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ABSTRACT

An interesting and open question is the classification of affine algebraic plane
curves. Abhyankar and Moh [1] completely described the possible links at in-
finity for those curves where the link has just one component, a knot. Such
curves are said to have one place at infinity. The Abhyankar-Moh result has
been of great assistance in classifying those polynomials which define a con-
nected curve with one place at infinity. This paper provides a new proof of
the Abhyankar-Moh result which is then used to find a description for the case
where the polynomial defines a curve with one point at infinity.
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1. Introduction

An important topological feature of curves defined by polynomials is the link at in-
finity. For a polynomial f € C[z,y] the link at infinity is the intersection of the
associated curve C, defined by f(z,y) = 0, with a three dimensional sphere in C?
of radius large enough that all isolated singularities of C' lie within the sphere. The
link at infinity is invariant under automorphisms of C? and is an important tool for
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studying the topology of such curves. Consider the fibres, {f~(c) : ¢ € C}, of a poly-
nomial f € C[z,y]. A fibre f~1(c) is regular if for some neighbourhood D of ¢ € C,
[ lp-1py: f7H(D) — D is a locally trivial C* fibration. Thus f~'(c) looks like
nearby fibres and has no isolated singularities. The link at infinity of a regular plane
curve C determines the topology of C C C? as an embedded smooth 2-manifold up to
ambient isotopy (see [18]). If C' is not regular, the link at infinity, together with the
Milnor numbers of any singularities in C, gives the Euler characteristic of C'. Thus
knowledge of the link at infinity of regular algebraic plane curves helps one to classify
those with a given topology.

The question of classification of polynomials up to equivalence under automor-
phisms of C? for certain specific cases has been addressed by a number of mathe-
maticians. Perhaps the most well-known case is the Abhyankar-Moh-Suzuki theorem
[1,28] which says that, if f € C[x,y] defines a curve f(x,y) = 0 that is smooth, con-
nected and contractible, then f is equivalent to g(z,y) = x. This theorem has been
proved by a number of people. As well as proving the theorem in a new way, Artal
Bartolo [6] gives a history of proofs of this result.

Various people have looked at the classification of those polynomials which define
a curve which is connected with one puncture, that is, where the link at infinity is
a knot. Such polynomials are said to have one place at infinity. Neumann [18] has
given a classification up to equivalence of irreducible polynomials whose curves are
smooth, once punctured, connected and of genus less than or equal to 4. Miyanishi
[16] describes simple forms to which once punctured, irreducible, smooth affine curves
of genera 1, 2, 3, 4 are equivalent. A’Campo and Oka [5] have classified smooth curves
of genus 1 or 2 with one place at infinity. Nakazawa and Oka [17] classify smooth,
algebraic plane curves with one place at infinity of given genus < 16 and have written
down all possible normal forms of equations. There has been some duplication of cases
classified, however the techniques used have varied from researcher to researcher.

Another related result is that of Zaidenberg and Lin [33] who have classified curves
which are contractible and singular.

Progress in classification has also been made for polynomials for which every fibre
is smooth and connected but not contractible. Artal Bartolo, Cassou-Nogues, and
Velasco [8] have looked at families of smooth polynomial mappings of degree 6n + 4
with fibres that are irreducible and generically of genus n. Cassou-Nogues [11] has
used rational maps to find other families of polynomials with fibres that are smooth
and irreducible.

A beautiful result of Abhyankar and Moh ([1]) completely described the possible
links at infinity for those curves with one place at infinity. This result has been of
great assistance in classifying those polynomials which define a connected curve with
one place at infinity.

Given the importance of the Abhyankar—Moh result it is natural to ask

Can we find descriptions of the links at infinity for affine algebraic plane
curves which have more than one place at infinity?
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This question is addressed in sections 3 and 4 and descriptions are found for two
cases, in particular for the case of one point at infinity and many places at infinity.

To describe links at infinity of affine algebraic plane curves we use the splice
diagrams developed by Eisenbud and Neumann in [12]. These are a particularly
useful way of encoding the details of certain links. Briefly the splice diagram is a
finite tree with certain numerical and other decorations on it. These splice diagrams
are particularly useful in the analysis of the links of affine algebraic plane curves. In
section 2 we give a description of the splice diagram as it applies to the link at infinity
of an algebraic curve and how to find it. This was first described by Neumann in [18]
and also by Cassou-Nogues in [10] and Wightwick in [31]. We refer the reader to [18]
and [10] for a full discussion of the properties of splice diagrams and the invariants
which arise from these.

The splice diagram encoding the information for the link at infinity for a curve
with one place at infinity is

1 qo dn

with ged(pr,qx) = 1, pr,qx > 0, for &k = 1,2,... h. The conditions, called the
Abhyankar-Moh semi-group conditions, are defined as follows. Let

semi-group{dp, d1,...,0;_1}

be the set of all non-zero linear combinations of &g, d1,...,d;-1 with non-negative
integer coefficients.

Theorem 1.1 ([1]). Let f € Clx,y] be an irreducible polynomial that defines a
curve f(x,y) = 0 with one place at infinity with the above splice diagram. Then
for 7=1,2,3,... h,

q;PjPj+1 " " Ph
€ Semi—group{p1p2 © Ph,q1P2P3 - Ph,q2P3P4 " Phy - - -5 45—1D5 - 'ph}'

Sathaye ([24]) and Sathaye and Stenerson ([25]) show that any set of the linking
numbers as defined above, {p1,q1,p2,42,-.,DPn,qn}, satisfying the Abhyankar-Moh
semi-group conditions is realisable as a semi-group associated with an algebraic curve.

In section 3 a new elementary proof for the Abhyankar—Moh result is provided.
This uses the Newton polygons that are used in finding the Newton-Puiseux expansion
of the polynomial. The Newton-Puiseux expansion refers to finding the roots of a
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polynomial, f(z,y) in the form y — a(z) where a is a fractional power series in 2!/"

for some positive integer n (or similarly in the form x — a(y)). The advantage of the
new proof is that it can easily be extended to find semi-group conditions which hold
in other special cases.

The Newton polygons used in this paper are based on those used in [31] and differ
from those described in [18] and [10]. As the form of the Newton polygons used to find
the Newton-Puiseux expansion of a polynomial is a key element of the proof of the
Abhyankar-Moh result, we give, in section 2, a detailed description of the procedure
that is used.

In the original proof of Theorem 1.1 Abhyankar and Moh used the theory of
valuations. Suzuki ([28]) has given an alternative proof of this result using the theory
of resolutions. His proof gives some valuable insight into the geometry of an algebraic
curve with one place at infinity. Another readable proof was given by Pinkham ([22]).

In section 4, I generalize the semi-group conditions from the case of one place
at infinity to the important case of polynomials which define curves which have one
point at infinity. The semi-group conditions arise quite naturally from the shapes of
the splice diagrams (see sections 3 and 4).

Assuming that we have f € C[z,y] irreducible with one point at infinity occurring
at y = 0, then f will be monic in y but may have more than one component in the
link at infinity. In this case there will be a maximal h such that the splice diagram
of f contains the following section:

q q an :
. ! ’ c e - Ibranches (I >1)

Py Do by

and such that deg, (f) < degy(f) = p1p2 - - - ppd for some positive integer d.

Theorem 1.2. Let f € Clx,y] be an irreducible polynomial that defines a curve
flx,y) = 0 with one point at infinity with its splice diagram containing the section
pictured above.

Then for j=1,2,...,h —1,

qjpj - - Prd
€ semi-group{p1ps - - - prd, q1p2p3 - - - Prd, @2p3pa - - - Prd, . .., ¢j—1P; - - - Prd}-

Furthermore, there exists v € Z, with 1 < r < such that

rqpd € semi-group{p1ps - - - prd, q1p2p3 - - - Prd, q2P3P4a - - - Prd, . . ., Gh—1PRd}.
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Here the Abhyankar-Moh semi-group conditions are the case d = 1.

Note that the knots that are components of links at infinity are classified — they
are simply the knots whose Puiseux pairs satisfy the reverse Puiseux inequalities
(see [18]). Thus any additional restriction on Puiseux pairs of a branch must depend
on how different branches are positioned with respect to each other. Moreover, ex-
amples show that one really only expects to be able to get a reasonable condition on
an individual branch up to the point where branches diverge; weights no longer even
have to be positive, in fact it is not hard to make them arbitrarily negative beyond
this point.

The proof of Theorem 1.2 also gives some restrictions on the case with two points
at infinity, but these are rather more technical (see section 5).

Ultimately one would like to understand what splice diagrams may be realised as
affine algebraic plane curves and to understand the moduli spaces of the families of
polynomials which give rise to these. The results and methods in this paper may help
to achieve this objective.

2. Iterated torus links and the splice diagram

In this section we describe the splice diagrams of links at infinity of affine algebraic
plane curves, and how to use the method of Newton polygons to find these. Some
parts of this section have been discussed in [20].

2.1. The splice diagram

The link at infinity of an algebraic plane curve is a cabled torus link in S3 and can
be conveniently represented by the splice diagram. The splice diagram is a tree with
various decorations. We briefly describe splice diagrams below. See Neumann [18],
and Cassou-Nogues [10] for further details. For example, if the link at infinity is a
knot it has a splice diagram of the form

¢ Qo o qn
yZi V%) Py

T
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This splice diagram encodes the information that we:

Start with an unknot.

Cable a (p1,q1) torus knot on the unknot.

Cable a (p2, g2) torus knot on the (p1,q1) torus knot.

Cable a (pp, qn) torus knot on the (pr—1,qn—1) torus knot.

The final (pp, qn) cable is the link at infinity. The earlier “virtual” components used in
constructing the link are represented by the vertices, T, ..., T} (those with just one
edge adjoining them), the unknot being represented by the node T} and the (p, qx)
cable being represented by Tx11. The nodes Ty and T3 form a virtual Hopf link. Note
that

e Tj is called the “root node” and is indicated by a solid disk rather than a circle.
e The wvalency of a vertex is the number of edges adjoining it.

e Vertices of valency 1 other than the root node are called leaves.

e Vertices of valency 2 or more are called nodes.

e Arrowheads represent actual components of the link at infinity.

e The weights attached to the diagram are oriented with respect to the root node,
the weight closest to the root node on an edge is called the near weight and
the one furthest away (if it exists) is called a far weight. Edge weights of 1 are
usually omitted from the splice diagram.

e We can associate a numeric weight with each component of a link. Such a link,
together with the numeric weights is called a multilink. The numeric weights are
included in splice diagrams at the end of the arrowheads corresponding to the
components. Such weights occur quite naturally in algebraic links and reflect
the multiplicity of factors of polynomials.
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Let f € Clx,y] be such that
f=IN+Invat++fit+fo

where each f; is homogeneous of degree i. Then the points at infinity where the
algebraic plane curve f~1(c) meet infinity are the solutions of

If there is more than one point at infinity the link at infinity is constructed by cabling
on a Hopf link with one component for each point at infinity. There may be nodes of
valency greater than three. For example

Ap—1 ay

" I branches (I >1)
Pp

may arise in the construction of the link. In this case there are [ parallel (pg, i) torus
knots cabled on the (pp—1,qr—1) cable.

If we take ¢ € C then an algebraic curve, f~!(c), is regular if for some neighbour-
hood of ¢, say D, f |;-1(py is a locally trivial fibration. For all but finitely many
values of ¢, f~1(c) is regular.

A minimal Seifert surface, F say, is a Seifert surface with maximum Euler charac-
teristic among all oriented embedded surfaces with no closed components in S with
OF = L where L is a link. F' may not be unique up to isotopy as a Seifert surface
and the isotopy need not fix L.

Theorem 2.1 ([18]). The topology of a regular algebraic curve V = f~1(c) c C?,
as an embedded smooth manifold is determined up to ambient isotopy by its link L
at infinity. In fact a minimal Seifert surface F for L in S3 is unique up to isotopy
in S3, and V can be recovered up to isotopy by attaching a collar out to infinity in C?
to the boundary of F.

While we are able to recover a minimal Seifert surface with the same topology as
a regular algebraic curve this is not the case for irregular curves. However we are at
least able to find the Euler characteristic for this case.

Not all cable links arise as the link at infinity of an algebraic plane curve. The
splice diagrams of links at infinity of algebraic plane curves can always be reduced to
a unique minimal splice diagram satisfying the following conditions:

(i) All near weights are positive.

(ii) At most one near weight of a node differs from 1.
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(iii) For the following edge in a splice diagram

the edge determinant of the edge is
aobo —a1~--anb1~-~bm.
All the edge determinants of a splice diagram for a link at infinity are negative.

A non-minimal splice diagram of a link at infinity can be simplified by the following
moves:

EN 1: removing edges of weight 1 ending in a leaf or

EN 2: removing nodes of valency 2 (other than the root node).

We call a diagram which does not admit either of these moves the minimal splice
diagram of f. If we allow deletion of the root vertex we obtain the minimal unrooted
splice diagram of f.

We can use the above moves to reduce the number of edges in a splice diagram.

