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ABSTRACT

We study the behavior of the ball measure of non-compactness under several
interpolation methods. First we deal with methods that interpolate couples of
spaces, and then we proceed to extend the results to methods that interpolate
finite families of spaces. We will need an approximation hypothesis on the target
family of spaces.
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Introduction

The study of interpolation of compact operators has its origins in the paper by Kras-
noselskii [17] in which it is proved that the compactness of an operator can be inter-
polated between L,-spaces. Following this paper, a number of authors have studied
the interpolation properties of compact operators between abstract Banach spaces.
Among then J. L. Lions and J. Peetre [19], A. Calderén [3], A. Persson [25], S. G. Krein
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and Yu. I. Petunin [18], and K. Hayakawa [15]. The proof of the fact that real interpo-
lation preserves compactness (only one restriction of the operator being compact) was
given by Cwikel in [10], see also the paper by Cobos, Kiithn, and Schonbek [7]. This
problem remains open for the complex interpolation method. Significant contribu-
tions are due to Cwikel [10], Cwikel and Kalton [11], Cobos, Kiihn, and Schonbek [7],
Cobos, Ferndndez-Cabrera, and Martinez [4] among other authors.

The measure of non-compactness of an operator is a quantity closely related to
compactness. Actually, if T : A — B is a bounded linear operator acting between
quasi-normed spaces, the ball measure of non-compactness 3(T") of T is given by the
infimum of all » > 0 such that there exists a finite number of elements by,...,bs € B
so that

S

T(Ua) € [ J{b; + U}

j=1

As it is easily seen 0 < B(T) < ||T|, and the operator T is compact if and only if
B(T) = 0. Thus the measure of non-compactness gives an estimate of the grade of
compactness of the operator. If T : (A, A1) — (Bo, B1) is a bounded linear operator
acting between two (quasi)-Banach couples and M is an interpolation method, it is
natural to ask what is the relation among Go(T) = B(T : Ay — By), /i(T) =
B(T : Ay — By) and B(T : M(Ap, A1) — M(By,B1)). The behavior of the
measure of non-compactness under real interpolation has been studied by different
authors. The first results are due to Teixeira and Edmunds in 1981, see [27]. In
that paper they studied two very different types of results: when some of the couples
degenerates in a single space, either A9 = A; or By = Bj, and the much more
interesting situation when no couple is degenerated. In order to prove a theorem in
this latter case they had to impose an approximation hypothesis on the target couple
B = (Bo,B;1). The estimate obtained by Teixeira and Edmunds is the following
logarithmically convex inequality:

B(T : (Ao, A1)o,q — (Bo, B1)a,g) < CBo(T)' ~?p1(T)°.

Years later, in 1999, Cobos, Martinez, and the present author proved a completely
general result removing the approximation hypothesis from Teixeira and Edmunds
result, see [5]. The technique they used to establish this result strongly depends on
the construction of the real interpolation method. This allowed to establish similar
results for interpolations methods that extend the classical real interpolation method
and that work with more than two spaces, see [6]. Unfortunately we have not been
able to use this approach to establish estimates for other methods than the real.
Nevertheless, if we impose an approximation hypothesis on the target couple, as
Teixeira and Edmunds did, we are able to give estimates of the measure of non-
compactness of the interpolated operator for a variety of interpolation methods.
This paper is developed in the context of quasi-Banach spaces. The interpolation
couples, or N-tuples, that will be handled are formed by quasi-Banach spaces. Let us
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recall the fact that if (A, ] ||4) is a quasi-Banach space with constant C, ||z 4 y|| <
C(|z]l + lyll), and we choose p > 0 such that (2C')? = 2, then there exists a norm
Il 1% such that

I < 0% < 211 I

see [2] for more details. Given a quasi-Banach couple A = (Ag, A1), A; quasi-Banach
space of constant Cjy,, we have the quantities pa, and pa, satisfying (2C4,)%0 =
(2C4,)P4r = 2. The spaces Ag N A1 and Ag + A; are also quasi-Banach spaces
of constant max{C4,,C4,}. If we take pz = min{pa,,pa, }, we have the equality
(2 max{Cy,,Ca, })M = 2, and the p z-powers of the norms on AgN A; or on Ag+ Ay
are equivalent to some norms on either space respectively.

