,k)-

=0 kezn

A similar formula holds for {f, o). The numbers A\, m) k) = (Yi,v,m, Pjx) form
the almost diagonal matrix in the sense of Frazier and Jawerth, see [14, Lemmas 3.6,
3.8 and Remarks in §12]. Thus the almost diagonal operator related to the matrix
is bounded in b7  (w), see [1, §5.4]. Since the coefficients (f, ¥, ) satisfy also the
inequality (20) we get

1£ 1 By g (R™ w)[[* < CI{(f, Wjm) bjom | b () || < C|[f | By 4(R",w)].
This finishes the proof. O

Remark 1.14. The representability (18) of f € S'(R™) may not be clear immedi-
ately. However, using Holder’s inequality and the already mentioned “reverse Holder
inequality” of A, weights ([36, chap. 5, Prop. 3, Cor.]) one can reduce the argu-
ment to the corresponding one for admissible weights, say, of type (z)%, o € R,
since B, ,(R™, w) can be squeezed in between spaces of type B, ,(R", (z)*), i = 1,2
(for suitably chosen «;, p;, ¢ = 1,2). But then [20] implies the representability (18)
(at the expense of some higher smoothness and cancellation needed for the atomic
decomposition argument according to Proposition 1.12), see also [42].
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2. Continuity and compactness of embeddings

We start with a general result on weighted embeddings and discuss its consequences
in different settings afterwards.

Proposition 2.1. Let wi and ws be two Ao weights and let —oo < s9 < 81 < 00,
0 <p1,p2 <00, 0<q1,q2 < 00. We put

1 (1 1> 1 (1 1>
— === and — === .
P P2 /) q @ @/,

(i) There is a continuous embedding Byt , (R",wy) — B2 (R™, wy) if, and only
if,

{27 =2 || { (w2 (Qun)) /72 (w1 (Quan)) P b [ ]|}, € g (21)

(ii) The embedding B! , (R",wi) — B2 (R™ wa) is compact if, and only if,

1,91 p2,q2

(21) holds and, in addition,
Tim 2700 (@) (01 Qo)) | ] =0 if " = o0,

and

lim (11)2(62,,,,”))_1/”2 (uq(Q,,)m))l/p1 =00 foralveNy ifp"=o00. (22)

|m|—oc0
Proof. Tt follows from the last theorem that the mapping
T: f — ({<f7 ¢O,m>}m62"a {<f7 wi,u,m>}veNo,meZ",izl,.“,Q"—l)

is an isomorphism of B, ,(R",w) onto £,(w) @ (@f:;l b (W), 0 =s+ % — o It
can be easily seen that the last sequence space is isomorphic to by q(w) Consequently
we have the following commutative diagrams,

T T
Byl (R™,w1) —— i (w1) bt (w1) —— By (R™, w1)
Idl iid and idi J{Id
) S g1 .
B;;tlz (Rn’ ’wg) bg;% (w2) bg22¢12 (w2) B;;llz (Rn’ wQ)’

where T" and S are the corresponding isomorphisms and o; = s; + 5§ — 1%, i =1,2.
On the other hand, one can easily verify that the expression

[e%} q/p\ 1/q
(Z 2 ( > |)‘U7m|p2V"w(Qu,m)> )

v=0 mezn
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is an equivalent norm in b (w). But w(Q,m) > 0 for any v and m. So we can
reduce the investigation of the embeddings of two weighted sequence spaces to the
study of embeddings of a weighted space into an unweighted one, using the following
commutative diagrams,

A~
bgll#h ( ) bgll q1 (wl /’LUQ) bgll#ll (wl/wQ) bgllyfh (wl)
Idl lid and idl lld
po2 ( ) AL o2 bo2 A po2 ( )
P2,q2 <~ "p2,q2 p2.g2 < Ups,q2\W2),

where 072 denotes an unweighted space, i.e., with weight w = 1. But the nec-
essary and sufficient conditions for the boundedness and compactness of the em-

beddings b7! q1 (wl/wg) — bo2 . are known, see [24, Theorem 1]. Taking w,,, =

(2””w(QV7m)) in the last mentioned theorem we get the result. O

Remark 2.2. In view of (5) it is clear that we obtain unweighted Besov spaces if
p1 = p2 = co. Then by (1 ) w1 (Qum) = w2 (Qum) = 277" for all v € Ng and m € Z™,
such that (21) leads to p* = oo, i.e., p1 < po2, and

6::31—2—32+£>0, (23)
4! b2
with the extension to § = 0if ¢1 < go, i.e., ¢* = co. Moreover, by (22), the embedding
is never compact (as is well-known in this case).

Furthermore, (i) generalizes Proposition 1.8 (iii), in particular (9), since taking
wy = we = w satisfying (7), we obtain that w(Qu m) > c277% for all m € Z" which
immediately leads to p* = oo in (21), i.e., p1 < po. Moreover, (8) then yields that
9~ (o1=52+d(5,-50)) — | for all v € No. Hence q* = oo, that is, g1 < ¢2. Thus
Proposition 2.1 ( ) implies (9).

Ezxamples 2.3. We collect some elementary examples and explicate the proposition in
their context.

(i) Let
we(z) =z|% 2eR", —-n<a<oc. (24)

It is well known that w, € A; if @ < 0 and w, € A, provided that o < n(r—1).
If @ > 0, then the embedding
(R",wy) — B2, (R™)

P17f11 P2,92

is continuous if, and only if, & o> p—and6> ; 1fq —ooor6> o if ¢* < co.
The embedding is compact if, and only 1f = > —* and § > o0 I -n < a <0,
then the embedding is not continuous.
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(ii) We consider (24) with —n < a < 0; here one can deal with embeddings

BS  (R") — B2, (R",wg).

P1,q1 P2,q2
The embedding is continuous if, and only if, & < —2 and § > —r if q" =00
ord > 71%2 if ¢* < oo. The embedding is compact if, and only if, 1:% < ,p% and
0> -2,

p2
(iii) If
Wa,n) (%) = |Tn]*, == (21,...,2,) €ER", a >0,

then the embedding
Byl g R™ wa,(n)) — B2 4, (R™)

p1,91 Pp2,92

is continuous if, and only if, p* = co and ¢ > 1%1 ifg" =ccord > p% if ¢* < o0.
The embedding is never compact.

Further examples are studied in detail in the next sections.