Theorem 2.2 ([12,18]). If T is a splice diagram which does not contain any edges
of weight one ending in a leaf or nodes of valency 2 then T" is minimal. Moreover I’
s unique n its equivalence class up to change of sign.

Note that Theorem 2.2 implies that if we remove the root vertex from a splice dia-
gram and obtain a minimal splice diagram satisfying its conditions then the resultant
splice diagram is a combinatorial invariant of a given link at infinity of an algebraic
plane curve under automorphisms of C2. However the same is not true for the rooted
splice diagram which includes additional information about the curve defined by a
specific polynomial. For example, the root node encodes the number of points at
infinity of the curve and the degree of the polynomial (see below).

2.2. The Newton-Puiseux expansion and the link at infinity

The Newton-Puiseux techniques for studying the singularities of affine algebraic plane
curves have been long established (for example see [14,21,23]). It is only relatively
recently that these methods have been extended to include the study of points at
infinity (see Abhyankar and Moh [1], Neumann [18] and Cassou-Nogues [10]).
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The idea is to find the Puiseux expansion for each component of the link at infinity.
For example, if a component of a link at infinity corresponds to the curve meeting
infinity at y = 0 we obtain an equation of the form

y = 201 /P1 (t1 + x—Tz/(plpz)(tQ T e VAV ) )
with ¢1 < p1, ged(p1,q1) =1, p; > 0, 7 > 0, and ged(p;, ;) = 1 for all 4. For some
h, pj = 1 for all j > h. We need only find the terms up to this point. This gives a

branch of the splice diagram for f = 0 corresponding to one component of the link at
infinity:

1 qo qp

Y21 b2 Pn

where ¢; = q;_1pi—1p; — 7; for i = 2,... h. In this context “branch of the splice
diagram” means part of the finite tree in the natural way.

Definition 2.3. The pairs (p1,q1), (p2, —72), .. .,(Pn, —71) are called Newton pairs.
The pairs (p1,q1), (p2,62), ---, (Pr,qn) are called cabling pairs.

Note that one or more of the p; may be equal to 1. Replacing a link component by
a (1,q;) cable does not change the topology of the link. We can find all the relevant
equations and assemble the branches of the splice diagram by merging parts that
correspond to identical initial Puiseux expansions.

In practice we use Newton polygons to find the Newton and cabling pairs and
build up the splice diagram.

Definition 2.4. Let f € C[z~!, z,y] where

f=2 aapz®y’

and consider the curve C' defined by f(z,y) = 0. The Newton polygon of f is the
convex hull of the points

{(a,B) | aap # 0}.
The Newton polygon of f is denoted NP(f).

The process of using Newton polygons to find the splice diagram is as follows:
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STEP 1: FIND THE STARTING HOPF LINK

f=fn+fn-1+- -+ fo where f; is homogeneous of degree i. We find the solutions
of fy = 0, which will be of the form z = a, y = b or y = cx,a # 0. We can always
apply linear automorphisms of C[x,y] of the form ¢(x,y) = (c12 + d1y, cox + day) to
ensure that the roots will be one of the following:

(i) Where there is just one point at infinity: y =0
(ii) Where there are two point at infinity: y =0 and £ =0

(iii) Where there are more than 2, say r + 2, points at infinity: y = 0, x = 0 and
y=cx,t=1,...,r.

The initial splice diagram will consist of a root node and one arrowhead for each point
at infinity. In two special cases we stop at this point.

(i) If f = (y—b)", the Newton polygon includes the point (0, N) which corresponds
to one point at infinity. The link is the unknot with multiplicity N.

—

(ii) If f = (x —a)™(y — b)™ with m,n > 1, the Newton polygon includes the point
(m,n), not on either axis, and the points at infinity are z = 0 and y = 0. The
link is the Hopf link with two components with multiplicity m and n respectively.

(m) . (n)

There are two other special cases worthy of mention.

(iii) If f =12, (y — a;)™, m > 1 then there is one point at infinity and m compo-
nents of the link at infinity. The solutions to f(x,y) = 0 are y = a;2%/" with
multiplicity n;. We replace the one component Hopf link (the unknot) by m
parallel (0,1) cables giving m parallel unknots.
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(iv) If f = 2% [[;~, (z%P — ¢;)™ then there are two points at infinity, z = 0 and
y = 0. We can see that the fractional power series solutions are of the form

y = %x—q/p
or
T = \Vax—p/q
In addition we may have solutions y = 0 or x = 0 with multiplicity b and a

respective. Thus we have cabling pairs (p, ¢) for the y = 0 point at infinity and
(g,p) for the x = 0 point at infinity. We obtain the splice diagram

(n1) (1)

m arrows

n arrows - °

(72m) ()

if a = b = 0; otherwise for a > 0 or b > 0 we retain the original component of
the Hopf link with the relevant multiplicity a or b.

From now on we assume that we need to add one or more cables to the initial
Hopf link. To analyse these cases we will need the following definition.

Definition 2.5. Let
f= Z aagxayﬁ.
a,B

The (u,v) weighted degree of ansz®y®, ans # 0 is ua + vB. The mazimum (u,v)
weighted degree of f is
max{ua + vl | anp # 0}.

Express f in the form
f = Z aaﬁxay + Z aaﬁ$ayﬁ
uatvB=d uatvB<d
where d is the maximum (u,v) weighted degree of f. Then the terms in
D aapz”y’
uwatvfB=d

lie in the boundary of NP(f). If there are two or more such terms then there is a line
segment in d NP(f) satisfying ua + v = d.
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Definition 2.6. A single point in 9 NP(f) satisfying ua+vS = d is called a mazimum
(u,v) point of NP(f) while a line segment consisting of all points satisfying ua+v3 =
d is called the mazimum (u,v) line segment of NP(f).

We then have the following:

(i) The line segments corresponding to the point at infinity y = 0 are the maximum
(pi, i) line segments of NP(f), i = 1,...,m say, where p;,q; € Z, p; > 0,
ged(pi,q;) = 1 and p; > ¢;. These line segments have slope —p;/q;, although
one slope might be infinite. For convenience we think of this as slope 1/0.

(ii) The line segments corresponding to the point at infinity © = 0 are the maximum
(¢;,p};) line segments of NP(f), j = 1,...,k say, where ¢},p} € Z, p; > 0,
ged(p, q;) = 1 and p; > ¢;. These line segments have slope —g;/p’;.

(iii) The line segment in the Newton polygon which corresponds to points at infinity
of the form y = az,a # 0, if any, is the maximum (1,1) line segment of NP(f),
a line segment of slope —1.

The following diagram shows the relevant line segments in d NP(f) if there are three
or more points at infinity:

maximum (qj',pj') line segments
of slope ~q; /p;, 47 <p;, p ;>0;
point at infinity x=0

L a /o ~a /Py
8 kTR . maximum (1,1) line segment

. of slope -1;
/ «~ points at infinity y=az, a#0

maximum (p;,q;) line segments

of slope -p,/q;, ¢;<p;, p>0;
point at infinity y=0

«

We will describe the procedure for finding further cabling pairs for the point at infinity
y = 0. For the point at infinity, z = 0, one reverses the role of x and y in the initial
substitution. For a point at infinity y = ax we first use an affine automorphism of
R?, say ¢ : (x,9) — (c17 + coy, d1x + day) to move the point at infinity to y = 0 and
work with ¢ o f from Step 2.
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STEP 2: ADDING THE FIRST CABLES

For each maximum (p;, ¢;) line segment of NP(f) corresponding to the point at infinity
y = 0 we consider the corresponding terms in f:

s
g aapr®y® = cizty H(yp — tyat)h,
pia—qif=d; Jj=1

This gives s; solutions
Y= tijxfh/m

where p; > 0,¢; < p; and a Newton pair (and cabling pair), (p;, ¢;). Note that if two
solutions differ by a root of unity they are equivalent. We have ¢1/p1 > -+ > ¢mn/Dm-
We add each (p;, ¢;) cable to the y = 0 component of the Hopf link in turn. At the "
operation we retain the Hopf link component unless it is the m™ operation in which
case we only retain the original Hopf component if f has a factor y®,b # 0. For the
case where y° is not a factor of f we obtain

o‘qher \ @ D1 d> P2 dm  Pm
points . o Ce Ce o
at infinity /

5 Sq Sim

arrows arrows arrows

For the case where 4° is a factor of f we obtain

other\
points . G qa P2 o o AQm  Pm (b)

at infinity *

Sy Sim

arrows arrows arrows

S2

Thus we obtain s; arrowheads for each maximum (p;, ¢;) line segment. If any ;; =1
no further cabling occurs on the relevant branch of the splice diagram and the corre-
sponding arrowhead represents an actual component of the link at infinity. Otherwise
we continue as in Step 3.

STEP 3: FURTHER CABLING

For each solution y = tiqui/pi where [;; > 1 we make the substitution

z =" and y =« (y1 + ;)
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to find fy(x1,y1) € Clzy*, 21,41]. Draw NP(f;). Then the line segments correspond-
ing to branches at infinity are the maximum (p;; %, —7i;%) line segments of NP(f1)
where p;jk, Tij e > 0 and pijp, Tijk € Z, k= 1,...,myj.

e

rest of NP(f;) |
lies to left of . 1/ Tij1
relevant line )

segments maximum (p;; s, ~7;;) line segments
of slope pij,k/Tij,kv Tijk D03
f1=0 meets infinity at y;=0

If there is just one line segment of height one so that the only Newton pair is
(pij,h —Tij,l) with p;j1 = 1 we stop cabling on the branch. Otherwise, we analyse
each line segment as in Step 2. We obtain Newton pairs

ay

(pij,lv _Tij,l)v vy (pijﬁmij’ _Tijmlz‘j)

giving cabling pairs

(pij,la 4iPiPij,1 — Tij,l)a cees (pz'j,mi,j y AiDiPijmg; — Tz‘j,mij)

= (pij,h Qij,1), ceey (pij,mij,fh‘jmij)

and
Qij,1/Pij1 > > Gijom; [ Pijm; -

Cabling gives that the (ij)'" arrowhead is replaced by the shaded region:

other ) ’
points: Qo P o 4m _Pm
at infinity” /\ F
s S
branches branches
iji1 il L Gigmi Pigmg
Sijmi
arrows arrows
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if f1 does not have a factor yll)” for some b;; # 0, otherwise the original component is
retained and we obtain

other

points : % Pi 9 P
at infinity
51 bl oy m
PIggnes branches

branches

Bij1 Qijmi;  Dijm,,

(bi3)

Sij1 Sijm;
arrows arrows

Let the maximum (p;; x, —7:j%) line segment have associated terms
Sig.k

ak, br Pij,k Pijk —Tij,k\lp
drzy"y, H(?h] =l Y )

r=1

We add si; 1 (Pij.ks ijk) cables to the Eth component. If any l; , = 1 no further cabling
will be required on that branch and the arrowhead represents an actual component
in the link at infinity for f. For [; , # 1 we make substitutions of the form

(21, 91) = (257", 25 ™" (y2 + trr))-

The first two terms of the Newton Puiseux expansion for the r*" solution correspond-
ing to the k** pair are now known:

y = tiiji/Pi + quqi/mx—nj,k/(mpij.k) R
We continue in this fashion to find the Newton pairs. Apart from the initial cabling
step, all the Newton polygons will be of the form found in Step 3.
Ezample 2.7 (The Briangon Polynomial).

flz,y) = 21 4 zy)* + 32(1 + 2y)® + (3 — 8/3z) (1 + zy)? — 4(1 + 27) + .

We will find the splice diagram for f(x,y) = 0, I'(f~1(0)). We first find the points
at infinity by solving x?(xy)* = 0 to get two points at infinity, z = 0 and y = 0.
Thus our initial splice diagram is that of the two component Hopf link. Drawing the
Newton polygon, NP(f), we have
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T I | Q

2 4 6

For y = 0 there is one line segment and the terms in f corresponding to this are
22(1 + zy)*.

We solve (1 + z)* = 0, obtaining y = —z~ /! as a solution. The Newton pair is

(1,—1) as is the cabling pair. As the exponent of (1 + zy)* is more than 1 we need
to continue the algorithm. We substitute (x,y) = (z},27'(y1 — 1)) to obtain

fr=atyl + 3w1yd + 3y — 8/3x1yt — dyr + @y 'y — 2y

with Newton polygon
by

ay

ro—

-2

We have two line segments corresponding to branches at infinity. The first, of slope 2,
has corresponding terms f1 1 = 23y} —8/3x1y? = x3y?(y? —8/3x1 ") giving a solution
Y1 =1 8/395{”2 as the required solution. The Newton pair is (2, —1) and the cabling
pair is (2, —1 x 1 x 2—1) = (2, —3). As the exponent of (y? —8/3z; ") in f1 1 is equal
to one, we have completed this branch.