The structure of the paper is the following: Section 1 is devoted to the study of the
behavior of the measure of non-compactness under interpolation methods for couples.
Section 2 treats the case of some multidimensional methods. Section 3 extends the
result in [5] to the quasi-Banach case.

Finally, I would like to express my gratitude to F. Cobos and A. Martinez for
some very helpful discussions on this paper. I am also grateful to the referee of this
paper for his careful reading and fine advice.

1. Interpolation of the measure of non-compactness for Opera-
tors between couples.

Let us start with some basic concepts of interpolation theory, for a more complete
reading see [1,2]. We say that A = (Ag, A;) is a quasi-Banach couple if Ay and A; are
quasi-Banach spaces both continuously embedded in the same Hausdorff topological
space U. In this conditions we can consider the intersection

A(A) = ApNA; with quasi-norm ||a||A(A) = max{||al| a0, [|l@ll 4, }

and the sum

Y(A) = Ag+ A1 with quasi-norm ||la|| = inf{||ao|l4, + ||a1]|a,;a = ao + a1}

A quasi-Banach space A is said to be intermediate with respect to the couple A if

A(A) — A — X(A).

Let A = (Ap,A1) and B = (By,B;) be two quasi-Banach couples and let
T : ¥(A) — %(B) be a bounded linear operator such that 7' maps Ag into By
and A; into By boundedly. In that case we say T is a bounded linear operator be-
tween the couples A and B and we write T : A — B. The norm of the operator is
defined as

1Tl 4,5 = max{[[Tllo, [Tl }
where ||T||; = ||T : A; — Bl for i =0, 1.
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An interpolation method M associates to each couple A an intermediate quasi-
Banach space M(A) with the following interpolation property: If B
T : A — B is a bounded linear operator between two couples then T': M(A4) —

M(B) is a bounded linear operator. Moreover
IT(| a2y, m(3) < Cmax{[|To, |71}

where the constant C' does not depends on A, B or 7.
Let M be an interpolation method. Closely related to M there is the function

pm(t,s) = sup{ | T pgcay mem) st [1Tlo <8, 1T < s}

that already appears in [20], and among whose most immediate properties must be
mentioned that @ is homogeneous of degree one, non-decreasing in each variable
and there is also the inequality

1T mcay,mes) < emlTllo, 1T11)-

The approximation hypothesis used by Teixeira and Edmunds in [27] is the fol-
lowing

Approximation Hypothesis. We say a couple B = (By, By) satisfies the Approz-
imation Hypothesis if there are positive constants Co, C1 such that for every e > 0
and finite sets Fy C By and Fy C By there exists an operator P € L(B, B) such that

(i) P: By — By is compact, k =0 or 1.
(ii) P(Bx) C A(B) fork=0,1.
(iii) ||[{ — P|lx < C and ||z — Pz| g, <e¢ forallz € Fy, k=0,1,

Using the Approximation Hypothesis we can establish the following Persson type
compactness theorem. A similar theorem, restricted to the Banach case and with a
weaker approximation hypothesis, can be found in [20].

Theorem 1.1. Let M be any interpolation method, A and B quasi-Banach couples,

B satisfying the Approzimation Hypothesis. Let T : A — B be a bounded linear
operator. If either

T: Ay — By is compact and pap(t,1) — 0 ast — 0
or

T:A; — By is compact and pap(1,t) — 0 ast — 0

then the operator T : M(A) — M(B) is compact

Now we are in condition to establish the main theorem of this section.
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Theorem 1.2. Let B = (By, By) a quasi-Banach couple with the Approzimation
Hypothesis, and let M be an interpolation method satisfying

om(F ) -0 ast —0, fork=0,1.
Then for any bounded linear operator T : A — B the following inequality holds
BT : M(A) — M(B)) < Com(Bo(T), B1(T))
for some constant C independent of T and A.