As already mentioned, we may restrict ourselves to the situation when only the
source space is weighted, and the target space unweighted. However, for compari-
son with the unweighted case we shall study two types of embeddings; firstly and
essentially we concentrate on

By g R™ w) — B2 o, (R™), (25)

P1,91 P2,92

where w € A,,. We shall assume in the sequel that p; < oo for convenience, since
otherwise we have Byl  (R",w) = B! | (R"), recall (5), and we arrive at the un-
weighted situation in (25) which is well-known already. Therefore we stick here to the

general assumptions
—0 <8 <s1<00, 0<pi<oo, 0<py<oo, 0<q,qg <oco. (26)

Secondly, we shall occasionally formulate some results in the “double-weighted” situ-
ation, in particular, corresponding to the setting

Bl (R w) — B2, (R, w) (27)
with
—00 < sy <51 <00, 0<pi,p2<oo, 0<gqrg<oo. (28)

Ezxample 2.4. Obviously all Examples 2.3 have their immediate counterparts for em-
beddings of type (27), e.g.,

B 0 (B, ) s B (R w0), - << oc, 20
is continuous if, and only if, p* = oo (that is, p1 < ps) and ¢ > a(pi1 - p%) >0 if

*

q* =00, 0rd > oz(p—l1 - p%) > 0 if ¢* < co. The embedding (29) is compact if, and

only if, 6 > oz(pi1 — p%) > 0. If —n < a < 0, then the embedding is never compact.
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Remark 2.5. The continuity assertion of the above example is well-known in the
unweighted case a« = 0. However, there is no compactness in unweighted situations
possible, unlike in (29).

2.1. Weights of purely polynomial growth

We consider weights of polynomial growth both near zero and infinity of the form

lz|> if |z <1, .
o = th > —n, > —n. 30
W, 3() {Z‘W il > 1, wi « n, f3 n (30)

Obviously this refines the approach (24), i.e., for « = § > —n we arrive at Exam-
ple 2.3 (i), Wa,o = wq. Note that ry, , =1+ %’ﬁ’o) in this case.

Proposition 2.6. Let w,, wg be given by (24), respectively, and wqa 5 by (30).
(i) Let wy € Ay and wg € Ay, 1 <r < oo. Then wag € A,.

(ii) Let the parameters be given by (26). The embedding Bs (R, wa 5) —
By . (R™) is continuous if, and only if,
either (>0 if p* = o0,
or g > ﬁ* if p* < oo,
p1 p

(31)

and one of the following conditions is satisfied:

62max(;,0> if ¢* =00, p*=o00,
62maX(pa1,;*> if ¢ =00, p*<oo, Z%#p%,
4> max(a, n> otherwise.
p1 p*
(iii) The embedding Ay}, (R, wa,5) — Aj2 . (R™) is compact if, and only if,
ﬁ>£* and 5>max(71,a>.
pr P P D1

Proof. According to Lemma 1.4, the minimum and maximum of two A; weights is
also an A; weight. Moreover, w'™" € A, if w € A;. Using the above facts one can

prove part (i).
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Parts (ii) and (iii) for Besov spaces follow easily from Proposition 2.1 since for any
o > —n we have

Wa (Quo) ~ 2770 and  wa(Quom) ~ 277> if m #£ 0.

Part (iii) for Triebel-Lizorkin spaces follows from the Besov case in combination with
Proposition 1.8 (iii). O

Remark 2.7. When p* < oo, the restriction pﬁl > p% in (31) cannot be weakened;

however, the limiting case pﬁl = p% can be included in the framework of weak-Besov

spaces, recall their definition in (13). This will be contained as a special case in
Proposition 2.10 below. Obviously, Proposition 1.8 and part (ii) of Proposition 2.6
imply continuity assertion in the F-case, too, where some care is needed whenever the
g-parameters are involved. However, we are mainly interested in compact embeddings
in the sequel and omit further discussion.

We turn to the double-weighted situation now.

Proposition 2.8. Let wq, g, and wq, g, be given by (30).

(i) Let the parameters be given by (28). The embedding By . (R", wa, 5,) —
B2 (R™ Wa,.8,) is continuous if, and only if,

P2,92
either @—@20 if p* = o0,
P11 P2
n
or &—@>—* if p*< oo,
P11 P2 p

and one of the following conditions is satisfied:

62max(a1—a270> Zf q*ZOO7 p*:OO7

p1 D2
@ as n n o« @
52max<1—2,*> Zf q*:OO7 p*<OO, 7#71_72, (32)
p1 b2 p p P P2
o> max<a1 — %, Ti) otherwise.
b1 P2 P
(ii) The embedding A;} , (R", wa, g,) — A2, (R", wa, ,) is compact if, and only
if,
&—@>ﬁ* and 5>max(al—a2,ri>.
P D2 p Y41 b2 p
Proof. The argument is parallel to that one given for Proposition 2.6 above. O
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Remark 2.9. If we take as = 82 = 0 we get Proposition 2.6. In case of &1 = as = «
and B = [ = [ we obtain an embedding of type (27), in that way extending

Example 2.4 (where we considered the special case « = (). Then the embed-
ding B! , (R",wap) — B2, (R",w,p) is continuous if, and only if, p1 < pa,

ﬂ(p% — p%) > 0, and one of the following conditions is satisfied:

1 1

4 > max(a, 0) ( - ) if ¢" = oo,
b1 P2
11 L

0 > max(a, 0) ( - ) it ¢* <oo.
b1 P2

The embedding B;! , (R",wa,5) — B2 ., (R", wa p) is compact if, and only if,

1 1
B8 >0, p1 < p2, and 0 > max(a, 0) < - >
pP1 P2

As already mentioned, we deal with the limiting case ﬁl = p% separately; in view
of (31) it is excluded in the context of target spaces B, ,(R") (apart from p* = o).

But in the context of weak-Besov spaces we obtain the following extension.

Proposition 2.10. Let —00 <59 <81 <00, 0<p1 <00, 0<qq,q2 <00, > —n,
B >0, and assume

=B o
p1
Let ps be given by p% = p% + nipl. Then
B! (R" wy g) — weak-B,? . (R") (33)
if
either s9 < s1 — M, 0 < g2 < oo,
4!
or 822817M, Q1 < q2 < 00.
n
Proof. Step 1. By elementary embeddings (monotonicity of the spaces) it is sufficient
to prove (33) for the case sy = 1 — (a;if)*, and ¢ = ¢2 = ¢ only, that is, using
notation (30), we have to show that
11 B (= B)+
Bt (R™ SN L-B%2 (R™ = 4= =51 — 34
plvq( 7w(¥75) wea P27Q( )7 D2 1 =+ np1’ 52 S1 ) ) ( )

with s1 € R, 0 <p; <o00,0< q<o00,aa>-n,3>0.
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Step 2. We first assume « < 3 such that sy = s1 = s and (34) reads as

s (pn . .1 1 8
By, (R™ wq,p) — weak-By, ,(R™), P2 B n * np’ *2b.
The argument is based on the observation that
Lp, (R",w) < Ly, oo(R™) (35)

if /Pt € L, o(R"), 2 =L — %1. Recall that real interpolation together with

ror D2
Holder’s inequality gives

Lp,(R") - Lr,oo(R™) < Ly, p, (R™)
in the sense that for all h € L,, (R"), g € L; o (R™), then hg € Ly, ,,, (R™) with
179 | Lpy py (R?) || < e[[B | Lp, (R™)[[ lg | L0 (R™)]]- (36)
Now let f € Ly, (R",w). Then h = fw'/Pr € L, (R™). Assume for the moment that
g=w P € L, (R") with 7 = "B+, Then (36) implies (35).