The other line segment of slope 1 has corresponding terms

fro=—8/3w1yi —dy1 — a7 = =8/3w1(ys + (3+ V3)/4xy ) (y1 + (3 — V3)/4ay )

with two relevant solutions of fi o = 0. The Newton pair is (1,—1) and we add two
(1,-1x1x1—1) = (1,—2) parallel cables. As the exponents of (y; + (3++/3)/4z ")
and (y; + (3 —/3)/4z7 ") are both equal to 1 in f; 2 we have completed this branch.
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For = = 0 there is again one line segment with the corresponding terms being
y((2®y)® + 3(2?y)? + 3(2%y) + 1) = y(a®y + 1)
with solution # = —y~1/2. Putting (z,y) = (27 '(y1 — 1),22), we obtain f{ which
has a Newton polygon with one relevant line segment giving Newton pair (3, —1) and

cabling pair (3,—1 x 2 x 3 —1) = (3,—7) at which stage we stop.

Thus we build up the splice diagrams as follows:

Step 1: Hopf link Step 2: First cabling
—1 —1
T f F
-
Step 3: Next cabling L Apply EN1 and EN2
2 —1 —11 2 —1 —3.2 —2

Q

I A
| N -

In step 3, one obtains two edges of weight 1 adjoining leaves. The reduced splice
diagram was obtained by first deleting theses leaves and edges and then deleting the
resultant node of valency two.

2.3. Invariants from splice diagrams

Definition 2.8. Given a vertex, v, of a splice diagram, I', the linking coefficient at
v, also called the multiplicity at v is the sum over the arrowheads, w, of T":

Ly :Zl(v,w),

where [(v, w) is the product of edge weights directly adjacent to, but not on, the path
from v to w in T".

The splice diagram for the Briangon polynomial, I'(f~1(0)) (Example 2.7) has the
linking coefficients indicated in brackets in the diagram below:
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(1) (2) (10) (0) (=1

o 2 —1 . -3 2 -2
O 3l

PROPERTIES OF THE LINKING COEFFICIENTS

The properties relating to the linking coefficients of splice diagrams of links at infinity
are as follows:

(i) The degree of a polynomial is always the linking coefficient I, at the root vertex.

(ii) A splice diagram is regular, that is, the splice diagram of a regular fibre of f, if
and only if it has no negative linking coeflicients.

(iii) A polynomial has fibres with irregular splice diagrams if and only if the regular
splice diagram has at least one zero linking coefficient. Each irregular diagram
determines the regular one and the regular one strongly constrains the number
and form of the irregular ones. See Neumann ([19]), for details.

(iv) The Euler characteristic of the generic fibre of f is
Xreg = 2(2 - Uv)lv7
vevert I'(f)

where vert I'( f) is the set of non-arrowhead vertices of I'(f) and o, is the valency
of vertex v (number of edges at v).

(v) For any ¢ € C define the Milnor number at infinity of f~!(c) as

Ae =Y (2= o)y

vel (1 (e))
1,<0

so A = 0 unless I'(f~!(c)) is irregular. Moreover, if f~!(c) is a reduced fibre
(that is, one without multiple components), the total Milnor number is the sum
of Milnor numbers (see Milnor [15])

He = Zﬂp-

pEf~(e)
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As pp = 0 at non-singular points, this is a finite sum. Then the Euler charac-
teristic of a reduced fibre f~1(c) is given by

X(fil(c)) = fhe + Z (2= 0u)ly = pe + Ac + Xreg-
vevert I'(f~1(c))

(vi) Suzuki ([27]) showed that for any f one has

L= Xreg = e + > (X(F71(6)) = Xres)

ceC

so, if f has only isolated singularities,

1- Xreg = Z(Ne + Ac)

ceC

One consequence of this formula is that, once we have found finite singularities
and singularities at infinity contributing enough . and A, to satisfy the formula,
we know that we have found all non-generic fibres.

Ezample 2.9 (The Briangon Polynomial continued). We have found the splice diagram
I'(f~1(0)) for this polynomial. There are two other splice diagrams for links at infinity.
For the regular fibres f~1(¢), t # 0,—16/9 we find that T'(f~1(¢) is

. 2 1 ] —3 2 .
W 37
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while for the other fibre f=1(—16/9), T'(f~1(—16/9)) is

(1) (2) (10) (0) (0)
. 2 —1 . 3.2 .
(1) 3] (s) -15

(_6) (_3)

From these diagrams we find

Xreg = 1(2—1)+3(2-3)+1(2—-1)+2(2-3)+10(2-2) +0(2 — 3) = -3,
Ao=(-1)(2-3)=1,
and
A_16/9 = 3.
We thus obtain
Xreg T Ao+ A_16/0 =—3+1+3=1

so that p. = 0 for all ¢. If follows that the Briancon polynomial has no finite singu-
larities.

3. The semi-group condition for curves with one place at in-
finity

This section gives the new proof of Theorem 1.1. We start by restating the theorem.

Let f € C[z,y] be an irreducible polynomial that defines a curve f(x,y) = 0 with

one place at infinity, thus having a link at infinity whose minimal splice diagram is as
follows:

1 qo qp

Name the vertices of the splice diagram as follows. Starting from the root vertex and

moving towards the arrowhead:
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e vertices with one adjoining edge are ug, uq, ..., up

e vertices with three adjoining edges are vy, vs,..., v,

Let L denote the link at infinity and let S,, denote the virtual component of the link
corresponding to the node w for w € {u; : ¢ = 1,...,h} U{v; : 1,...,h}. Then
the linking numbers of the virtual components with the link at infinity are named as
follows:

60 = lu0 = hnk(sumL) = P1P2 " Ph,

01 = Ly, = link(Su,, L) = q1p2p3 - - - ph,

52 = lug = hnk(Su27L) = q2pP3P4 " - Ph,

8 = Lu,, = link(Su,, L) = qn,
1 = ly, = link(S,,, L) = q1p1p2 - - - Ph,
g = l,, = link(S,,, L) = qapaps - - - pn,

wh = lvh = link(Sv;LyL) = qhPh-
We now restate Theorem 1.1 in terms of these linking numbers.

Theorem 1.1 (The Abhyankar-Moh Semi-Group Theorem restated). Let f € Clz,y]
be an irreducible polynomial that defines a curve f(x,y) = 0 with one place at infinity.
Then using the above notation we have:

For 7 =1,2,3,...,h,

¥, € semi-group{do, d1,...,0;_1}

where semi-group{do, d1,...,0;_1} is the set of all non-zero linear combinations of
00, 01, ..., 6j—1 with non-negative integer coefficients.

This theorem limits the possible values of g;, in terms of p;, ..., pj—1 and
q1,---545—1-

3.1. The essence of the proof

The proof of the Theorem 1.1 depends on some rather technical lemmas so, before
giving all the details, we describe the main ideas and show how these combine to
give the result. In the case of f = y + ¢, Theorem 1.1 is trivially true. We prove
the theorem under the assumption that the cabling pairs found are {(p1,¢1), (p2,g2),
o os(Phyan)} with p; > 1,4 = 1,...,h. The case of redundant cabling pairs of the
type (1, s) is addressed in section 3.6 and the proof follows the same lines as the case
without redundant pairs.
There are three main steps in the proof.
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(i) We express the polynomial f as the sum of other polynomials using “approxi-
mate roots of polynomials” (see below).

(ii) We then analyse the Newton polygon used to find the cabling pair (pg, gx) by
finding the contribution of each summand to the Newton polygon.

(iii) Finally we show that the actual proof follows fairly easily from this analysis.

STEP 1: APPROXIMATE ROOTS OF POLYNOMIALS (SECTION 3.2)

Abhyankar and Moh [3] developed the concept of approximate roots of polynomials.
Their main result is the following lemma (Lemma 3.7).

Let f € C[z,y] be monic in y with deg, (f) = ki, k,l € Z, k,I > 1. Then
there exists a unique g € C[z,y] such that g is monic in y, deg,(g) = k
and

f(%y) = gl +¢
where deg, (¢) < (I = 1)k = (I — 1) deg,(g)

Definition 3.1. The polynomial g is the {** approximate root of f.

The main result used in the proof of Theorem 1.1 is Lemma 3.9 (Suzuki [28]). Let
f € C[z,y] be monic in y and deg, (f) = pip2---pr - pr. Then f can be written as

f= g
where gy, is the (pi -+~ pn)t" approzimate root of f. Moreover
Ck - Z a’yo---’vkggogih T 91?’“
Y05 Vk

where go = x and g1, g2, ..., gr_1 are the (pipa---pu)™, (po---pp)th, ...,
(pr—1---pn)™ approximate roots of f respectively. In addition, 0 < g, 0 < 1 < p1,

o 08 Y1 <pr—1, 0 e <pp--opp — 1.

We use the approximate roots where pq, po, ..., py are given in the splice diagram
of f.
STEP 2: THE NEWTON POLYGONS OF f, gg, ..., g (SECTIONS 3.3 AND 3.5)

We match features in the “k*"” Newton polygon of f, NPy (f) say, used to find the pair
(pk» ) with the k'™ Newton polygons of the components of (x, ay,...4,90°91" *** g1* -

Before doing so we give a few definitions.

Definition 3.2. The line segments in the boundary of a Newton polygon which
correspond to the points at infinity of a curve C defined by f(x,y) = 0 where
f € Clz,y] are described in section 2. These line segments will be called the key
line segments of the Newton polygon.
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Definition 3.3. If
f(z,y) =) aapz®y’
then the points in the set
{(a, B) | aap # 0}
are called the key points of NP(f), the Newton polygon of f.

We define the notion of corner point where there is one or no key line segments in
a Newton polygon.

Definition 3.4. Let {(a, ) | aas # 0} be the set of key points of NP(f). Then the
corner point of NP(f) is the following key point:

(i) where there is a key line segment, the point («, ) in the key line segment such
that 8 is maximum.

(ii) where there is no key line segment, the point (a/, ") such that o/ = max{« |

aop # 0} and ' = min{f | (¢/, B) | awp # 0}.

(1) key line (2)
segment Rest of Newton
polygon lies to !
left and above !

corner point.

Rest of corner z
Newton points
polygon lies to

left and above |

corner point. ke i N I ®
v line
<— segment cor'ner/
point
d ’

Some relevant facts about Newton polygons are proved in section 3.4.

We now turn to the Newton polygons of f. Without loss of generality we assume
that C' meets infinity at y = 0. Assume that in order to find the Newton pairs of f
we make the substitutions:

©; : (zj,95) = (@1, 2571 (Y41 + 1))
for j=1,...,h— 1, where (z1,y1) = (x,y).

Definition 3.5. Let
Ji=fo®i0--0®; 4

for j = 2,...,h. Denote the Newton polygons, NP(f), NP(fz2), ..., NP(f3) by

NPl(f)vNPZ(f)v .. aNPh(f)

respectively. We call the set {NP,(f) ;7”:1 the Newton polygons of f.
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Assume that we make the precisely the same substitutions {®,} in some polyno-
mial H.

Definition 3.6. Define
Hj :HO(I)10~~~O®]'_1

for j = 2,...,h and define the Newton polygons of H as
NP,(H) =NP(H),NPy(H) = NP(Hs),...,NP,(H) = NP(Hy,).

In Lemma 3.10 we establish that NPy (f) has just one key line segment as given
in the following diagram:

Bk

Rest of Newton
polygon contained
n region to left and

above shown key

line segment,

(@ 1P 1Pp---Phy Pilryr---Ph)

key line
<——— segment

of NP,(f)
Qy

QkPr41---Ph

This key line segment shown on the diagram is the one used to find the Newton pair
(pk,qr) in the splice diagram. The line segment has slope 7, and we know that we
must obtain just one Newton pair from this line segment. Thus the terms in f(xg, yi)
corresponding to this line segment must be of the form

4kPk "Ph (, Pk Pk .~ Tk \P **Ph
LTy, (g™ — )y T )Prrrn

and every integer point on the key line segment must be a key point of the Newton

polygon.
In section 3.5 we use induction to establish the following results about the Newton
polygons of the components of f, g¥* """ and a,..4,90° - 91"

(i) Neither
nor any
NP(ayo..7.90°91" -+ 92°)

where a,..~,90°97" -+ - 92* # 0 has a key line segment parallel to that of NP(f)
(Lemmas 3.15 and 3.24).
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(ii) The corner point of NPy (ay,..4. 90" -+ g7") is at

Qg =p1---Pk—17Y0 + @1P2 - Pk—171 T -+ Qk—1Vk—1 + Qk—1Pk—1Vk-
Br = Tk

(Corollary 3.20 to Lemma 3.19).

(iii) The Newton polygons, NPy (gr* ") and NP (ay,...4.90° - - - 95" ), have no point

lying to the right of NP(f) and thus their corner points do not lie to the right
of NP.(f) (Lemmas 3.15 and 3.25). No two of these corner points coincide
(Lemma 3.23).

(iv) For each key point on the key line segment of NP (f), that is, (o, Ox) where

Ok = qk—1Pk—1Pk * - *Ph — STk,
Br = Dk Dh — SDk

for s=1,...,(pk - pn), there exists a term in (,

Yo Tk
Ayo..v90 """ 9k

such that the corner point of NPy (ay,..~,90° ---¢.*) is this key point (Lem-
ma 3.26).