Proof. The proof uses the ideas of Teixeira and Edmunds in [27]. Given any ¢ > 0,
the Approximation Hypothesis guarantees there exists P € £(B, B) such that:

(i) P: By — By is compact, k=0 or 1.
(ii) P(By) C A(B) for k=0, 1.
(iii) |7 — PT||p < 2Y75:CyB3(T) + ¢, for k = 0, 1.
In fact, choose 6 > 0 such that, for £k = 0,1,

2100 [(C(B(T) + )" +896] /720 <3Un Gy e ()

By definition of measure of non-compactness there exist finite sets Fy C By and
Fy C B; such that

TUa) S |J {y+ Bu(T) +0)Up, } for k=0,1.
YyEF)

By the Approximation Hypothesis there exists P € £(B, B) satisfying conditions (i),
(ii), and such that ||y — Py||p, < ¢ for any y € Fy and | — Py < Cy, for k =0, 1.
Let’s check condition (iii). Given a € Ua,,
PB PB PB PB
[Ta— PTal|" = [|(I - P)Talg" <2[|(I - P)(Ta—-y)ls" + (I =Pyl
S 2[(Ck(/8k( )+5))PBJ¢ +5PBk] < (21/PBkaﬂk( )+€)PBI¢,

where the last inequality follows from equation (1). In order to estimate the measure
of non-compactness split the operator T as T = (T — PT) + PT and thus, recalling
that M(B) is within the class of quasi-Banach spaces and so for some p > 0 || I mB)
is a p-norm, obtain the inequality

B(T : M(A) — M(B))” <2[B(T - PT)" + B(PT)"].

The operator PT : M(A) — M(B) is compact by Theorem 1.1, hence 3(PT) = 0.
The measure of non-compactness of the other term can be estimated by its norm, so

B(T — PT : M(A) — M(B)) < ||IT = PT|| iy, m(B)
< om(IT = PT|o,|IT — PT|1)
< (24750 CoBo(T) + €,21/ 721 C1 B1(T) + €).
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Taking infimum in € > 0 and using the properties of ¢y

B(T : M(A) — M(B)) < 272175 max{Cy, C1 Yo (Bo(T), 51 (T)). 0

Now we show some examples where the theorem applies.

Ezample 1.3 (The complex method). It is also well known the complex interpolation

method is an exact interpolation method of exponent 0 < 6 < 1. As a consequence
oie)(t,s) = 1940,

Then for any operator T : A — B acting between Banach couples, with B satisfying

the Approximation Hypothesis, the measure of non-compactness fulfills the inequality

B(T = Ajgy — Big)) < Cy~0CY Bo(T) 0 1(T)°.

Ezample 1.4 (The Peetre and Gustavsson-Peetre methods). These methods are also
known as the +-methods, they depend on a functional parameter and have similar
definitions. Let p : (0,00) — (0, 00) be a quasi-concave function (p(t) increases from
0 to oo and %t) decreases from oo to 0). Assume also that s,(\) = o(max{1,\}) as
A — 0 or co. Given a quasi-Banach couple A = (Ag, A;) Peetre defined in [24] the
space (A), as the set of all those sums >, t, convergent in X(A) such that for

any bounded sequence of scalars, (&,,)%,, the inequalities

E Jm _ Upm
H 5WL2 p(QJm

hold for some constant C and j7 = 0, 1.