1T Lpa oo (R < € [1f | Lips, 0 (R
< I fwtP | Ly, R [Jw™ /71 | Ly, oo (R)]]
< NF ] Ly, (R, w)-

It remains to show that w;’fg/pl € Ly o(R™) for —n < a < G, 8> 0. Let

—1/p1 |x|_ﬁ if |$‘ S 17
g(x) =w, r) = _s .
(@) s @ {|ac| o if x| > 1

Then, for a > 0,

- tTEen if <1,
~ B
g TR if > 1,

and so
B—a B—8
19 | Lroo(R™)|| ~ sup t7g*(t) +supt=g*(t) ~ sup ¢ +supt = ~ 1
o<t<1 t>1 0<t<1 t>1

for 0 < a < 8. In case of —n < a < 0 we get at least g*(t) < ct=+, t > 0, leading to

g= w;lﬁ/pl € Ly o (R™) again.

Step 3. Assume « > 3 > 0 such that we have so = s1 — ap—_f} < s1 in (34). In
view of Proposition 2.8 (i) we have
a—f
P1

B (R", wag) — B2 (R", wgg), 6=851—s2=

P1,9 P1,9 > 07
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see (32). Moreover, Step 2 yields

1 1 Ié]
B2 (R™ w — weak-B;? (R"), —=—+—,
Plaq( 575) 10241( ) Po P np
and this concludes the proof. O

2.2. General weights

Now we deal with general weights w € A,, 1 <r < oo, and will check what Proposi-
tion 2.1 means in this context. Essentially, we concentrate on two types of embeddings:
either the target space is unweighted,

id,, : B!

P1,91

(R™, w) — B2 (R"™), (37)

p2,92

with (26), or both source space and target space share the same weight,

idyy : B2Y

P1,91

(R™,w) — B2 (R",w), (38)

P2,92

with (28), recall also Proposition 1.8.
We begin with a short preparation in order to apply Proposition 2.1 for such
situations. Hence we have to consider expressions of type wo (Qu,m)l/mwl (Ql,,m)_l/p1

only, that is, 27""/P2w(Q,, ) ~*/P* in case of (37), and w(QU,m)i_ﬁ in case of (38).
Let w € A, 1 <r < oo. Then, by (4),

wW(Qum) > 27" w(Qo ) forall Qum CQoy, veENy,, mileZ' (39)
So, for any s < 0,
w(Qum)™ < 27" w(Qo1)”s Quim C Qo
and thus

”{w(Qu,m)%}m | goo“ g 27z (iIllfw(QO,l))%a n < 07 Ve NOa (40)

with w € A,, 1 <r < co. Moreover, for arbitrary v > 0, (39) leads to

lim w(Qum)” =00 forallveNy if, and only if, | lim w(Qo;) =o0. (41)

|m|—o0 l|—o0

Summarizing the above considerations, we find that for embeddings of type (37)
or (38) the conditions

irllfw(Qo’l) >c>0, (42)
and
‘l}im w(Qo,) = 00, (43)
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are essential when p; < po, i.e., p* = co. If p* < 00, then careful calculation leads to

pi* (Z w(QOJ)%‘D*) 1/p*
l
)} | Ly

for 2 < 0, v € Ny, as the counterpart of (40). This corresponds to (37) with
» = —1/p; < 0. Therefore the adequate replacement of (42) for p* < co reads as

{w(@on) ™7}, 16

||{w(Qu,m)%}m | EP*

—c 27VT’I’L%+VPL*

(44)

Note that there cannot be a continuous embedding of type (38) if p; > p2, w € A,
and (at least) (42) is assumed to hold, since (39) implies then for some r, 1 < r < oo,
that

w(Qym) > 277" forall veNy, melZ,

e T ) e

diverges for any v € Ny. So we are left to consider the case p; < po as far as (38) is
concerned. We begin with the case (37).

such that
Ly

Corollary 2.11. Let the parameters be given by (26) with p1 < ps. Let w € Ay
with ry, given by (2).
(i) Let
n
> —(ry —1). (45)
b1

Then id,, in (37) is continuous if, and only if, (42) is satisfied.
The embedding id,, in (37) is compact if, and only if, (43) holds.

(ii) Let § <0, then B3 (R™ w) is not embedded in B2z _(R™).

P1,91 p2,q92

(iii) Let § =0. When ¢* < oo, then B! . (R",w) is not embedded in B2 . (R™).

When ¢* = oo and w € A, that is, 1, = 1, then id,, in (37) is continuous if,
and only if, (42) is satisfied.

(iv) If (45) is not satisfied, then for every r > 1, there exists an A, weight v

satisfying (42) such that the space Byt . (R",v) is not embedded in B;? . (R™).

Proof. Step 1. Tf (42) does not hold, then obviously there is no embedding (indepen-
dent of 0) in view of (21) and our above discussion. Similarly, if (43) does not hold,
then the embedding cannot be compact in view of (22) and (41) with v =1/p;.
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Step 2. Let (45) be satisfied and r > r,, such that

n n
6> —(r—1)> —(ry, — 1), 46
pl( ) p1( w—1) (46)
then w € A,. Thus (40) with > = —1/p; < 0 leads for (21) (with wy = w, wy = 1)
to the estimate

272 [{ (wa (Qum)) P (w1(Qun)) 7, | ol

< oo Vit ) (irllf w(Qo,l)) i
G ) (ir}fw(Qo,l))_l/pl' (47)

So the continuity and compactness of the embedding follow from Proposition 2.1 in
view of (42) and (46). Together with Step 1 this concludes the proof of (i). As
far as (iii) with ¢* = oo and w € A, = A; is concerned, we can adapt the above
argument by taking r = r,, = 1 such that (47) and (21) (with ¢* = co) give the result.