(v) For i =1,...,k, NP;(gx+1) has the same key line segment as NP;(f) and the
terms in giy1,; and f; corresponding to this key line segment are the same. This
implies that the first £ Newton pairs, and hence cabling pairs, of f; and gxy1,
are identical (Lemmas 3.17 and 3.29).

Diagrammatically the above can be illustrated as follows:
Each NPp(ay, -, 0:7°...9,7%)

lies above & to left of
B, key line segment of NPy (

(@—1Pk—1Pk---Phs> PrPr+1-- Dp)
AN (

~—— (Q—1Pk—1Pk---Ph—STks Pkpk+1~~-Ph75Pk)

Y¥—\ key line segment

of NP,(f) and NP, (g;1)

Qg

Qo 1P 1Pk Ph—Thy PiDir1-+-Pn—DPr)

AxPr+1---Ph
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STEP 3: PROOF OF THEOREM 1.1

Proof of Theorem 1.1. The result is clear for k =1 as

Yi=qp1---ph, ¢ >1 and Jo=p1---Da

so that
11 € semi-group{dp}.

Now consider g;. As described in step 2, result (ii), there is some term in f,
’7/ 'Y/
0 k
Ay 90 9k s

say, with a., ., # 0 whose Newton polygon NPk(a%“%ggog?l -+ g}*) has corner

point at the key point, (qx—1pk—1DPk " Ph — Tks Pk - - Ph — Px) on NPg(f). Thus
Vi =Dk Ph — Dk

and

D1 Ph—170 + QP2 Pk—17Y1 +  F Ge—1Ve—1 + Te—1Pk—17k
= qk—1Pk—1Pk " Ph — Tk-

Therefore

D1 Ph—1Y0 + @1P2 - P11 o+ Qe—1Vi—1 + Gh—1Pk—1(Pk - - - Ph — Dk)
= 4qk—1Pk—1Pk " Ph — Tk

and, as gy = qk—1Pk—1Pk — Tk (from section 2.2),
P1 Ph—170 + QP2 Ph—171 + o Qh—1Ve—1 = Qe—1Pk—1Dk — Tk = Q-
Multiply each side by py - - - pp to obtain
0% + 017y + -+ Ok—1Vh—1 = QkDk " Ph = Vi
As 4! > 0, for all 4, and from Lemma 3.10, ¢; # 0, the result follows and
¥y € semi-group{do, ...,0k_1}. O

It remains to prove the details summarised above in steps 1 and 2.
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3.2. Approximate roots of polynomials

We first need to understand the ideas behind the generalized Tschirnhausen transfor-
mation developed by Abhyankar and Moh ([3]). Let f € C[y] be a monic polynomial
of degree n:

f(y) = yn + anflyn_l + anfgyn_g + -+ ag.

One can use a substitution, replacing y+ a"n’l by y, to “kill off” the coefficient of 3™~ !.

This affine automorphism is a Tschirnhausen transformation ([29]). A useful way of
looking at this is the following. Divide f by (y + oot )n and express f in the form

n

fly) = (y+ ai;l)n +7r1(y)

where ¢; € C and deg, ¢ < n — 2. By dividing r1(y) by (y + %—‘1)”_2 we obtain

Ap—1 n—2
() =ena(y+ =)+l

with degy ro < n — 3. We can continue in this fashion until we find

n—2

) = (y+ a’;l)nﬂL >ei(y+ argl)j

j=0

for some ¢; € C.
Abhyankar and Moh generalized this as follows to find the I** approzimate root

of f:

Lemma 3.7. Let f € Clx,y] be monic in y with deg,(f) = ki, k,l € Z, k,1 > 1.
Then there exists a unique g € Clx,y| such that g is monic in y, deg,(g) = k and

flay)=g"+¢
where deg, (¢) < (I — 1)k = (I — 1) deg,(9)-
The proof of Lemma 3.7 is in [3]. We will use this lemma to show the following:
Lemma 3.8. Let
o f € Clx,y| be monic in y with deg,(f) = klm, k,l,m € Z, k,l,m > 1,
o h be the m™ approzimate root of f and
e g be the 1™ approzimate root of h.

Then g is the lm™ approzimate root of f.
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Proof. As h is the m'" approximate root of f,
f=hmtg
where deg, (¢) < (m — 1)kl = (m — 1) deg, (h). As g is the I*" approximate root of h,
h=g¢"+¢
where deg, (¢) < (I — 1)k = (I — 1) deg,(g). Thus
J=nm
=(g'+ )" +¢

_ Im - M\ i 1(m—i)
=g+ ( . >¢ g+ ¢
i=1
Hence
deg, (f —g'™) < deg,(¢) + (m — 1) deg,(¢") < kl =k + (m — 1)kl = (ml — 1) deg, (9)-
By the uniqueness of approximate roots, g is the Im'™ approximate root of f. O

The main result we need for the proof of Theorem 1.1 is as follows:

Lemma 3.9. Let f € Clz,y| be monic in y and deg,(f) = pip2---pr---pn. Let

go = x and g1, g2, -, g be the (pipa---pn)™, (p2---pn)™, ..., (x---pn)™ ap-
prozimate roots of f respectively. Then we can express [ as a sum of polynomials as

follows. Given
f — ngPk+1“'ph =+ Ck

then
_ Yo 71 Vi
Cr = E QAry..oyi 90 917 " 9g
Y05+ Vi

with 0 <y, 0 < v1 <p1, ooy 0 < Y1 <pr—1, 0 < v < PrPrt1---prn — L.

The proof is given by Suzuki in [28].

3.3. The Newton polygons of f
We have assumed that the cabling pairs of f are either just {(1,0)} or, for some h > 1,

{1, 1), (P2, 42), .-, (P, qn) }

with p; > 1 for all 4. (The case where there are redundant cabling pairs of the
form (1,r) is addressed in section 3.6.)

The attributes of NPy (f) are as follows. If f € Clz, y] is irreducible and f(z,y) =0
defines a curve in C? with one place at infinity, its Newton polygon, assuming that f
has a non-zero constant term, is one of the following;:
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In case 1, f(z,y) =y, the curve is just a line and has splice diagram

Thus for case 1, Theorem 1.1 is trivially true. Case 2 is the interesting case and we
discuss this in detail. As there is only one place at infinity we know that the key
line segment of NP1 (f) will give exactly one Newton pair. As we have assumed that
the curve meets infinity at y = 0, n > m. From the splice diagram, we see that the
root node has linking number dy = p1ps - pr. So the degree of the polynomial is
also n = pi1ps - - - pp, (see section 2). Thus we can assume, without loss of generality
and by applying, where necessary, polynomial automorphisms of C? as described in
Neumann and Wightwick ([20]) and Wightwick ([32]) that

e n > m so that n = pips - pp.
e m> 1.
e f is monic in y and

fly)=y" 4+ ajy"?
j=2
where a; € Clz].

e f is monic in x. As the line segment in the boundary of the Newton polygon
has slope —p1/q1, m = deg,(f) = q1p2p3 - - P

q1 # 1 and po,...,py > 1. If any of pa, p3,...,pp = 1, the splice diagram would
not be minimal.
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Given the above degrees, the polynomial, f, is of the form

f(fE, y) = Z aaﬁxayﬁ + Z aaﬁl'ayﬁ

pia+qi1B=qipip2---Prn  P1a+q1B<q1P1P2""Ph

or, alternatively,

f(x7 y) = (ypl _ ﬁl’l Pt )P2P3"'Ph + Z aagx"‘yﬁ
p1at+q18<q1pip2--Pn
with ¢]* = 1.

Lemma 3.10. At the k™ stage, k = 2,3,...,h, of finding Newton pairs, the Newton
polygon, NPy (f),

(i) has one key line segment with end points
(@kpr+1 -+ Py 0)  and  (qk—1Pk—1PkPk+1 """ Phy PkPk+1 " Dh),
(ii) has key points at
Qg = qkpr - Ph — STk and [y =pk - Ph — SPk
for s=0,...,pk41--pn and

(iii) has right side boundary components of the following form:

By

Rest of Newton
polygon contained
n region to left and

above shown key

line segment

(@ 1Pk1Pi---Phs Pilps1---Ph)

key line
<——— segment

of NP,(f)
Qg

qiPr+1---Ph

(iv) is such that q # 0.

Proof. We use induction for (i), (ii), and (iii). From equation 3.3 we have a quasi-
homogeneous polynomial which corresponds to the key line segment in NP;(f) being

(ypl _ tll’l T )PQPS"'Ph .
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Our first substitution is

x = zb, y =zl (t1 + y2).

The quasi-homogeneous polynomial becomes
xglzn ((tl + y2)p1 _ t1171 )p2p3"'ph.

The powers of the terms in this lie on the vertical line segment as = qi1p1p2 - - - ph,
P2 pr < B2 < pipa---pp which forms part of the right boundary of NPy(f). All
other key points satisfy as < qip1p2 - ph-

Ba

Rest of Newton
polygon contained

in region to left an (01P1Py---Dhs PoP3---Ph)

above shown lin key line
segments segment
of NPy(f)
¢ Qy

As the curve, C, has just one place at infinity, there is just one key line segment in
NP2(f) and this has slope ps /7m0 where 72 = p1qips — g2. The corresponding terms
in fo are
c2x31p1“'pk (ygz _ tgzngz )ps'“ph
for some ca,to € C, and the result follows.
Now assume that at stage k — 1, NP;_1(f) has a key line segment as follows:

ﬂkfl

Rest of Newton
polygons contained
in region to left and

above shown line

(Qr—oPr—oPk—1---Phy Pk—1Pk---Ph)

segments key line
segment

of NB, (/)

Qi—1Pg---Ph X1
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and this key line segment corresponds to a quasi-homogeneous polynomial

9k—2Pk—2"""Ph (), Pk—1 _ 4Pk—1_,~Tk—1\Pg-Ph
Ck—1Tp_q Wy — " ) .

Substituting

Prk—1 —Tk—1
Th—1 =Ty, Yh—1 = Ty, (th—1 + yn),

this quasi-homogeneous polynomial becomes

(qk—2Pk—2"Ph)Pk—1—Tk—1Pk—1"""Dh) _ DPk—1 PR
(Ch—12y, (b1 + Y )PEt — EDE L PRPRs1 P

dk—1Pk—1"""Ph — Pr—1
— Ckflxk ((tkfl + yk)Pk 1 _ tk—l )Pkpk+1 Ph

As the quasi-homogeneous polynomial maps to terms in f; which match the vertical
line segment in the right boundary of NPy (f), we obtain the corner point as shown:

Bk

Rest of Newton
polygon contained
in region to left and
above shown line

segments

(@ 1Pp1Pr---Phy Pilry1---Ph)

key line
<——— segment

of NBy(f)

Qg

by,

Finally, as the curve, C, has one place at infinity, we have one key line segment of
slope py /7 where T, = qp_1pr—1Pk — g With corresponding equation
Ck.,L.kak'“ph (yik _ tik m};"'k )I)k+1"‘ph
which gives the required key points.
For (iv), if gx = 0, we obtain 7, = qr—1pk—1pk. But then ged(pg, 7%) # 1 which is
a contradiction. O

3.4. Basic facts about Newton polygons

Lemma 3.11. Let f,g € Clz,z7 %, y], f,g # 0. Let NP(f) denote the Newton polygon
of f. Then

NP(fg) = NP(f) + NP(g)

where the sum of two sets consists of all the sums of each element in the first set with
each element in the second set.
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This well known fact is left as an exercise in many references and a proof is
presented in Schinzel ([26, Theorem 18, page 89]).

Corollary 3.12. The Newton polygon of f™ is similar to the Newton polygon of f.

We will need to have some understanding of how the corner point of fg relates to
the corner points of f and g.

Corollary 3.13. If f is such that NP(f) has a key line segment with corner point
(b,¢) and point on the horizontal axis, (a,0), and g is such that NP(g) has a corner
point on the horizontal axis, (d,0):

NP(f): NP(g):

corner

/ points \

\e

a b d

Rest of Newton polygons contained in
region to left and above shown line segment
and corner points.

then NP(fg) has a key line segment from (a+d,0) to (b+d,c), with the latter point
being the corner point:

Rest of Newton
polygon lies in region
to left and above :
t
shown line segment. / POt

corner

a+d  b+d
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If f is such that NP(f) has a corner point on the horizontal azis at (d,0), and g is
such that NP(g) has no key line segment and has a corner point at (b,c):

NP(f) NP(g)

corner C [ °

| / points \—/

Rest of Newton polygons contained in regions to
left and above shown corner points.

then NP(fg) has no key line segment and has a corner point at (b+d,c):

Rest of Newton
polygon lies in region
to left and above coTnet

int
corner point. / pott

b+d

Lemma 3.14. Assume that we have a key line segment of non-zero slope in the
boundary of NP(f) with key points (aa, /1) and (ag, B2) such that

o (ay,B1) is the end point of the line segment for which (31 is mazimum and

o (aw, B2) is the nearest key point to (a1, 1) on the line segment.