A few years later Gustavsson and Peetre introduced in [14] the space (A, p) in
a very similar way as Peetre did. See also [13,21]. This time they required the
sequences (Um )mez to satisfy, besides the convergence of Y-, - u,, in Y (A), that for
any bounded sequence of scalars, (g,,)%,, the inequalities

< C suplep|
A mMEZ

J

Jm __ Um
[, < € suplend

hold for some constant C, any finite set F and j = 0, 1. ~ -
Both interpolation methods are of genus s,. That is to say, if T': A — B is a
bounded linear operator between two quasi-Banach couples then

wwmw—wmwsch%ng)

o al
75 44.0) — (Buphl < Ty (JT1E ).
Il
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where the constant C' is independent of T, A and B. These estimates provide upper
bounds for the corresponding ¢ functions, actually

P, (L s) <Ct s,,(%),
o (t,s) <Ct sp(g).

Now let B be a quasi-Banach couple with the Approximation Hypothesis, then
for any bounded linear operator T': A — B the following inequalities hold:

BT (), — (B),) < (1) s, (5F).

BT (A.p) — (B.p) = Cn(T) 5o ),

Ezample 1.5 (The Ovchinnikov Method). Let p : (0,00) — (0,00) be as in the
previous example. Given a Banach couple A consider the space

Hl(A):COI'bZI( 1 )[£17£1(2_n>](;1>7

p(27)

that is to say the space of all elements a € X(A) such that

sup | Tall N < o0
”T”Zﬂggl{ el(p(z”))} )

where 1 = (¢1,¢1(27")). This interpolation method defined by Ovchinnikov in 1976
can be seen as the “dual” of Gustavsson-Peetre method, see [22,23] and also [16] for
more information.

Ovchinnikov’s method is of genus s,. Actually, if T : A — B is a bounded linear

operator then
_ _ T
I+ () — (8] < 20T, (1)
Hereby it follows ¢, (t,s) < 2t s,(2). If in addition the couple B fulfills the Approx-
imation Hypothesis, then

B(T : Hi(A) — Hy(B)) < CB(T) Sp(g;g;)'

2. Interpolation of the measure of non-compactness for Opera-
tors between IN-tuples.

This section is devoted to interpolation methods for N-tuples of spaces. In order
to establish some previous and essential compactness results we will need a K-
functional over the N-tuples of spaces we handle. Following Cobos and Peetre in [8]
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we choose a convex polygon Il = Py, ..., Py in R? with vertices P; = (z;,y;). Let
A={A,..., Ax}be a quasi-Banach N -tuple. We can imagine each space of the N-
tuple located on the corresponding vertex of the polygon II. Now, for any a € > (A)
and t,s > 0 define

N N
K(t,s,a; A) = inf{ > otisvillajlla,a=Y"a; }
j=1 j

j=1
Let M be an interpolation method for N-tuples of spaces. Consider the function
pm(te,. .. tw) = sup{ [T : M(A) — M(B)]|}

where T runs over all those operators acting between interpolation N-tuples, T :
A — B, satisfying that |T': A; — Bj|| <t; for 1 < j < N.
Associated to the interpolation method M and the polygon II we define the func-
tion
O (t,8) = pag (71 sV 172892 . TN YN,

The following inequality relates the K-functional, the norm on M(A) and the function
e for all a € M(A) and ¢,s > 0

K(t,s,a: A) < @yt s)llall s a)-

That is to say, the interpolation space M(A) is of class C(¢';; A). This puts us in
conditions to establish the following Lions-Peetre compactness theorem:

Theorem 2.1. Let A = {A1,As,..., AN} be a quasi-Banach N-tuple, B a quasi-
Banach space and T : A — B a bounded linear operator. If for some nonempty

subset I C {1,2,...,N}
(i) T: A; — Bj; is compact for every j € I and
(ii) there exist sequences (t,) and (sy) in R™ such that Vj ¢ I

Oy (tns sn)

7 — 0 asn— oo,
n Sn

then the interpolated operator T : M(A) — B is compact.