Step 3. Concerning (ii) and (iii) it remains to show that for § < 0 or 6 = 0 and
q* < oo there is no embedding (37) (even) if (42) is satisfied. Since

w >2" min w ,
(QO,m) = 1:Qu.iCQo.m (Qu,l)

one obtains |[{w(Qo.m) P b | Looll < 27™/P1|{w(Qu) " Y/P1}; | £oo]|. Thus,

[{oer s {wi@u ) e} [
> {2l {w@o) ), ]}

= [{ew(@om)™™},, [ 1273, [0

Lg-

= o0

if 0 <0ord <0 and qg* < oo.
Step 4. 1If (45) is not satisfied, then for any r > r,, there is some 0 < « such that

s< 2 < -1

Pt P
Hence v = w, € A, and the embedding B,! , (R", w,) — B,? ., (R") does not hold,
see Example 2.3 (i). O

Remark 2.12. Tt is obvious that we obtain by (i)-(iii) a complete characterization
(with respect to 0) in case of w € A; only, i.e., when r,, = 1. Otherwise there
remains the gap

0<d6< L(ry—1)
b1
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(apart from the complementing assertion (iv), of course). However, it is not surprising
that general features of w like 7, and (42) are not appropriately adapted for the
interplay with the parameters (26) as required in Proposition 2.1. Reviewing, for
instance, Proposition 2.6 and its proof one realizes that more information of the
weight is used than reflected by r,, and (42) only. For example, Corollary 2.11 covers
only the cases 8 > 0 and § > max(@d)

neglecting the (admitted) situations when %la,o) <5< w. But this requires
further information on the weight, as already mentioned.

in Proposition 2.6 (with p; < ps), thus

Corollary 2.13. Let the parameters be given by (26) with p1 > pa. Let w € Ax
and 1., be given by (2).
(i) Let
5>ﬁ*+£(rw—1).
p p1
The embedding id,, in (37) is compact if, and only if, (44) holds.

(ii) Let 6 < %, then B!, (R", w) is not embedded in B2 , (R™).

Pp1,91 P2,92

(iii) Let § = . When ¢* < oo, then BS'  (R™, w) is not embedded in B2 . (R™).

P1,q1 P2,q92
When ¢* = 0o and w € A, that is, 1, = 1, then idy, in (37) is continuous if,
and only if, (44) is satisfied.

(iv) If 5% <6 < J-(rw — 1), then for every r > ry there exists an A, weight v

satisfying (44) such that the space Byt . (R",v) is not embedded in B;? , (R™).

Proof. This is a consequence of our above considerations and parallel arguments as
presented for the case p* = co. As for (iv), our assumption on r implies that we can
always find some number o with

ﬁ(r—1)>g>6>%,
b1 P1 p

such that v = w, € A, serves as an example in view of Example 2.3 (i). O

We turn to the double-weighted situation now and restrict ourselves to the case
w1 = wa, i.e., when both spaces are weighted in the same way.

Corollary 2.14. Let the parameters be given by (28) with p1 < ps. Let w € Ay
and 1., be given by (2).

(i) Let
n n
0> (ry -1 ———1. 48
-2 2) (18)
The embedding
idyw 1 Byl 4 (R",w) — B2 (R", w) (49)
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is continuous if, and only if, (42) is satisfied.
The embedding (49) is compact if, and only if, (43) is satisfied.

(ii) Let § <0, then B3, (R™, w) is not embedded in B5> . (R™ w).

P1,q1 P2,92
(iii) Let 6 =0. When ¢* < oo, then BS'  (R™, w) is not embedded in B2 . (R™, w).

P1.01 P2.q2
When ¢* = oo and w € A, that is, 7, = 1, then idyy n (49) is continuous

if, and only if, (42) is satisfied.

(iv) If the condition (48) does not hold, then for every r > r,, there exists an A,
weight v satisfying (42) such that the space B, (R™ v) is not embedded in

s " p1,q1
B2 . (R™,v).

Proof. The proof of parts (i)—(iii) is completely parallel to the proof of Corollary 2.11,
where we apply (40) for » = p% - p% < 0, and (41) with v = p% - p%. If (48) does not
hold, then there is some 0 < a such that

(5<a(1—1> <(r—1)(n—n>.
pP1 P2 pP1 P2

Then v = wy € A, and the embedding B;! | (R",w,) — B2 . (R", w,) does not

hold, see Example 2.4. O

Remark 2.15. Note that the compactness in (i) is in some sense surprising as it is
different from the unweighted situation w = 1 (where one cannot have a compact
embedding as is well-known). Of course, there is no contradiction as (43) is not
satisfied in this case.

Moreover, Corollary 2.14 refines Proposition 1.8 (iii) in some sense: Assume that
(42) is satisfied; then since for an arbitrary ball B(x, ¢) with radius 0 < ¢ < 1 there
is some m € Z™ such that B(x, p) C Qo,m (apart from a universal constant) and (4)
implies for w € A, that

w(B(z, 0)) =2 co™ w(Qo,m),
n n

we obtain (7) with d = rn. The limiting case § = (r — 1)(;+ — ;%) in (48) coincides
with (8) for d = nr such that (9) covers the continuity of the embedding (49).

We end this section with a somehow astonishing result dealing with the situation
p1 = p2. It turns out that there is no direct influence of the weights on the continuity
or compactness of the embedding (49).

Corollary 2.16. Let the parameters be given by (28) with p1 = pa. Let w € Awo.
Then the embedding (49) is continuous if, and only if,

s1—82>0 if ¢" < oo,
s1—82>0 if ¢ =oc.
The embedding (49) is never compact.

Proof. This is an immediate consequence of (21) and (22). O
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3. Entropy numbers of compact embeddings

Let X, Y be two quasi-Banach spaces and let T : X — Y be a bounded linear
operator. The k-th (dyadic) entropy number of T, k € N, is defined as

ex(T) = inf{e > 0: T(Bx) can be covered by 2"~ balls of radius ¢ in Y},
where By denotes the closed unit ball in X. Due to the well known fact that

T:X —Y iscompact if, and only if, klim ex(T: X —-Y)=0,
— 00

the entropy numbers can be viewed as a quantification of the notion of compactness.
On the other hand, the k-th approximation number of T is defined as

ap(T) =inf{||T — L|| : rank L < k }.

If ap(T) — 0 for k — oo, then T is compact. So the asymptotic behavior of ap-
proximation numbers also gives us the quantitative analysis of compactness of the
operator. Further properties like multiplicativity and additivity, as well as applica-
tions of entropy and approximation numbers can be found in [9,11,12,30].