B (o1,53,)

Rest of Newton " (a,3,)
polygon contained
in region to left of

shown line segments
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Then NP(f™) will have key points in its boundary at

(mai,mBy) and (mog — (a1 — az),mBr — (B1 — P2)).

Proof. The terms in f corresponding to the line segment will be of the form
arz® Yy + azey® + Y age®y’,
B<Pz2
a1,as # 0. Taking the m'™ power of this gives
(a13™y"" + agz®2y™)™ + 1
where
m , j
r= Z ( .)(alxa1yﬁ1 4 anazyﬂz)m*J ( Z ag:rayﬁ) .
=N B<Ba

As deg, (r) < f1(m — j) + jB2 this has no term

yﬂl m or yﬁl(m—l)-‘rﬁz

with non-zero coefficient in C[z~1, z,y]. However
(alxalyﬁl +a2xa2yﬁz)m

does have such a term with non-zero coefficient. O

3.5. Technical lemmas

In this section we use induction to establish the technical lemmas used in the proof
of Theorem 1.1.

Remark. We show that for i = 1,..., k, NP;(gxr1) has the same same key line segment
as NP,(f) and the terms in gg41,; and f; corresponding to this key line segment are
the same. This implies that the first & Newton pairs, and hence cabling pairs, of f;
and gr41,; are identical (Lemmas 3.17 and 3.29). From Lemma 3.17 we see that gg41,
k = 1,...,h — 1, meets infinity at one point, y = 0. In addition, deg,(gx+1) =
P1P2 - - * P, while from above the first k cabling pairs of gi+1 are {(p1,¢1), - -, (P, qx) }-
Thus the splice diagram for g41 is

q; qo o dy
D1 P2 P
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and the link at infinity of gr41 corresponds to the virtual component of the link at
infinity of f, S,,.

We start by establishing what occurs for NP;. We use the fact that
f=g""" 4G  and G =) aapglg)
with 8 <p1---pp — 1.

Lemma 3.15. NP;(¢"""") and NPl(aaggg‘gf) have no key line segments parallel
to that of NP1(f) and their unique corner points lie within NP1 (f).

Proof. This is obvious as gg = x and ¢g; = y. O

Lemma 3.16. NPy (gp"'"™") is contained within NP1(f) for k=0,...,h —1 and
includes the key point (0,p1 -+ pp).

Proof. Recall that

f=gef3 " + Genn
with (41 € Clz, 9], degy(CkH) <p1--pn—Dp1-px and
g = g7 T 40

with deg, (¢) < p1---pr — 1 (Lemma 3.8). Thus (0,p;---px) is a key point on the
boundary of NP1 (gx+1). Assume we have a key point in NPy (gg+1), (o, 5’) say, which
satisfies

o pro + @1 > qip1- - s
e (o, ) lies on the boundary of NP1 (gx1),
e (3 is the maximum possible such value.

Then (0,p1---px) and (o’,3) lie on the same line segment in the boundary of
NP1 (gx+1) and there are no key points between them. NP (gr41) is as follows:

g

PiDse-- D —(@.F)

4,D5---Py;
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From Lemma 3.14 it follows that NPl(ngll"'p ") has key points in its boundary at

(0,p1---pp) and  (&,p1---ph— (1P —3)).

. . A ! s p— e p— / . .
Thus there is a term in gZTll P g ypropn—(p1pr—F") with non-zero coefficient. The

key point lies outside NP (f) as

i + @i pn— 1o —0)) =p1d’ + @S +@pr-pr— aipr - Dk

> q1p1 - Dh
Thus there must be a term in (;41 which cancels the term a:“,ypl"'ph_(pl"'“_ﬁ/).
But deg, (Ck+1) < p1-+Pn — p1 - px so this is not possible. Thus NPl(gZTll'”ph) is
contained in NPy (f). O

Lemma 3.17. For k=1,...,h —1, NPy(g;"'""") has the same key line segment

as NP (f) and the terms in gZ’:’ll'"ph and f corresponding to these are identical.
Proof. As NPy (g "™") is contained in NP1 (f), NP1 (gx11) is contained in the given
region:

g

NP(g,.,) contained

PPa:--Px in shaded region

«
4.Ps---Dy
Thus
pP2-Pk ) )
Ghs1 = Z d;p@igpr(p2pi—i) 4 Z daﬁxo‘yﬁ
i=0 pia+q18<q1p1- Pk

for some d;,dng € C. Note that dy = 1. Take the (pg41-- -pn)™ power of this to

obtain
Pk+1""Ph

D1 Pk
gz;:rllwph _ ( Zdixqﬂym(mmpk—i)) + ngﬁxayﬁ.
=0

pra+q18<qip1-pr
Equate g, """ + Cry1 to

f=" - tll’leh)(p2-..pk)(pk+1“'ph) + Z aixﬁxo‘yﬁ
pra+q18<qipi--pk

P2 Pk Do D ) N Pk+17"Ph
(5 (7 ) wemaamp) ™ " 4 Saany

Jj=0 J pra+q18<qipi--pk

Revista Matemdatica Complutense
175 2007: vol. 20, num. 1, pags. 139-206



Penelope G. Wightwick Semi-group conditions for affine algebraic plane curves

As degy(Ck+1) <p1:--Pn—Pp1--- Pk, the terms with y-degree greater than py - --pp —

Py - Py in gZ’fll P and f must be equal. Hence
P2 Pk
doypl“'ph, + (pk—i—l . _ph)ypl“'Pk(PkJrl"'Ph*l) Z di(qu)i(ypl)(p?“pk*i)
i=1
P2 Pk
= yPl"'Ph+(pk+1 .. .ph)ypl"';Dk(PkJrr"ph—l) Z <pk+1]'. ’ 'ph> (tll’ll.(h )jypl(Pz"'ph—j)
j=1

This uniquely determines the d; in terms of #{' and we get the required values for
each d;. O

Before looking at the more general case we need the following result.

Lemma 3.18. Let f € Clx,y] have one place at infinity and g; € Clz™!, z,y].
Assume that the key line segment of NP;(f) is as follows:

g Rest of Newton
polygon contained
in region to left and
above key line

DP; segment.

———key line segment

\ a;

Assume that NP;(g) = NP(g;) has no key line segment that is parallel to that of
NP;(f). Let ¢ : (z5,y;) = (25,2, (y + t;) be the substitution to be used to find
the next Newton pair of f.

Then NP(g; o ¢) = NP(g;41) has a corner point on the horizontal axis with all
other points in the Newton polygon lying above and to the left of that point.

Proof. The key line segment of NP;(f) matches the following terms in f;

ax;»(y;)j — t?j x;Tj )?

for some constant a. Then g; can be expressed as

pJa TiB<pja’ —TJB’

for some ¢, dng € C. Put

(z5,95) = (@, 2, 5 (Y0 + 1))
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to obtain
gi1 = s T (g + )7 + > dapz Ty (yje1 + )"
pja—T;B<pja’—1;3'
One of the terms in m?ﬂrﬁ T (y;j11 + ;)7 gives a point lying in the right boundary

of NP;41(g) at (o/p; — '7j,0). This point lies on the «;41-axis as follows:

NP(QJ): NP(ng):
5 ap— [?ﬁjzconst ant By
/
, /
/" Rest of Newton Rest of Newton
B/ / polygon contained B " polygon contai ned
B 7 in region to left and J in region to left and
i above shown line above shown point
’ segment
/
Qs QL
’ J i ; J+1
a; a;'p—0; T

Now assume that we have established the following:
(i) that NPg_1(g0) = NPy_1(z) is a point on the ay_1-axis, (p1p2 - pr—2,0).

(ii) that for j =1,2,...,k—2, NP;_1(g;) has corner point, (¢;pj41 - - - pr—2,0) with
all other points in the Newton polygon lying above or to the left of that point.

NP,_1(go): NPy,_(g;), j=L,...k-2:

By By Rest of Newton

) ) . polygon contained
in region to left and
above shown point

“Ta
!
:
i
!
I
i
.

v Qg1 * Qy_q
DiPs---Pi—2 4iPji1---Pr—2

(iii) that NPg_1(grx—1) has a key line segment which is not parallel to the key line
segment of NP;_1(f) and has corner point (px—1qgx—2,1).

(iv) that NPjy_q(gt* ") and NPj,_1(f) have the same key line segments, and
that the terms in f which give this key line segment are also terms
of gi*""P*. This means that NP;_1(gx) has a key line segment from (gi—1,0) to
(Pk—2Gk—2Pk—1,Pk—1)-
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NPy 1(gy—1): NPy_(g;):
Rest of Newton
Br1 polygons contained i1
in region to left and
above shown line
segments
1 ) N
o Qg : Q1
=1 prloi—s 1 Dh—oQs—2Pr—1

Lemma 3.19. Then

(i) NPx(go) = NPy (z) is a point on the ay-axis, (p1ps2- - DPk—-1,0).

(ii) for j =1,2,...,k — 2, NPx(g;) has corner point, (¢;pj+1---pr—1,0) with all
other points in the Newton polygon lying above or to the left of that point.

NP(go): NP(g;), 3=, ....k-2:

Rest of Newton
polygon contained
. in region to left and
i above shown point

1

By B

@ ak
P1P2--Pr—2Pk—1 4P jt1---Pr—2Pr—1

Qg

(iii) NPr(gk—1) has has right boundary which is a vertical line with corner point
(Qkflao)'

(iv) NPg(gp¥"*") has corner point (pp—1qx—1,0) and the key line segment of NPy (f)
is not parallel to the key line segment of NPy (gx) if it exists.
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NP(g3—1): NP(g):

5 B

Rest of Newton
polygons contained
in region to left and

above shown line
1 segments

f Qg

A
Q1 U Pr_1Qp—1

Proof. (i), (ii), and (iii) follow from Lemma 3.18.

To prove (iv), express g r—1 in the form

Pk—29k—2Pk—1(, Pk—1 Pk—1,.~Tk—1 ak—1, Br—1
CkT)_q (y' =t e ) + E, Aoy, Brr T Y1 -

Ak —1Pk—1—Brk—1Tk—1<qk—1Pk—1

for some constant c¢,. When we let
(Th—1,y6-1) = (2" 2, " (Y + tho))

we obtain

Pr—1(Pk—2qk—2Pk—1—Tk—1) . Pr—1
Gk k = CriT), (Y + te—1)P* 1 = "7)

+ Z dak—lﬁk—ll‘zkilakil_5}9717-}971 (yk + tk_l)ﬁk—l .

g —1Pk—1—Brk—-1Tk—1<qk—1Pk—1

Thus, as prx_2qr_oPk—1 — Tk—1 = qx—_1, the corner point is as required.

Assume that NPy (gx) has a key line segment parallel to that of NP(f). Note
that in this case NPy (gx) must include a point on the horizontal axis, (ax,0), say.
Now compare NPy (f) with NPy (gp*"*"). The key line segment of NP(f) has slope
Pr/Tk where qx = qp—1pk—1Pk — T and ged(pg, k) = 1.
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NP, (giPr-rn): NP(f):

Bx Br

Rest of Newton
polygon contained Rest of Newton
PiPes1--p, |inregiontoleftand ~ |polygon contained

: n region to left an
above shown lin

above shown lin

segments

key line segments  key line
segiment segment
b (€78 g g
apPy---Ph, ; QPrs1---Ph
Uk—1Pk-1Pg--Ph Gk—1Pk—1Pk---Ph

From Corollary 3.12, NPy (g;" ") has key line segment with slope (pgpr+1---pn)/
(akprpr+1 - pr) and we see that this has the same corner point as NP (f). Thus if
the the key line segments of NP (f) and NPy (gt* "P") are parallel, they are identical.
But then 74 = agpy which is not possible because ged(pg, 1) = 1 and pg, > 1. O

Corollary 3.20. The corner point of the term NPp(ay,.. 4, 90° -+ g1*) is at (ag, Br)
where

Qak = YopP1 - Pk—1 +V1q1P2 - Pk—1+ -+ Ve—1qk—1 + VkPk—1qk—1

and

Br = Vi

Lemma 3.21. If NP (g.* ") has a key line segment, then it has key points on this
line segment at

Ok = qk—1Pk—1"""Ph — U(Qk—lpk—1 - ak), Br =pr--phn—u
for some ar, € C,u=0,...,pypp.

Proof. Consider NPy (gx) which either has no point on the horizontal axis or does
have a point on the horizontal axis, at (ag,0) say. It is only the latter case where
NP (gp* ") will have a key line segment. The key line segment of NPy (gx) has end
points (qx—1pk—1,1) and (ak,0):
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O Rest of Newton
polygon contained
in region to left and
above shown line
segments

7

pa
f Qg

ar Qg—1Pr—1

Thus we can express g in the form

gk = Azl TP (g — k) + > s, TR YL

ap—Pr(qr—1Pk—1—ar)<ak

for some dy, du, 8., 7k € C with dy, 7 # 0. It follows that

Pk Ph __ gl . dk—1Pk—1Pk"""Ph ! ag, Bk
9k = dyzy, (yr — reR)Pe P + E dakﬂkxk Yk

ar—Pr(qr—1Pk—1—ar)<akPr---Dh

for some dj, d, 5 € C. Therefore, if NPy (g;* """ )has a key line segment, it has key
points at

(Qkflpkfl o Ph — U(qupkq - ak),Pk o Ph — U)

foru=0,1,...,px " pn-

B

(Gk—1Pr—1Pk--Phs PiPrs1--Pp)
Regt of Newton

polygon contained
to left and above
key |line segment

(@ 1Pk—1Pp--Ph— (1P 1— ), Dpo-Dp—1)

T (G 1Pk 1P PR (G Ph—1— )5 PpePp— )

\ o
AgPg---Ph
key line
segment
of NPy (gi*»)
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Lemma 3.22. Let p,q, ¢, ¢, \, N € Z and assume that
(i) p=2,q#0,
(ii) ged(p,q) =1 and

(iii) 0 < ¢, ¢ < p.