This Lions-Peetre type compactness theorem is a first step to interpolation of
measure of non-compactness. However a more general result, in which the target
N-tuple does not degenerated into a single space, will be needed. We will state a
Persson type compactness theorem using an approximation hypothesis on the target
N-tuple B.

Subsequently, and as in the previous theorem, I will stand for a fixed nonempty
subset of {1,2,...,N}. Given T : A — B a bounded linear operator, one may think
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of I as the set of indexes for which the corresponding restrictions, T' : A; — Bj,
are compact. We will consider interpolations methods for which there exist sequences
(t,) and (s,) in R* such that for every j & I

]
tn, s
%ny.") — 0 as n — oo. (2)
n Sn’
The following approximation hypothesis will be used to establish a Persson type
compactness theorem as well as to estimate the measure of non-compactness of the
interpolated operator.

Approximation Hypothesis. We say that a quasi-Banach N-tuple B = {By, Ba,
..., BN} satisfies the Approximation Hypothesis if there exist positive constants C1,
Cy, ..., Cn such that for every e > 0 and finite sets Fy C By, F5, C Bo,...,Fny C By,
there exists an operator P € L(B, B) such that:

(i) P:B; — Bj is compact for every j € I.
(ii) P(Bk) C A(B) fork=1,2,...,N.
(iii) ||[I — P|lx < Ck and ||z — Pz||p, <¢€ for allz € Fy,, k=1,2,...,N.

As an example of a N-tuple that satisfies the Approximation Hypothesis we may
mention that if X is a locally compact space endowed with a positive measure p and
1< pi1,p2,...,pN < 00, then the N-tuple

{Lp, (X, 1), Ly (X, 1), Ly (X, 1)}

satisfies the Approximation Hypothesis. In order to check this statement just follow
the ideas of Persson in [25] and those of Teixeira and Edmunds in [27].

Our next compactness theorem concerns interpolation methods that not only sat-
isfy condition (2) but whose function ¢ also satisfies

om(E) =0 ase—0 (3)

where € = (e1,€9,...,en) with

e ifjel,
E, =
/ 1  otherwise.

Theorem 2.2. Let A = {Ay,...,Ax} and B = {Bi,...,Bx} be quasi-Banach N-
tuples, B satisfying the Approzimation Hypothesis. Let T : A —s B be a bounded
linear operator such that for every j € I, T : A; — B; is compact. Then, if the
interpolation method M fulfills conditions (2) and (3), the operator T : M(A) —
M(B) is compact.
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Once established these compactness theorem we focus on interpolation of measure
of non-compactness.

Theorem 2.3. Let M be an interpolation method that fulfills conditions (2) and (3).
LetT : A — B be a bounded linear operator between quasi-Banach N -tuples, B satis-
fying the Approzimation Hypothesis. Then

B(T : M(A) — M(B)) < Com(Bi(T),....Bn(T))
for some constant C' independent of T and A.

Proof. Given any € > 0, use the ideas of Theorem 1.2 to choose an operator P €
L(B, B) such that

(i) P:Bj — By is compact for every j € I.
(ii) P(By) C A(B) for k=1,2,...,N.
(iit) ||T — TP||p < 2Y/°2cCypfy(T) + € for k=1,2,...,N.
Decompose T : M(A) — M(B) as T = (T — PT) + PT. Since M(B) is within the
class of quasi-Banach spaces its norm, || [ o5y, is a p-norm for some p > 0. Then
B(T)” <2(8(T — PT)* + B(PT)").
The operator PT : M(A) — M(B) is compact by Theorem 2.2. So 3(PT) = 0,
which leads us to the inequalities
B(T) < 2YP3(T — PT) < 2Y°|T — PT||m
< 2P m(|IT = PT||1, IT = PTl2, ..., |T = PT||x)
< 2Ppp (2P CiBU(T) + €, 2Y/P2 Cofiy(T) + e, ..., 21725 On n (T) + ).