We consider the weights w € A, such that

lx|* i |z <1,

2l? i g > 1 with a>—-n, §>0. (50)

w(x) ~ wa,p(r) = {

It follows from Theorem 1.13 that the investigation of the asymptotic behavior of
entropy numbers of the embedding

B (R", w)— B2 (R") (51)

P1,q1 Dp2,q92

can be reduced to the estimation of the asymptotic behavior of entropy numbers of

embeddings of corresponding sequence spaces by! ql( w) — bp? 4., see the proof of

Proposition 2.1. First we regard the part near zero. To make the notation more
transparent we introduce the following spaces,

0,(27%4,(w)) = {)\ ={Njm}tjm: Njm €C, j,m €Ny,

1A 6200, ()] = (ZW(Z Ap Py m)
(270072 (w)) = { {85050 € €4(27%0,(w)) = 85, = 0 if | > 2"

02T () = {10}y € (@0 (w)) : 50 =0 1< 42"

)é <oo}, (52)

8H,_/H_/\_/

(with the usual modification in (52) when p = co and/or ¢ =
we(j,1) =18 if 1 # 0 and we(4,0) = 1, j € No.

), v € N. We put
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Lemma 3.1. Let 0 < p; <00, 0<p2 <00, 0< q1,q20 <00, €R, >0, and
~v € N. Assume % > —% + 1%' Then there are positive constants ¢ and C such that
for all k € N the estimates

ok RHITITE) < en(id £, (707 (we) — Ly (G27)) < OFT A

hold.

Proof. Step 1. Preparations. For & = 0 (unweighted case) the result is known, see
[41, Thm. 8.2]. So we assume that & # 0. Let

A={A={\ 11 \Ma€eC, jeNy, 0<I1<A2v}, (53)

and , .
By =€, (2707 (wg)), Bz =L, (627). (54)

P2

Let P; : A — A be the canonical projection onto j-level, i.e., for A = {);;} we put

Mg i k=7,

l € Np. 55
0 otherwise, 0 (55)

(PjA) = {

To shorten the notation we put 1/p = 1/p; — 1/p2. Elementary properties of the
entropy numbers yield

ex(Pj: Bi By) <279 ¢(1d: 632" (wg) > 632", (56)
and

e (Id : wa (wg) — f;gnj) =er(Dy Qfm = anj% (57)
where D, is the diagonal operator defined by the sequence oy = [7¢/P1 if [ > 0 and
gp = 1.

Step 2. The estimate from above. We use the notation of operator ideals, see
[9,30] for details. Here we recall only what we need for the proof. For a given bounded
linear operator T' € L(X,Y), where X and Y are Banach spaces, and a positive real
number r we put

Lg,ego(T) = sup kT ex(T). (58)
kEN

The last expression is an operator quasi-norm. Using (56) and (57) we find

LEL(Py: By By) <27 L) (D, = 032" = 072", (59)

r,00

Revista Matemdatica Complutense
161 2008: vol. 21, num. 1, pags. 135-177



D. D. Haroske/L. Skrzypczak Entropy and approximation numbers of weighted embeddings

Substep 2.1. We fix j in this substep and put N; = 42", Let o} denote the
non-increasing rearrangement of o;, [ =0, ..., N;. Thus

X o1 if £€>0,
g; =
PV =D i e <o,

It should be clear that

ax(Dy: )7 — 0)) <op if k< Nj+1, (60)

and ay,(Dy : Gy > £p0) = 0if k > Nj + 1.
For any 8 > 0 there exists Cg > 0 such that
supl’e; (D : é%f — Eﬁj) < Cpg suplPa; (D, : K;XJ’ — Eglj), (61)
1<k 1<k

see [8, Thm. 1; 9, p. 96] and its extension to quasi-Banach spaces in [12, Thm. 1.3.3].
Let £ > 0. Taking 3 = -> we get from (60) and (61) that

k%ek(Dg : Egj — KIJXJ') <c suplﬁal(DU) < Ce¢p,- (62)
1<k

Now (62) and the multiplicativity of entropy numbers imply

keap 1 (Dy 030 = 0N5) < Ok eg(id s 030 > £39),

Consequently,

L)

7,00

(Do 55— 05) < e L) (id = €55 e0) (63)
ifl=1-2%>0

If 0 < p1 < ps < o0, then Schiitt’s characterization of the asymptotic behavior of
the entropy numbers ey, (id : éévl — E;}VQ), see [34], implies

1 1
N+ if 1-1>9
(e) (:1. pN N s P 5
Ls,oo(ld ’ €P1 - gpz) <c {(logN)l/s if % _ 1 <0. (64)
s p
Under the assumption 2 > p% + % we conclude from (63) and (64) that
L) (Do : 05— £05) < C MG ), (65)
where the constant C depends on -y, but is independent of j.
If 0 < p2 < p1 < o0, then
LEL(id: 6 s i) < eN+ 7w, (66)
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and (63) and (66) imply for L > max(pi1 + 1%,0) that
L) (D i 05— £N) < 0237, (67)

r,00 P1

Let £ < 0. Then

B . pN; N B . —&/p1
suplPa;(Dy : 0.7 — £7) < supl”(N; —1
1<k ( P1 Pl) 1<k ( J )

< min(k, cg.e p, N;)(N; — min(k, cg ¢ 5, N;)) ~¢/7
KO(N: — k)P it k< ecpen N,
< 5.6 { ( J ) B,6,p14V]

NP if k> cgep N
Consequently,
KPey (Do : €55 s £N3) < Cg e, N TE/P (68)
Now using (68) we obtain
_£
ks 1(Dy: 0 60) < ON] 7 kE ey (id: 5 — 20). (69)

Let us choose first r such that % > max(O,%), and now (§ > 0 such that

% = % — B > max(0, %) Then (68) and (64) or (66), respectively, imply

1

N N ﬁ_% l_ﬁ_ jn(l_i_L)
(Dglf J'_)K;DQJ)SCN]' (Nj—l—l)r P < C2" T (70)

L B

7,00
where the constant C' depends on +, but is independent of j.
Substep 2.2. Now, for given M € Ny, let

M 0o
P=YP and Q= > P (71)
j=0 j=M+1

The expression L,(aego(T) is a quasi-norm therefore there exists a number 0 < o <1

such that 0
L (1) <L), (72)
j j
see Konig [22, 1.c.5]. Hence, (59) and (65)—(72) yield

M M
Lgfgo(P . By By)? < ZL%O(PJ' . By — Bo)? < ¢ Z2jn@(%_(%+%)_;)
=0 =0

< ¢y QHMQ(%*(%JF%)*%) (73)
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with a constant ¢, independent of M, if % > p% + =+ %. Hence

1
P

egnrt (P2 By = By) < ¢ 2 "MEHi+5) (74)
We proceed similarly to (73) and obtain

LE) (Q: By — By)? < ¢y Z oine(—(r+3)—1) < CQQTLM@(%*(ﬁJr%)*%)
’ j=M+1
if
1 1 1 1 0
max(O,,f—i-) <7<£+*+7.
pp1r P r pr p n

This is always possible in view of our assumptions. Hence
eqnm (@ : By +— Bsa) < c3 9 M+, (75)
Summarizing we get from (74) and (75) (replacing nM by M),
eom+1(id 1 By — By) < egpm(P: By — By)+eom(Q : By — Bs)
< c27M(%+%+%).
Now by monotonicity of the entropy numbers the estimate from above follows.