If
A+ dqg=Np+d'q

then
(A p) =\, ¢).

Proof. Without loss of generality, assume ¢ > ¢'. Then
p(N = X) =q(¢—¢')
with 0 < ¢ — ¢’ < p. As ged(p,q) =1, p is a factor of ¢ — ¢'. Thus ¢ — ¢ = 0 and
p=4"

Hence
N —=A=0. O

Lemma 3.23. If we have two terms in f, g3°g7* -+~ g* and gJ°g{"* - - g.* such that

(Y0, 715+ -5 ) 7 (V0: V1o -5 V)
then

(P1- Pe—170 + @1P2 Pe—171 + 0 Q—1Vk—1 + Pk—1Qk—17k> Vk)
# (P1 Pe—170 + QP2 Pre—171 o+ Q1Yo 1 F Pe—10E—1V% Vh)-
Proof. We prove the contrapositive. Assume
(P1- Pr—170 + QP2+ Pr—171 + G- 1Ve—1 + Ph—1Gk—1Vk> Vk)
= (P1e P10 + QP2 Pe—1 F o @1 Ve—1 F PE—10k—1V% Vi)-

Then 7, = v, and thus

P1 Pk—1Y0 T @1P2 - Pr—171 + o Qe—1Vk—1
=Dp1- Pe—1Y0 + QP2 Ph—1Y1 + T Q-1
so that

Pr—1(P1- - Pr—2% + @1P2 - - Pr—271 + - F Qe—2Vk—2) + Qr—17k—1
=pe—1(p1 - Pr—27) + @P2 - Pr—2Vi A Ge—2Vi—2) T Q—1Vh—1-
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Then, from Lemma 3.22, as ged(pr—1,qk—1) = 1 and 0 < y,_1,7_1 < Pk—1,

Vh=1 = Vi1

and

P1--Pr—2% +q@1D2 - Pr—2V1 + -+ Qr—2Vk—2
=p1- 'Pk—Q’)’(l) +qip2 - 'Pk—ﬂi +-+ %-2’)’1’6_2

Continuing in this fashion we eventually obtain

D1 DPk—17Y0 T 1P2 - Pk—171 = P1 " 'pk—l'}/(/) +qp2 - Pe-171
Then
P10 + @1 = p1vg + @iy
From Lemma 3.22,
(70,71) = (70, 71)
and conclude that
(70,71 -+ > %) = (70,71 - > W) O

Lemma 3.24. The key line segments of the terms of f, NPy (aygyy..v.90°91" - 91%)
where v, > 0

(i) are parallel to each other and are parallel to the key line segment of NPk(g,(f’“mph))

and
(ii) are not parallel to the key line segment of NP (f).

Note that if v, = 0, NPj(ay4:..7.90°91" - - - g2*) does not have a key line segment
and has a corner point on the horizontal axis.

Proof. (i) This follows directly from Corollary 3.13 and Lemma 3.19.
(ii) This follows from Lemmas 3.10 and 3.19. O
Let h be a term of f, that is one of gp* """ and a,..~,9¢° - g2* with a,, .., # 0.
Lemma 3.25. Then NPy (h) does not have any component to the right of NPr(f).
That is, for
h = Z bakﬁkxgkygk’

g, Bk
the following holds:
agpk — BrTk < qkPk - Ph
and
ak < Qk—1Pk—1 """ Ph-
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Proof. First we show that NP(¢g7*"*") has no component to the right of NPy(f).
There are two cases.

(i) NPg(gr) is a vertical line only. In this case it is clear that there is no component
to the right of NP(f).

(i) NP(gx) is not a vertical line. In this case assume that NP(gt* ") does have a
component to the right of NP (f). Then the key line segments of NP (f) and
NPy (gx) will be as follows:

By

key line

segment Drs
of NP,(f) (G41Pr—1Pk---PhsPrPrs1---Ph)

\ / key line
/I segment
U of NP,(g,PrP)
\
‘ Pg---Pp Qy,
QPr+1---Ph

From Lemma 3.21, the key points on the key line segment of NP (gp* ") are

(Qkf1pk71pk ***Ph —UAE, Pk Ph — u)

withu =0,...,pg---pn. (There is a term with non-zero coefficient in gp*"*" for each
of these values.) As these key points lie to the right of NP (f), there must be terms
in

Gu= = g™

having Newton polygons which include the above key points. In particular, there
must be one to cancel the term in ¢P*"™"" corresponding to the key point in
NP (gp" "), that is to cancel (qx—1Pk—1Pk - Ph — Gk, Pk - -Pr — 1). Consider the
terms of Ck, Gyo. v 90° - 91" As Y < pr---pr — 1, it follows that there is no
NP (ayo..4,.90" - - - go*) whose corner point is (qx—1Pk—1Pk = Ph — Gk, Dk - Ph — 1),
Thus there is a term a.,...~, 93° - - - g2* with non-zero coefficient with corner point lying
beyond the right side of NPy (gh* "), that is, at some («ay,, 3;,) with praj, — arpr 8y, >
PR — QEPE O,

Revista Matemdtica Complutense
2007: vol. 20, num. 1, pags. 139-206 184



Penelope G. Wightwick Semi-group conditions for affine algebraic plane curves

Bk

(QurPr—1Pk---Phy PiPrs1---Dn)
Rest of Newton k=1k—1Ek-Lho PkEk+1:+Lh

polygons contained
in regions to left and
abovge shown line
segments

(@o—1P—1Pp-Ph— Qg —1Pk—1— ) Py--Pp—1)
(o0 \8y)
S key line

segment
of NP(go™...9:™)

f \ Q
APy---Ph key line
segment
of NPy (g,pw-n)

Take the terms a.,.. .+, 90° - - - g2* with a,. ., # 0such that pyag—arpr Sk is maximum
for the corner points, (v, Bk), of NPy (.4, 90" - - - g27). From these choose that term
whose corner point has maximum [y.

B, (@ 1P—1Pp--Phs P;J’k+1~~-Ph)

Rest|of Newton
polygons contained
to left and above
key line segments

<— required corner point

f Qg
Dy---Dh,

No other term can have a Newton polygon with the same corner point (Lemma 3.23).
By construction, this corner point does not lie within the Newton polygon of any
other a,..4,9¢° - g,". Thus this corner point must lie in NPy (f). But this is a
contradiction as we assumed that NP (f) has key line segment to the left of the key
line segment of NPy (gp*"*"). Hence the key line segment of NPy (gp* ") and thus
its corner point lie inside NP (f).

Secondly, we assume that there is some term a~,.. ., 90" - g7" in (x, with Newton
polygon whose corner point lies to the right of NP.(f). A similar construction to
that used above leads to a contradiction and the result follows from the fact that
any key line segment of NPy (ay,..4,97" - g,") is parallel to that of NPy(gp* ")
(Lemma 3.24). O
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Lemma 3.26. The polynomial

F=@ "+ a0 g

with 0 < 79, 0 < 11 <p1, -+, 0 < Y1 < pg—1, 0 < <pr---pp — 1, is such that
the following terms have mon-zero coefficients:

{a’Yom“/kggO o 'gzk |
(P1p2 - Pr—170 + @1P2 - " Ph—171 + @2P3 - Pr—1Y2 + - + Vi, Vi)
= (Qk—1Pk—1"""DPh — STk, Pk == Ph — 5Pk)s S = 1,2, Dpg1---Dn}

Proof. Recall that NPy (gp* " ™") and {NPp(a,..4.90° - 92*) | Gre..q 7 0}
(i) have unique corner points (Lemma 3.23),

(ii) either have no key line segment or a key line segment which is not parallel to
the key line segment of NPy (f) (Lemma 3.19),

(iii) have corner points which lie within NP (f) (Lemma 3.25) and
(iv) fr has a term with non-zero coefficient for each key point
Qk = Qx—1Pk—1"""Ph — STk and By =pr-pn— Spk
on the key line segment of NP (f) (Lemma 3.10).

Thus there must be terms a.,...~, ggo g;”“ with non-zero coefficients whose corner
points match the key points on the key line segment of f:

Each NPp(a, ., 0:7°...9,7%)
lies above & to left of
B, key line segment of NPy (

(@—1Pk—1Pk---Phs PrPi+1-- Dn)
AN (

~—— (@—1Pr—1Pk---Ph—STks Pkpk+1~~-Ph—5Pk)

Y¥—\ key line segment

of NP,(f)

o7

Qo 1Pk 1Pk Ph—Th> PiPrs1---Ph—Dr)

AxPr+1---Ph
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Lemma 3.27. Assume that for j = 1,...,h — k, NPk_l(gifgjmph) has the same

same key line segment as NPyx_1(f) for i = 1,...,k — 1 and the terms in gZiﬁZ—"'ph
and f; corresponding to this key line segment are the same.
Then NPk(gz’fymph) lies inside NPy (f).

Proof. We note that the right vertical line segment in NPk(gZ’fjj “P*) is the same as

Dhk+j " "Ph
k+j

same key line segment as NPy_1(f) for ¢ = 1,...,k — 1 and the terms in g
and f; corresponding to this key line segment are the same).
AS gp+j is the (pr; - pn)™ approximate root of f,

) has the same

Pk+1""Ph
k47,1

the right vertical line segment of NPy (f) (because NP_1(g

.
f=955 """ + Gty

where deg, (Ck+j) < P1--"Ph — D1 Pk—14;- Using the techniques of Lemma 3.9 we

have that
Ck-‘rj = Z b770~~-77kg(7)70 e ng

with 71 < p1, ...\ =1 < Pr—1, Mk < Dk "+ Ph—Pk - - * Pk—1+;- Assume that NPy (gi4;)
has a point on its boundary, (o, 5;,) such that

o o) pir — BTk > QkPk - - - Prtj—1 is the maximum possible value and
e (3, is the maximum for the key points on this line segment.

Then there is a line segment in the boundary of NPy (gx+,) which includes the key
points
(Qk—1Pk—1Pk ** * Phtj—1,Pk * * * Pj—1)
and
(o, Br)
Pk+j"Ph

with no other key points in between. Thus, from Lemma 3.14, NP (g, " ) includes
the key point (ag, Br) where

Ok = Qk—1Pk—1Pk = Ph — (Qh—1Pk—1Dk * * * Phj—1 — %)
and
Br =pk-pn— Dk - Prtj—1 — Br)-
This point lies outside NP(f) as

Pr(Qr—1Dk—1Pk - Ph — (Qe—1Pk—1Dk -+ Dhtj—1 — %))
— k(P Ph— Dk -+ Prtj—1 — B1))
= QiPk - Ph — QkDk - Phj—1 + QpDk — TR,
> qkPrk " Ph
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Thus there must be some by,..n, g0° - - - g7 in Crq; which cancels this term in g7 "
and therefore a term in (41 with corner point of NP (by,..0.90° - - - g/ ) lying outside
NP (f). If we do the construction as in the proof of Lemma 3.25 we will get a
contradiction in exactly the same way. O

Scholium 3.28. The terms of Citj, byg..90° -+ - gi*, are such that the corner points
of NPy(byg..e90° -+ 9%) are inside NPy(f) and contained within the region oy <

qk—1Pk—1"""Ph — TkPk+1 " " Pk+j—1-

Proof. From the last part of the proof of the previous result we see that NP (Cx+;) has
terms, by 5.90° - g7F, with corner points lying within NP(f) and with
M < Pk Ph — Pk Pktj—1. Lhe result follows. O

Lemma 3.29. For j=1,...,h —k, NPk(gZI}jmph) has the same key line segment

as NPy (f) and the terms in gzigf,;p“ and fi, corresponding to these are identical.

Proof. As NPk(giiJ}j P is contained in NPy (f), NPy (gx+;) is contained in the region

Pk — Tk < Qh—1Pk—1" " Phtj—1 — TkDk+1 """ Phtj—1

= 4qkPk " Pk+j—-1

as shown:

NPk(ngrj): B

Rest of Newton
polygon contained
in region to left and|
above shown ling
segments

Pr---Pryj

ay
Qk—1Pp—1---Prtj-1

Qi;—1Pk—1Pk-Prt j—1~ TkPk+1-- - Prtj—1
=qkPr+1--Prtj—1

We have

Pk+1"""Pk+j—1

Gk —1Pk—1"""Pk4j—1 —Tk\i(, Pk i_1—1 ok, Br
Ghiih =T y Zdl(xk 5 (yP )(pk+1 Phtj—1 )+Zdak5kxkkykp
1=0

Prok—TrBr<qk—1Pk—1"""Pk4j—1
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for some d;,dnp € C. Take the (pgj - --pn)t™ power of this to obtain

Pk+1"""Pk+j—1 Pk+4+1°""Ph
Pk+j"Ph __ _ dk—1Pk—1""Ph pk (P41 Phtj—1—1)
Irr 1 =Ty ( E :d i) !