Taking infimum on € > 0, and using the facts that pa is homogeneous and non-
decreasing in each variable, we get that

B(T) < 2MPppg (2/°51C1 31 (T), 21/ P52 Oy Bo(T), . . ., 21/ P55 Cn BN (T)
< 217218 max{C1, Ca,...,Cn o (Bi(T), ..., Bn(T)). O

Remark 2.4. In case we treat with interpolation methods associated to polygons, such
as J and K interpolation methods, see [8], or the Gustavsson-Peetre methods for N-
tuples, see [12], the hypotheses on the function 4, conditions (2) and (3), can be
easily verified.

These methods use a convex polygon II = P;, ..., Py and an interior point («, 3).
The known estimates for the norm of the interpolated operator establish the inequality

om(te,. .. tn) < C’%nax{tf’it?tzk }
(.8)
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where P4 5) stand for the set of all those triangles P; P; P, that contain the point («, 3)
and (c;,cj,cr) are the barycentric coordinates of («, §) with respect to the vertices
P;,Pj, and Py. So, in order to satisfy hypothesis (2) we need all restrictions of the
operator, but at most two consecutive ones, to be compact. In fact, suppose the
non-compact restrictions of the operator are T': Ay, — B and T : Agx11 — Bpt1-
By [26, Lemma 1.4, chapter 4] there exist sequences (¢,) and (s,) in R such that

i £85I Tk Y~ Yk — () = |im £%5 T Tk+1 gYi —Yk+1
L U Sp'

and
Lo TRl gk T+l = 1 ¥ € N

In particular

Pt sn) _ Pl (tirsy, ... tiN sy
Teghk (T Uk
<€ s ({7 sl IS T (S 0
a,

as n — 00. S0, for these methods it suffices to ask all restrictions, except two consec-
utive ones, to be compact.

3. Interpolation of the Measure of Noncompactness by the real
method. The quasi-Banach case.

The real interpolation method does not depend heavily on all properties of the norms
involved. In fact, in most cases the triangle inequality can be replace by the more
general quasi-triangle inequality, ||z+y|| < C(||z||+]/y]|). One can think that regarding
the real interpolation method those results that hold for Banach spaces must also
hold in the quasi-Banach spaces context. As an example we may recall that the well
known result of interpolation of compact operators between Banach couples by the
real method also holds for operators acting between quasi-Banach couples, see [9].
This is also the case of interpolation of measure of non-compactness, whose behavior
under interpolation by the real method was studied by Cobos, Martinez, and the
present author in [5], see [6] for the polygon methods. The former mentioned paper
is developed in the Banach spaces context, however the result can be extended to the
quasi-Banach space framework.

For 0 < pj < oo consider the spaces £, (Gy,) and £, ,(27™G,,) as the collection
of all those sequences, (U, )mez in Ag N A, for which the respective quasi-norms

_ 1/p4
[l = (3 727 s Ap2)

meZ
or
_ __ \N1Vpa
m)lle,  (2=™G,,) — y Um;
l@mle, @y = (D @727, ums 4))74)
meZ
487 Revista Matemdatica Complutense
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are finite. We will also deal with the spaces £o(F),) and £o (27" F,,) defined as
usually.

Our next result will need the real interpolation spaces (Ao, A1)gqs and
(Bo, B1)g,q;x endowed with the corresponding discrete quasi-norms:

lollo.as =, _f {(Z(2*“””J(2m,um;A))4)”q}
meZ

a=)  Um

llallo,gx = (Z (270" K (2™, a: B))q) 1/q'

meZ
Now we are in conditions to formulate the following result:
Theorem 3.1. Let A = (Ag, A1) and B = (By, B1) be quasi-Banach couples and let

T : A — B be a bounded linear operator. Then for any 0 < ¢ < 0o and 0 < 6 < 1
we have

B(T - A9,q;J - BG7Q§K) <CB(T: Ay — BO)lieﬁ(T t A — Bl)e

Proof. The operator j, that associates to each element b in By + B; the constant
sequence (...,b,b,b,...), acts boundedly into ¢, (F;,) when it is restricted to By, and
into £ (279 F,,,) when it is restricted to B;. Actually ||j : By — foo(Fp)| < 1,
l7: B1 — £oo(27™F,)|| <1 and

J: (BO,Bl)G,q;K - Kq(Q_GmFm)

is a metric injection.