Step 3. To estimate the entropy numbers from below we regard the diagonal
operator D, between finite-dimensional sequence spaces E,ID\? and Eggj . Let an operator
Qj: o (wg) +— By be given by

N o fu=y
(QJ')\)u,zi{l e ueNy, €N

0 otherwise,

It should be clear that ||Q,| < 27%. The identity operator 1d : A (we) — o can be
factorized by

Id:PJOldOCJ77

where the operator P; is regarded as an operator acting between By and EI],\;". Since
1P5]] =1, we get

er (1d = 637 (we) = £50) < 1Qjlll|Pjllex(id : By~ Bs)
< 2%(id : By — Bs). (76)
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First we consider the case £ > 0. By the result of Gordon, Kénig, and Schiitt, see [17]
or [22, p. 131], we have

Sup27k/(21) (0g -0y - ..O—l_l)l/l < €k+1(Da . gﬁj — gﬁj)
leN

< 6sup 2—k/(20) (opo1 - - 01_1)1”.
lEN

Let
)\E/Pl

oA/2 "

C¢ p, = sup et/
A>0

Stirling’s formula yields

11¢
e12p1

V2

and the constant C¢ ;,, is independent of j and v = N;27". Now using (57) and (77)
we get

(Vor¥/3) "7 kv < o1 (Do s 07— 027) <60, kP (77)

ck=¢/P < ek(Do : KZJX" — KIJXJ')
<ep(Do s 00— 55)||id = €] — 005 ]

< C"/Pey, (Id : févlj (we) — KIJ]\;J'). (78)
Thus (76) and (78) imply for k = 2™/,
27T < egi(id : By v By) .
When ¢ < 0, note that for &, = o, ' we have Id = D, D;. So by (57) and (77) we get
egk(ldl Eé\ij — ﬁll,ij) < ek(D;, : éﬁf Hfgj)ek(DU : K;Xf Hﬁgj)
< CE/Preg(Id s 60 (we) — €)7).

We take k = 2™, Schiitt’s lower estimates of ey, (Id : Kﬁj — K;,\gj), 0<p1 <py < oo,
and (76) imply
. e
27" < egni+1 (Id : E;Xj — éf,vé") < 1 2" egns (Id : EIIXJ' (we) — 611,\21')
< ¢y 29T egus (id : By > By).
. A Lk

If 0 < ps < p1 < oo one should use the estimate ey, (Id : Eﬁj — E,I,\g]) ~2 NN P
and (76). This finishes the proof. O

Before we present our result concerning the asymptotic behavior of entropy num-
bers for the compact embedding (51) with weights of type (50), we recall the following
result of [23, Thm. 1; 24, Cors. 4.15, 4.16]. Let the weight w”(x), 8 > 0, be given by

w’(z) = (1+|z[*)P?, zeR™ (79)
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Proposition 3.2. Let the parameters satisfy (26) with § > 0, recall (23). Assume
B > 0. Then the embedding

é(h (lesél)l (wﬁ)) — é‘lz (gpz)

is compact if, and only if,

In that case one has for § # pﬁﬂ

min(3,8/p1) 1 41

ex (qu (27%0,, (w?)) < £, (£p2)> ~ kTR TR T keN,

_ B _ s1— 1 1
Incaseofé—p—l, 0nehasf0r7—¥+q—2—q—l>0that

s1—s9
0

ek(eql (2790, (w?)) = £, (e,,z)) ~ k52 (1 +logk)”, keN,

whereas T < 0 leads to

51752

ex (00, (2700, (7)) = by (0)) ~ K757, keEN.

Remark 3.3. Note that the compactness assertion coincides with Proposition 2.6 (iii)
with & = 0. Embeddings of functions spaces with weights of type (79) have been
studied by many authors for several years, in particular the limiting case § = o
attracted a lot of attention; we do not want to report on this history here. There are
two-sided estimates for the case § = 3/p; , 7 =0, in [23].

Recall that A;yq stands for either B, or FJ, if no distinction is needed.

Theorem 3.4. Let the parameters satisfy (26) and let the weight w € A be of
type (50) with

ﬁ>£’ a>—-n, and 5>max(n,a>. (80)
P11 p* pxp

() If £ <3, then

ex (A5 4 (R, w) = Asz | (R™)) ~ k™ (o P77,

p2,92

(i) If pﬁl > 6, then

ex (ASl (Rn’w) s AS2 (Rn)) N k751252

P1,91 P2,92

Revista Matemdtica Complutense
2008: vol. 21, num. 1, pags. 135-177 166



D. D. Haroske/L. Skrzypczak Entropy and approximation numbers of weighted embeddings

(iii) If %z&and7=%+é—i>0, then
ex(By! g, (R"w) = B2, (R") ~ k™7 (1+logh)".
(iv) If pﬁl =04 and T <0, then
B (R" w) — B2 (R")) ~ k™5
ek( Pl,th( ,’LU) P2,Q2( )) ~

Remark 3.5. Tt is surprising that «, independently of its value (within the given
bounds), does not influence the asymptotic behavior of entropy numbers.

Proof. First we consider the Besov spaces. It follows from Theorem 1.13 that

er(BS o (R", w) — B2 (R™)) ~ e (b7! , (w) — b2 ),

P1,q91 P2,q2 P1,91 P2,92

where o; = s; + 5§ — -, see the proof of Proposition 2.1. So we can deal with

sequence spaces. It should be clear that it is sufficient to regard the weights w = wq, g.
Moreover,
s
€k (bgllﬂll (waﬁ) - bg;qz) ~ Ck (b;m,th (wa’ﬂ) - bP27(12)

~ €L (€q1 (2j6€p1 (Uja,ﬁ)) - eqz (£P2)) ’

where § = 01 — 09 = 81 — p% — 59+ p%, see (23), and

1 ifl=0,
Wa5(j,0) = < (2770)/™ if 2771 < 1,
(2798 if 2791 > 1.
We divide the identity operator
Id : élh (2j5£P1 (aaaﬁ)) — él]z (61)2)
into two parts
Id = 1d; + Ids,
where
Idy : £y, (2j5€}2011n ({Da,ﬁ)) — L, (Lp,)
and
Idy : élh (2]5612;171 (@a,ﬁ)) — 6‘12 (€P2)

Now it follows from Lemma 3.1 with § = ¢ — 1%1 and § = 7 that

en(Idy) ~ k™o —as) = k-

51782
n .