Z dakﬁﬁzkyfk- (1)

POk —TkPr<qk—1Pk—1'""Ph

Equate g,/ ™" + (it to obtain

_ qk—1Pk—1"""Ph (, Pk Pr+1,,—Tk\(p ©p p =P ak, Bk
fr = doz} R L) S s
Prk —TkBr<qk—1Pk—1""Ph

_dxlh 1Pk—1"""Ph

Pk+1""Pk+j—1 Pk "Ph
Pk+1 " Pk+j—1\ pr(Prt1-Prtj—1—m) {PRHL T ym !
) Yk (), amT)

m
m=0

+ > dugrityp (2)

Prak—TkBr<qrk—1Pk—1"""Ph

From Scholium 3.28, (1 does not have any terms xg’cy,f" with non-zero coefficient

satisfying
A > qk—1Pk—1"""Ph — TkPk+1 """ Dk+j—1-

Thus we see that the terms in (1) and (2) with degree in yr > qr—1Pk—1- - DPh —
TkPk+1 " - Phtj—1 satisfying pray — 7uBx = qr—1Pk—1 - - - P correspond. Thus

doka"'pk+j—l(pk+j"'Ph)

Pk+1"""Pk+j—1

+ (pk-i-j . 'ph)doy “Prtj—1(PrtjPr—1) Z d;x —'rkz zk(pk+1 Phtj—1—1)

=1

o -
:dyzk ph+d(pk+j“'ph)y£k Ph+j—1(PhtjPr—1)

Pr+1-"

Pk
Z <Pk+j o 'ikarjl) (t?];k x;ﬁg)iyzk (Pk:+1"'17h—i).
i=1

This uniquely determines the d; in terms of d and ¢/* and we get the required values
for each d;. O

3.6. The case of redundant cables

In the previous part of this section we assumed that the minimal splice diagram was
the same as the original splice diagram. However this is not always the case as we
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may have Newton pairs of the form (1, s) which lead to redundant cables as we build
up the link at infinity. To allow for this we replace the assumptions of Section 3.3 by
the following:

(i) f € C? is a polynomial with f(z,y) = 0 defining an irreducible curve C with
one place at infinity.

(ii) f has minimal splice diagram:

qq q an

P1 Y2 Py

(iii) The cabling pairs of f include (in the given order)
(P1,q1);s (P2,G2), - - -, (Ph> qn)
with p; > 1 for all ¢ while the Newton pairs include
(P1,q1), (P2, —T2)s - - s (P>, —Th)-
However for one or more values of k, k > 1, we find additional Newton pairs
(1, —wg1), (1, —wg2), .-, (1, —wki,)
between (pr—1, —7k—1) and (pg, —7x) which lead to redundant cabling pairs
(1,861),(1,8%,2)s- -+, (1, k1 )-
The relevant part of the non-reduced splice diagram is

Q-1 Sk,1 Sl i

Pr—1 1 1 by

(iv) In order to find the cabling pairs of f

(P1,q1), (P2:G2), - -, (P> qn)
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we make the following substitutions. If there are no additional Newton pairs
between (pk—17 _Tk—l) and (pk7 _Tk)v

D (w1, yp—1) = (@ 2y (yk + te—1))

as before. Where additional Newton pairs occur between (px—1, —7x—1) and
(pr, —7) we make the following substitutions:

o Oy (Tp—1,Yp-1) = (ﬂci’ffl,w;?’l(yk,l +tr—1)). Thus sg1 = qe_1pr—1—
Thk—1-

. _ —Wk,j C
Uyt (ThgoYky) = (Thjt1, T 31 (Yrje1 + uky)) for j = 1,000k — 1
gving Sg ; = Sk j—1 — Wk,j-

o Vet Ty Ykan) = (@ry xS (Yh + up,)) giving gx = Sk Pk — Tk

For convenience we call the images of f used at the stages of finding the cabling
pairs (p1,q1), (P2,62)s - --» (Pryqn), by f1,- .., fn as before. We denote the image
of f used to determine €, by fx ; and the corresponding Newton polygon as
NPy ;(f). We carry through the notation of the images and Newton polygons
of each g; under the actions of ®; and € ; in the same way.

We obtain the following Newton polygon after applying ®_1:

NP (P P

Rest of Newton
polygon contained
Pilg1---Pp —in-region-to-left-an
above shown lin

segments

. slope
1/‘%,1

Qg

o
Sk,1Pk+1---Ph
Pr-19%-1Pk---Ph
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After applying Qg 1,..., 1, —1 We obtain

NPk,j(f)> j:2, "'7lk: ﬁk,j

Rest of Newton
polygon contained
Pilps1---Pp - i-region-to left-and
above shown line,

segments
slope
1/ W,j
Vg
¢
Sk,iPr+1---Ph
Sk,j—1Pk---Ph
Finally we apply €, to get
NB(: g,
Rest of Newton
polygon contained
DiPpy1---Dp—fin-region to left-ande
above shown line
segments
slope
P/ T
Qg
¢
4xPr+1---Ph
Sk, Pr---Ph

Lemma 3.30. For i =0,...,k — 1, the corner points of NPy ;(g;) are the same as
the corner points of NPr(g;), j = 1,...,lk, which are the same corner points as given
in Lemma 3.19, that is,

(i) NPx(go) and NPy ;(go) = NPy ;(x) are points on the horizontal axes,
(p1p2 - - - pr—1,0).

(ii) NPx(gi) and NPy ;(g:), ¢ = 1,2, ..., k—2 have corner points, (¢;pi+1 - - - Pk—1,0).

(iil) NPg(gr—1) and NPy ;j(gr—1) have corner points (gx—1,0) lying on the horizontal
azxis.
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Proof. Initially we apply ®;_; as in Lemma 3.19, so that the result is true for j = 1.
When we apply Q_;, the term corresponding to the corner point of NPy, ;(g;), is of

the form cay j and so maps to czy j+1 @S required. O
Lemma 3.31. For i = 0,...,h — k and NPy(grt:) and NPy ;(g.""),
J=1,...,lk, have the same key line segments as NPy(f) and NPy ;(f) respectively

and the terms in gzitkjp’ and fi; corresponding to these are identical.

Proof. (i)

_ qk—1Pk—1"""Ph B —Wk,1\Pk-*Ph ak,1. Br1
Je1 = cxgy (Yr1 —ueazy ) ) da e T YRy

g, 1—Wk,1Pk,1<81Pk"*'Ph

and
C— g ITIPE PR g s @R \PE PR kg, Bk,
g =iz (Y = wrgy ;) Q2 o Bk j Yk s
g, j—wk,iBr,j <Sk,jPk " "Ph
. SjPk " "Ph—Wk,j cpy — .
for j = 2,...,lk, fr; has a term, kafk Ph=@hdypePr=1 with non-zero coeffi-
cient.

(ii) By the arguments in the proofs of Lemmas 3.27 and 3.25 the right boundary of
NPy, (gpt5 "), lies inside NPy ;(f) for i =0,...,h — k.

Given these two items we can use the same argument as Lemma 3.29 to obtain

the desired result. O

Lemmas 3.31 and 3.30 ensure that the results proved in the technical lemmas
needed to prove the Abhyankar-Moh semi-group theorem still hold, that is,

(i) that the terms of f with non-zero coefficients have Newton polygons with corner
points occurring at (ay, O;) where

Qp =Pp1-Pr—17 +q@1D2 - Pk—171 + -+ Qe—1Vk—1 + Sk, Vk>
Br = "

(ii) that there is some term in f

’ ’
’YO DY ’Yk;
a'y(’)...'yl’cgo 9k

;.. 7 0 whose Newton polygon NPk(avé___,Y;ggogI“ i ~gzk) has corner point
at the key point on the boundary of NPy (f), (ag, Bx) with
Qk = Sk, Pk """ Ph — Tk

Bk =Pr - Dh — Dk

where g, = 55,1, Pk — Tk-
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Proof of Theorem 1.1. The proof is the same for k =1 as

Y1 =qp1---Ph

and
do=p1- 'pn
so that
1 € semi-group{dp}.

Under our new assumptions
Ve =Dk Dh — Dk

and

P PE—170 + D2 Pe—1Yy + o Q1o + Sk Ve = Sk Pk Ph — The
Therefore
p1-- 'pk—l’YéJrfhpz e 'Pk—l’YiJr' . ‘+Qk—171/€_1+5k,lk(pk S Dh—Dk) = Sk,1,Pk " Ph—Tk
and thus

D1 Ph—1Y0 + @1P2 - P11 o+ Q1Yo 1 = Sk Pk — Tk = k-
Multiply each side by py - - - pp to obtain
0070 + 0171 - Ok—1Vk—1 = V-

As v} > 0, for all 4, the result follows and

¥y € semi-group{do, ..., 0k_1} O

4. The semi-group conditions for one point at infinity

In section 3 the main assumption underlying the proof of the Abhyankar-Moh semi-
group theorem (Theorem 1.1) is that, for f € C[z,y], the curve defined by with
f(x,y) = 0 is an irreducible algebraic curve in the complex plane C? with “one place
at infinity.” Alternatively the minimal link at infinity is of the following form

1 qo qn

P1 Y2 Py
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There are two key consequences of this assumption that are used to prove Theorem 1.1:
(i) f is monic in y so that we can find approximate roots of f, and

(ii) the Newton polygons of f each have one key line segment and give just one
Newton pair corresponding to one branch in the splice diagram.

This leads to the intriguing question: can we find descriptions of the linking numbers
for curves in other cases? The answer is that we can indeed find partial descriptions
in two cases. In particular, in this section we give a description for the case of one
point at infinity, but more than one branch at the h** node.

In this situation, at some node, say, the A" node the cabling operation consists
of adding [ parallel (ps, ¢n) cables, I > 1. The splice diagram is

&
N
bedo

q 4>

Y2 Y2

R

either with I =1 and py,...,pp > 2 or with { > 2, p1,...,pr_1 > 2, and pyp, > 1. The
above splice diagram is minimal except unless [ > 2 and p, = 1.

Note that the branch degree is found as follows. Let v be a node in I' and select
a number of edges adjoining v. Let wq,...,w, be the arrowheads in that part of the
splice diagram which lie along and beyond the selected edges. Then the branch degree
is >0, l(v,w;) where (v, w;) is the product of the edge weights adjacent to but not
on the path from v to w;.

Let 22:1 d; = d. Name the vertices in the diagram above as follows. Starting
from the root vertex and moving towards the branching vertex:

e vertices with one adjoining edge are ug, u1,...,un
e vertices with three or more adjoining edges are vy, ve, ..., v,

Let S, and S,,, denote the virtual components of the link corresponding to the nodes
{ui}!—y and {v;}"_, respectively. Then name the linking numbers of the virtual
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components with L, the link at infinity, by

(50 = luo = link(Suw L) = pip2 - -phd,
01 = ly, = link(Su,, L) = q1p2ps - prd,
62 = lu2 = hnk(Su27L) = q2pP3p4 'phda

On = ly, = link(S,,, L) = qnd,

and
Y1 = ly, = link(S,,, L) = qip1p2 - - - pad,
Vo = ly, = link(S,,, L) = qopaps - - - pnd,

1/)h = lvh = link(SUh7L) = thhd.

Theorem 1.2. Let f € Clz,y] be an irreducible polynomial that defines a curve
f(x,y) =0 with one point at infinity. Then, using the above notation we have

(i) Fori=1,...,h—1,
1; € semi-group{dp, 01,...,0;—1}
and
(ii) there exists v € Z such that 1 < r <1 such that
riby, € semi-group{do, d1,...,0n—1}-
The following lemma is used in the proof of this theorem.

Lemma 4.1. Let w € Clz] have exactly | distinct roots, with | > 1 and assume
w(z) = 2"+ an_12""t + - +ag. Then at least one of an_1,an_2,...,0n_1 # 0.