The operator 7, that associates every sequence (,)mez C Ao N Ay with the el-
ement m((um)) = >,,cz Um, is bounded from €, (Gn) + £,,(27™G,,) into A +
A;. It is easy to check that |7 : €, (Gm) — Aol < 2max{Cy,,Ca,}, |7 :
Uy (27Gy) — Ar]| < 2max{Cy,,C4,} and that

™ (270" Gr) — (Ao, A1),
is a metric surjection. We have the following diagram of bounded operators:

0, (Gp) — Ay r By L (270 )

T J

Ep;, (2_me) ul Ay B éoo(2imFm)

(277 G,,) —"> (Ao, A1)o.g —— By, B1)o,q loo(Fin)

Put T = jTm. Properties of m and j yield that
Bo(T) = B(T : £y (Grm) — Loo(Fim))
< || £, (Gim) — Ao| B(T : Ao — Bo) ||j : Bo — Loo(Ful) |
< 2max{Ca,,Ca,}B(T : Ay — Bo).
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Similarly

B1(T) = B(TL,,

L(27MGh) — Lo (27 Fy)) < 2max{Ca,,Ca, }8(T : Ay — Bq)
and finally, since max{1 2177(1} max{Cp,,Cp, } is a valid constant for the quasinorm

of (Bo, B1)g,q:K »
ﬁG,q(T) = 5<T (A07A1)9,q;J - (BovBl) ,q;K)
(Bo, B1)6,q;k)

= B(Tr : £,(27""G,,) —

< 2max{1,21%q}maX{CBmC’Bl}ﬁ(T). 4)
So, in order to establish the theorem it suffices to estimate the measure of non-

compactness ﬁ(f 0,(279G,,) — £,(279F,,)). Let’s start by introducing a family
of operators on the sequence space £, (Gp,) + £, (27™G ). Define

(Gm) + gp/i (2ime) - EPA (Gm) + Kﬂg (2ime)

P, Py Pt

as
Py(u)=1(...,0,0,0,u_p, U_py1,.-.,Up_1,Upn,0,0,0,...)
P (u) = ( U—p—3,U—p—2,U_pn—1,0,0,0,...,0,0,0,...)
Pn_(u)z(...,0,0,0,...,O,O,O,un+1,un+2,un+3,...).

Clearly these operators satisfy the following properties
(I) The identity operator on ¢1(G.,) + ¢1(27™G,,) can be decomposed as T

P,+ Pr+ P, forallneN.

(IT) The operators are uniformly bounded, in fact

1Pn s lpz (Gm) — Loz (Gl = 1P (27" Gim) — £, (27" G| =
1P+ Lo (Gim) — Loz (G| = 1P 1 45 (27" Gim) — 4,5 (277Gl = 1
1Py o (Gm) — o (G| = 1By : £y (27 Gin) — £, (277G = 1

(IIT) The norms of the operators acting from ¢, . (G,) into £, . (27™G,) or viceversa

are small, precisely

1B+ €y (Gm) — Lo (27 Gi)|
= 1P+ €3 (27 Gn) — £, (G)l| = 2701,

On the sequence space loo(Fp) + loo(27™F),) we can defined analogous operators
Qn, QF and Q,,, satisfying the corresponding versions of (I), (IT), and (IIT)
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QITP;

Eq(Q—GWGm) gq(Q—OmFm)
l —m QITP, T m
(s (G- £ (277 GCn)) gy 2 (Lo (B (2 )
Figure 1