The estimate of ej(Idy) follows from the estimates for the weights w®(z) =
(1 + |x|>)P/2, see Proposition 3.2. The corresponding estimates for Triebel-Lizorkin
spaces follow by Proposition 1.8 and the properties of entropy numbers. O
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We turn to the related double-weighted situation. Using the same method as
above we get for entropy numbers:

Theorem 3.6. Let the parameters satisfy (28) and let the weights wa, g,, Way,8s € Ao
be of type (50) with

&f@>ﬁ* and 5>max<ala2,n>.
pr P2 P
() If 22— <5, then

1 /ntB1 _ n+Ba )

€k (Azn T (R™, wa, ,p,) — AL a2 (Rn7wa2ﬁ2)) ~ ko P2

(i) If 2 — 525, then

g1 S2

€k (Apl q (R™, wa, 51) - A;i q2 (anwa2ﬁ2)) ~ k-

B _ s s _i
(i) If v — p =0 and T =22 4 q2 o >0, then

o (1+logk)".

Pl (J1 wal»ﬁl) — Bp27q2 (R wazﬂz))

(iv) If glfﬁ—fé and 7 <0, then

S1 52

€k (Bpl q1 (R wahﬁl) — B;; q2 (Rn7 wamﬁz)) ~ k™

Remark 3.7. The proof of the above theorem is the same as the proof of Theorem 3.4.
In particular we use Lemma 3.1 and Proposition 3.2. There is nothing substantially
new in this approach, but it has some interesting consequences concerning embeddings
of type (49). In particular, if we take ag = B2 = 0, then Theorem 3.6 coincides with
Theorem 3.4. If &y = ag = o and By = B = § and

1 1
8 >0, p1 < P2, 5>m8ux(cv70)(_>7
D1 D2

then

€k (Bpl q1 (R Wa B) - B;i q2 (Rn’ wa,ﬁ))

) s - b <a
L BE - L) >3,
T (14logh)T, B(E-L)=4 7>0,
R Bl =) =0, T<0,
where 7 = % + q% — qil as above.
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4. Approximation numbers of compact embeddings

Finally, we study corresponding approximation numbers. For convenience we re-
call the well known estimates of approximation numbers of embeddings of finite-
dimensional spaces, see [7,12,30].

Lemma 4.1. Let N,k € N.

(1) If 0 <p1 <p2<2o0r2<p <py < oo, then there is a positive constant C
independent of N and k such that

) <
ak(idsélﬁ»—»Eé\g)gC{; Z; ]]z;]]gv
i .

(i) If 0 < p1 <2< py < o0, (p1,p2) # (1,00), then there is a positive constant C
independent of N and k such that

1 if k< N?1
ap(id: £) — e)) <C ¢ NY=Y2 if Nt <k <N,
0 if k>N,
where % = max(p%, i)

(iii) Let 0 < pa < p1 < o0o. Then

ap(id: O Ny = (N —k+ 1)/ =1 N

Moreover, if k < I, then we have an equivalence in (i) and (ii).

Lemma 4.2.

(i) Let 0 < p1 < py <00, (p1,p2) # (1,00), 0 < ¢1,92 < 00, 8 > 0, and p% > —%.

Then for all k € N the following estimate
an (i g, (2702 (we)) = €, (G27)) ~ B

holds, where

%4_1% for 0<pr <pa<2 or 2<p; <ps<oo,
n = %er%Jr%f% for 0<p1 <2<py<o0 and %+p%>%,
(£+5)% for 0<pi<2<py<oo and L4+ <1,

and t = min(py, p).
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(ii) Let 0 <py <p1 <00, 0< q1,q2 < 00, 6 > 0. We assume that p% > —% + 1%-
Then for all k € N the following estimate

(s £, (2762 (we)) — b, (§2)) ~ (55
holds.
Proof. Step 1. Preparations. We put N; = 72", 1/p = 1/p; — 1/pa, and use the

notations (53), (54), and (55). Monotonicity arguments and elementary properties of
the approximation numbers yield parallel to (56) and (57),

ar(Pj: By Bs) <279 ap (Id : €3 (we) v €35)), (81)
and
ar(Id : 005 (we) — 00) = ap(Dy : €37 — €05, (82)

I3

where D, is again the diagonal operator defined by the sequence oy = (1 + 1) 1.
Using (81) and (82) we find
L a

7,00

(Pj: By Ba) < c279 L) (D, : 55— £57), (83)

1

where L&“CZO (T') is the obvious counterpart of (58) for approximation numbers.

Step 2. We consider the estimate from above.
Substep 2.1. First we estimate LS“QO (Dy - @Z,\ij — ZIJ,\Q). We prove that

(D : €31 30) < 0 277G, (84)

L’E‘a) p1

L, OO

if0<py <ps <2o0r2<p; <py <oo. On the other hand, for 0 < p; <2 < py < 0
and (p1,p2) # (1,00) we show that

a . . in(L_lyl_ €& 1 1 ¢ 1 1
Lr,go(Dg:EI]XJ — £09) < c2nGateTay) 1f;>max<§,pfl+§—g), (85)
a . pN; N; in(Z—=%) . t& 1 1
Lr,oo (Do . epl = gpz) S 023 1 if max (O, ﬂ) < ; < 5 (86)

The last inequality holds if = < .

Let us choose K € N such that 2"(K—1) < N; < 2"% and let I, : 07— 007 be a
projection defined in the following way

() = N if 27071 <1 < min(2™, N;),
‘ 0 otherwise,
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for A\={N}, and i =1,2,..., K. Then
K
Dy =Y D, oIl
i=1

Multiplicativity of approximation numbers yields

ax(Dy o T+ 05 s (N5) < 020705 gy (id: 2D 207D) e

p1 P2

Let  be some real positive number. Now part (i) of Lemma 4.1 implies

L), (Do o T s 437 > £7) < €20 DG (87)

o0

if0<p <ps <2o0r2<p <p <oo. In a similar way part (ii) of Lemma 4.1
implies
L D i_1)(lpl_1_ ¢ 1
g‘ago( UOHi:EﬁjHEgj)<C2n(l Dz+7:—32—%7) .
L\ D j R i n(Gi—1)(2— £ . 1 1
Sgo( "OH“%\ZJ g}])vz_])<_02 G=DGe=3r) 1f0<7n<27 (89)

for 0 < p; < 2 < py < o0.
IfOo<p <ps <2o0r2<p <py < oo we choose % > max(p%,()). Then the
(adapted) argument of (72) and (87) gives

K
L (D, : Y0 s £N)¢ < ZLgfgo(DgoHi L0 )0

7,00
i=1
K—-1
—onai( £ -1
<o Y 2emilE)
=0

< ¢y 2K (3-5)

for some p, 0 < o < 1. This implies (84) in view of our choice of K.
Now let 0 < p; < 2 < pa < co. We choose r such that % > % and that % — % +
- p% > 0. The formula (88) yields