Proof. Assume that

i=1

n l
w(z) =[]z - bi) = H(z — ;)%

where by, bo, ..., b, are the roots of w repeated according to multiplicity and ¢y, ...,
¢y are the [ distinct roots. We prove the result by contradiction. Assume

p-1=0p 2=""+=ap =0.
Now ap_1 = —01,...,a,_; = (—1)'o; where o is the ¢'" symmetric function in by,
*t bn7
g = E bilbiz blt
i1 <ig<---<i
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Let N
Sp=> bl
i=1
Then o; and S; are linked by Newton’s formulae as follows:
S; — 018 1+ 02S;_ 90—+ (=)o, 151 + (—=1)!Spo; = 0

fort=1,2,.... Given Sy =t # 0 for t > 1,

oy =---=o0; ifandonlyif Sy =---=5=0.
Now Sy =>1" bt = Z;Zl djc} so that as oy = 0 for t = 1,2,...,1,

l

g djcézO fort=1,...,L
=1
These equations are linear in d;. Therefore
cn ¢ - | [dh 0
A & - | |de 0
oy d |d 0
As none of the d; =0 for j = 1,...,1, the coefficient matrix has zero determinant.
Hence
c1 ¢ - oq 1 1 - 1
C% c% e Cl2 c1 Co e C
= 6102 D cl
Cll 012 e Cé cl1_1 Cl2_1 e Ci_l

=cycz - ¢ - (Vandermonde determinant)

=cica- H(Cl —¢j)

i<j

As we have exactly [ distinct factors, ¢; # c¢; for i # j we must have ¢; = 0 for some j.
Without loss of generality assume ¢; = 0.
Divide w by 2™ to obtain w. Then

W(z)=2""4+a, 12" = 71';-;11(3 — )"

with ap—1 = -+ = an—141 = 0. By the same reasoning as above we get c; = 0 for
some j < l. But then c; = ¢; which contradicts our assumption that we have exactly
I factors. O
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Proof of Theorem 1.2. The proof of (i) is identical to that of Theorem 1.1 because of
the following:

(i)

(i)

(iii)

As f is monic in y we can find the first h — 1 approximate roots of f, gg, g1,

.5 gn—1, as before. That is, as f € C[z,y] is monic in y and deg,(f) =
p1p2 - Pk -+ Prd we put gg = x and for k = 1,2,...,h— 1 there exists a unique
polynomial g (monic in y) such that

F =gl G

where deg, (Cx) < pip2---pr—1. Here gi is the (pg - -ppd)*" approximate root

of f. Then

— Yo V1 Yk
Ce = E Ayo..vx90 91 " I
Y0---Vk

where g0 = 2 and g1, g2, ..., gk—1 are the (pipa---prd)™, (p2---prd)™, ...,
(pr—1---pnd)™ approximate roots of f respectively. In addition, 0 < 7o, 0 <
Y1 <Py ey 0 <Y1 <pr—1, 0 <y <pg---ppd — 1.

No two of the corner points of NP (g?* *®) and NPy (ay, .90°9" -~ 97*)
coincide.

At each of the first h — 1 stages of finding the cabling pairs for the component
of the link at infinity at y = 0, there just one key line segment in NP (f) that
gives just one cabling pair.

Given this we see that all the results of the technical lemmas in section 3.5 and the
corresponding results in section 3.6 will carry over for f.

To prove (ii) we first note that if [ = 1 then Theorem 1.2 is exactly Theorem 1.1.
So assume that I > 2. We start with the case for no redundant cables at the A"
stage. Consider the Newton polygon at stage h. For pp > 2 it is of the form

B

rest of NP(f)
contained above

and to left of

shown line (phfl Q}zflphd7 phd)
segment
key line
<——— segment
of NP,(f)
v ah
qnd
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However it is possible that for p;, = 1 there may be more than one line segment
corresponding to the branches at this node. The boundary of NPy (f) will still include
that part of the line segment marked on the following diagram:

By

rest of NP,(f)

contained above

and to left of (Ph—1Gn—1Pnd; Prd)

shown line

segment line segment

<——— in boundary
1 Of N P h( f )
. o
qapd "

Therefore for p, > 1 there is a line segment of slope py,/7,. Thus we can express f
in the form

l
_ Dh Ph . —Th\d an, B
fn= th(yh — 1Ty, ")+ E ba Ty " Y,
i=1 anph—Bran<qnd

for some by, # 0,ba,,5, € C, where t}"; # t}"; for i # j. Consider the expansion of the
terms in fj, corresponding to the line segment of slope p, /75:

l d

Dh DPh . —Th\di __ Gh—1Ph—1Phd—TTh  ppd—rpp
th(yh =ty )N = by, E Cry vy, .
=1 r=0

Denote these terms by fj, seg. Note that co = 1. As there are [ branches, fj, gg must
have exactly [ distinct factors. Thus from Lemma 4.1, one of ¢; - - - ¢; # 0. Thus there
must be at least one key point in fj, seg for r = 1,2,..., . Following the same reasoning

’ ’
as we used in Lemma 3.26, we conclude that there exists some (3 ggo e gzh with
non-zero coefficient such that

(p1-- Ph1Y0 + @1P2 - Pho1y - F Q1 Vi1 T 1P 1Vhs V)
= (qh—1Ph—1Pnd — 77, prd — TDR)
for some r € {1,2,...,1}. As vy, = ppd — rps,

DL Pho1Ye F QD2 PRV F Q1Y + @ 1Ph—1(pRd — TPR)
= qn—1Ph—1Phd — TTH
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Hence
PLPh—1Y + @b 1Y) o Qhe1Vh—1 = Qh—1Ph—1TPh — TTh = Tqh.

Multiplying both sides by pnd gives the required result.
The argument for the case of redundant cables is the similar to that used in
section 3.6 except that we obtain

Yh = Prd — TDR

and
PLe Ph—170 + QP2 Ph—1V1 +  F Gh—1Vho1 F ShinVh = Sk, Phd — TTh.
By,
rest of
NP,(f)
(sh,lhphda prd)
key line
<——— segment
of NP, (f)
ad ah
apd
Therefore

D1 Ph—170 + @2 Ph—1V1 + -+ Q11 + Skt (PRd — TDR)
= Sp1,Prd — T'Tk

and
PLe D1V + @P2 1Yy o Qhe 17—y = Sh1,TPh — TTh = T
Multiply each side by py - - - pp to obtain
8070 + 0171 - Oh—1Vp—1 = Tk
As 7} > 0, for all 4, the result follows and
ribp, € semi-group{do, . ..,0k_1}

for some r € {1,2,...,1}. O
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5. The case with more points at infinity

Theorem 5.1. Assume Let f € Clz,y] be an irreducible polynomial that defines a
curve f(z,y) = 0 satisfying the following conditions:

o The splice diagram is

total branch 0 2 dn branch | .

" degree m o degree d
Dy D2 Py, &

so that the polynomial has either one (m = 0) or two (m > 0) points at infinity.

the section shown with cabling pairs (p1,q1), - .., (Pn,qn) occurs on the branch
corresponding to the point at infinity y =0,

f=p+am& with p,& € Cla,y] so that x=™f € Clz~1, 2,y] is monic in y ,

deg, (f) = deg, () = pip2 - - - prd for some d € C and

deg, (p) < deg, (£) —pip2 -+~ Prh-1 = p1p2- - prd — p1p2 - - ph—1, deg,(p) < m.

Then, for 7 =1,2,...,h,

mpips - - - prd + 1; € semi-group{p1pz - - - prd, q1p2p3 - - - Prd,
-y qj—1PjDj+1 - - - prd} U {0}

The Abhyankar-Moh semi-group conditions are the case m =0 and d = 1.

The condition on the y-degree of p ensures, for gz the (pg - - - pn) root of 2™ f,
that 2™ g P** is a polynomial and that NP(z"gP* %) lies inside NP(f) for k =
1,...,h. It is in fact sufficient that { = f — xmgzk"'phd is such that deg,(Cx) <

p1-prd — p1- - pr—1 for all k. Given the above we have deg,.(f) = qip2 -+ - prd+m
and ¢; < p1, and that NP(f) is as follows:
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The Newton polygons are contained
within the shaded regions as indicated.

NP(§)
D1PoPs-Ppd N NP(mmp)
P1DaDs--Ppd—P1Daps..-Ph_1-1 NP(f) u u

NP(€) "~ Key line segment
NP(smp) of NP(f)
* @
m mA¢popy. Py

The link at infinity has two parts, that part that is found at y = 0 and that at
x = 0. The branch under consideration corresponds to y = 0. Let L, be the union
of the components of the link at infinity at y = 0. We then name the vertices in
the diagram corresponding to the branch y = 0 in the same way as in section 4. We
again let S, and 5,, denote the virtual components of the link corresponding to the
nodes {u;}}, and {v;}"_, respectively. We name the linking numbers of the virtual
components with L, by

50 = luo = hnk(SuU,Ly) =p1p2 - phd
(51 = lu1 = hnk(Sul s Ly) = q1p2p3 - - phd
52 = luZ = hnk(SUZ,Ly) = @op3pP4 - phd

On = lu, = link(Sy,, Ly) = qnd
and

1/)1 = lv1 = link(Svl s Ly) = q1p1p2 - 'phd
wQ = lU2 = link(Sv2,Ly) = @op2p3 - phd

Vh =1y, = link(Svh,Ly) = qppnd

If m > 1, the curve has two points at infinity and the link at infinity has two or
more components. The points at infinity for a curve f(x,y) = 0 are the points of
intersection of the closure of f(z,y) = 0 in CP? with the line at infinity CP*.

In the case that gr—1 < 0 so that ¢x < 0, the above semi-group conditions do not
restrict the value of g in any further way.

Let g=a2"™f =2 "p+ £ We note the following:
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(i) As g is monic in y we can find approximate roots of g, go, g1, - - -, gn, as before.
The condition deg, (p) < p1p2 - prd — p1p2 - - - pr—1 means that gy, ..., gn are
the approximate roots of £ so that xmgi’“"'p’ld, k=1,...,h are all polynomials.
Then

g= ng”'phd + Ck

where ¢, € Clz,z71,y] with deg,(¢x) > —m and deg, (Ck) < p1---pnd —
p1-- - pr—1. As before

— Yo Yk
G = Za"/om’mgo B/

where 0 <1 <p1, ..., 0 <1 < DPi—1, 0 < Y < pi---ppd — 1. However, g
is no longer a non-negative integer. It now satisfies the condition vy > —m.

(ii) The uniqueness of the corner points of the terms of g still holds as the Lemmas
3.22 and 3.23 did not depend upon 7 and -, or any ¢; being positive.

(iii) At each of the first h stages of finding the cabling pairs for the component of
link at infinity at y = 0, there is a key line segment in NPy (g) and this gives
just one branch in the splice diagram.

Given this we see that all the results of the technical lemmas in section 3.5 and the
corresponding results in section 3.6 will carry over for g.

As the k" Newton polygon of z is a point on the aj-axis, the effect of multiplying
g by ™ is to translate each Newton polygon to the right by a multiple of m. In
addition, we see that the equations used to find the first h Newton pairs of f and g
will be the same except of a factor ™ for some constant cj at each stage. Thus the
first h Newton pairs of f and g will be identical.

Proof of Theorem 5.1. Using the same logic as in the proof of Theorem 1.1 we again
find that the result is clear for k£ =1 as

Y1 =qip1---pud
and
do =p1---prd
so that ¢; > 0,
mp1 -+ prd + Y1 € semi-group{dp} U {0}.
From the above discussion we note that the assumptions used in the proof of Theo-
rem 1.1 hold for g. Where there are no redundant Newton pairs these are:

(i) that the terms of g with non-zero coefficients have Newton polygons with corner
points occurring at (ay, O;) where

Qg =DP1 - Prk—1Y0 +q1P2 - Pr—171 + -+ Qe—1Vk—1 + Qk—1Pk—17k>
/Bk = Yk,
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(ii) that there is some term in g
’Y/ ’Y/
g7t 90" " 9k

(T # 0 whose Newton polygon NPk(a%_n,yllcgg‘l’giy1 . ~gZ’l“) has corner point
at the key point on the boundary of NP (g), (ak, Br) with

Qk = Qk—1Pk—1Dk - - Prd — Tk,
Bk = pr - Prd — Di,

where qr = qr—1Pk—1Pk — Tk-

We then have
/

Vi =Pk -Prd — Dk

and
DL Pe—170 + @12 Pr—1Y1 + o F Qe—1Vh1 + Qe—1Pk—17
= Qk—1Pk—1Dk * - Phd — T.
Therefore
Lo Pe—1Y0 F QP2 Py o Ge1Vhy F e 1Pk—1 (P - - prd — pr)
= Qk—1Pk—1Pk - " Phd — Tk
and thus
P Pr—170 + QP2 Pr—171 + o F Qe—1Vh_1 = Qk—1Pk—1Dk — Tk = Gk-
Multiply each side by py - - - prd to obtain
0070 + 0171 -+ Ok—1V—1 = Vi

We have v, > 0, for i = 1,...,k and 79 > —m. To ensure that dp has a non-negative
coefficient add mdy to each side to obtain

do(m +7) + 0171 -+ Ok—1Vk—1 = domn + Py

which is the required result as o = p; - - - ppd. Note, it is possible that ged(pg, gr) = 1
while ged(pr, mp1 - - - Pr—1 + qx) # 1 so that we may have mp; - - - px—1 + ¢ = 0. Thus

mp1 -+ ppd + P € semi-group{do, . ..,0_1} U {0}.

To prove Theorem 5.1 in the case where there are redundant Newton pairs one can
use the same techniques as in section 3.6. O
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