K
Ly (D« ) = £7) <Y LI (Do o 1L+ £y = £5)°

p2 ;00 p p
i=1
K-1
1
co S amlhottey)
=0
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The constant c¢o is independent of K. This implies (85). Similarly, if max (O, %) <
1 < 1, then (89) yields

r

N

L) (D : 055 035)* Z L) (D o IL; : €55 1 £05)*

<c i Q_Qm'(%_%)
i=0
< cy 2QnK(7%7%)

and the constant ¢y is independent of K. This implies (86).
Substep 2.2. Now let 0 < pa < p1 < oo. We prove that

L (Do 637 = £32) < 007, (90)
We can deal with that case similar to Substep 2.1 using now part (iii) of Lemma 4.1.
We obtain o

L(a) (D oIl g ' }_)KN ) < oD+ E—5)

if 0 < r < co. This leads to

L’E‘?O)O p1

K
(Da:gj'—)gN Z D OH-:ZAZJJ—)EJ\QJ')Q
:K—l

if L > max (O £ 7) This implies (90).

’ p1
Substep 2.3. First we regard the case 0 < p; < ps < 2or 2 <p; < ps < 0. For
given M € Ny, let P and @ be given by (71). Then (83), (84), and (71) yield

M
Lrise(P s By By) Q<ZL (Pj:B1+— B2)? <y 22 ne(f—3+57)
j=0 =0
< e 27 Mo, (91)

with a constant ¢, independent of M, if 1 > max(0, p% + £). Hence for every § > 0
and any £ we have

AonM (P : Bl — BQ) S C3 27nj\/[(%+%).
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Since 5 > —Z we can find a number r > 0 such that maX(O 51) < % < % + Zf—l. In a
sumlar Way to (91) we obtain

L(Q: Bir Ba)e S ey ) 07780 < cp e ),
j=M+1

Consequently,
CnM(84E
agnv (Q : By — Bg) < ¢32 MGt

This implies the estimate from above for 0 < p; < py <2 or 2 < p; < py < 0.

Substep 2.4. Let 0 < p; < 2 < py < o0, (p1,p2) # (1,00). Using (85) instead
of (84) we get

M
L (P: By Bp)? <Y L) (P : By > By)? < cg2 Mo D)
=0

)

if % > max(% + 54 % — %, %), and consequently
agnst (P2 By v By) < 32 "Mt 371 (92)
for 0 < p1 <2 < py <00, (p1,p2) # (1,00). In a parallel way we conclude
L (Q: By > By)? < ¢y 2 Mol =247 +3-%) (93)

if max(§, L4l-d)<ict —l— -+ 2 — 1. Now, (92) and (93) imply the estimates
from above for 2 o+ ;i > ;. On the other hand7

L (Q: By > By)? < ¢y 2 "Melnt =% (94)
. t : 0
if max(0, %) < 1 < min(3, %(f + £ )) by (86).
For pg > -2 batlsfymg —l— < 1 we take k = [Q"M ]. Then < 1, and (94)

leads to ! L ] L
ak(Q : By — BQ) < ckf?k_E(Z"‘H_ﬁ) < Ck‘§(;+a)' (95)

By standard arguments the above estimates hold for any positive integer k. Moreover,
(92) implies

an(P: By — Bo) < Ck~Grtarts—4) < o g3 (itay) (96)

since 7+ 5 < 1. Now (95) and (96) give us the estimates from above in the remaining
case.
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Substep 2.5. Let 0 < pa < p1 < oo. Using (83) and (90) we get

0_1_1, ¢
St

M
LY (P : By By)® < ZLE“CZO(PJ- : By — By)? < c327 Mot
i=0

)

if % > max(% + p% — %, 0), and consequently

M8 £ 1
aznlw(P . Bl — Bz) é C32 nl\/[("+171 P).
In a similar way one obtains

1 1 1 1
¢ )< 0, ¢
r. n pr p

Lgago(Qy < CQ*T””Q(%*%*%*E if max((), - — =

; Pr D
Consequently

_(ﬁ_i_i_l)

ax(Q: By By) <ck il

This finishes the proof of the estimates from above.

Step 3. We estimate the approximation numbers from below. We can regard the
following commutative diagram

05— g, (209007 (we))

gé\gj - ly, (&J)sz)

where the operator R : Eg" — Ly, (QjGEIJXj (we)) is given by

A ifu =7, , ,
nu=J with uweN,, 0<i< N,

(RA)u,i = {

0 otherwise,

i jecti ince £ > —2 in(E+37) -
and P is a projection. Since > > —7, we have R < c2 »1’. Moreover, it
should be clear that ||P|| = 1. So, by Lemma 4.1:

(i) fO < p; <py <2o0r2<p; <po < oo, then taking k = v2" 2 we get
1< Cap(1d: 05 £07) < 0290 0y (id s £, (2700 (we)) = € (639) )

(ii) If 0 < p1 < 2 < p2 < oo and % + p% > %, then taking once more k = y2"~2 we
have

27131 < Cay(1d: £ £)

< 02O 0y (id £y, (277605 (we)) > £y (632))
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(iii) f0 < p; <2 < p2 < o0 and 0 —l—p% < %, then we take k = [2"3%]. So,

1< Ca(1d: 40 = 5) < C2" G ay (id : by, (27705 (we)) 1= € ().
(iv) If 0 < pa < p1 < 00, then we take k = % and get
5 . . in(L+-L . i0 )N, .
N} < Cap(1d: 67— 035) < C2" 5y (id 4, (27703 (we)) = L4, (637) )

This finishes the proof. O

Theorem 4.3. Let the parameters satisfy (26) and let the weight w € A be of
type (50) with (80). We assume that pﬁl #9. Then

ay (Asl (R, wa,g) — A2 (R™)) ~ k™%,

P1,91 p2,92

(i) 3¢ = DROB/P) 0 < py < py <2 0r 2< py < py < 00,

_ -1
(i) %:m+ifiifpl(§+l> < p2 <p1 <0,

n P2
in(s, .
(iii) s = min( nﬂ/m) + % — min(;,hpz) if 0<p; <2<py<oo, (p1,p2) # (1,00) and
mln(p—l,(S) > )

(iv) s = min(‘i’f/pl) : min(gll’pz) if 0<p1 <2<py<oo, (p1,p2) # (1,00) and

(B
mln(p—l,d) < min(;’l,m) .

Remark 4.4. The proof is similar to the proof of Theorem 3.4. The approximation
numbers in double weighted situation can be treated in the same way as in Theo-
rem 3.6 related to entropy numbers.
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