Use these families of operators to decompose T : £4(279™G,y,) — £,(279™F,,) as
T=T(P,+Pf+P;)=TP,+ (Qu+Q} +Q)I(P +P;)
= TP+ QT (P +P,) + QiTP, + QTP + QTP +Q, TP,

Recall that max{1,2%}max{030,031} is a valid constant for the quasinorm
of £y(27F,,), and 50 |||, (2-0m 5,y fulfills the inequality

I < 0 5oy, < 201

where [|-||* is a norm on ¢,(27%™F,,) and p satisfies

(max{l,?l%q}max{C’Bo,CBl})p =2. (5)

Using the previous considerations it is easy to establish the estimate

BT)P < 2[B(TP)° + BQ.T (P + P) + BQSTP,)”
+B(Q, TP + QTP + B(Q, TP;)"]. (6)

Now we proceed to estimate each one of these terms. Let’s start with the term
BQITP) = B(QFTP, : £,(279G,,) — £,(279™F,,)). Factorize the operator
according to the diagram in figure 1.

It is easily checked that

€427 G ) — (£p1(Gin), by, (27" Gy

A

)quH_l

and

| (oo 5o(27"Fy)) — £,(27""F,,)|| = max{Cp,,Cp, }

0,¢;K

We will also need the norm of the inclusion from a J-space into a K-space, ||i :
()00 — (5)ogkl = 6, where § = z—5 5r— in the Banach case and § =

21/n [1,2797;1,5(28:]1)n+2777]1/77 with 7 < min{p 3, ¢} in the quasi-Banach case.
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Estimating 3(Q; TP, ) through the factorization we have that

BQITP,)
< max{Cp,,Cp, }B0.4(QFTP;) < max{Cp,,Cp, }
< | QETPy = (3 (Gm) s (27" Gom))y oy = (oo (Fin), Loo(27 Fl))
< max{Cp,,Cp, }0| Qi TPy llo.qxc
< 2’ max{Cp,, Cp, }3IQF TP, [l | QLT P IIf.

0,q;J 9,q;K||

The norm ||Q;7T P; ||o is upper bounded by || T]|o while for the norm ||Q;TP; ||y
the factorization

Uy (Gr) — Lo (Frn)

Pnﬁ lQ:

0, (277G, e (27 Fy)

can be used to establish the following inequalities:
QLT P, 1 = IQETEy : £y; (27" Gm) — bo(27" Fr)|
<|P;: gpg 27"Gw) — gpg (Gu)IIT - EPA (Gm) — Lo (Fn) |l
X Qi+ loo(Fin) — Loo(27™ Fn)|| < 27D T 2700 — 0

as n — o0o. Then, R
lim (Q, TP, ) = 0. (7)

Similarly R
lim B(Q, TP,") = 0. (8)

Next we estimate the term
BQITP) = B(QITP : 6427 Gn) — £4(27""Fyp)).

As it was done before we factorize the operator QTP as we did with QTP
according to figure 1.

BQFTPY)
< max{Cp,,Ch, }

X ﬁeaq (le_fp’fj_ (gpﬁ (Gm)7£PA (2_me))0,q;J - (Zoo <Fm)’€°°(2_mFm))0,q;K)
< 2’ max{Cp,, Cp, }lQF TP s IIQF TP S
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Since QTP |lo < ITP;|lo and (||fP,‘L"||0)n is a monotone decreasing sequence,
lower bounded by zero, we can put A = limn||ij||0. Choose a sequence (Un)neny C
Ui, 6y S16h that [T gl ) —

Given € > 0, choose a finite collection of elements of By, say by, bs,...,bs, such
that

Tr(Uy, () € ({0 + (Go(T) + s, .
Hence, for some subsequence (n’) of N and some 1 <r <'s, say r =1,
TrPluy € {bi + (Bo(T) + e)Up, }
for all n/. Let’s compute ||7(b1)]|¢.,

K(2™,b1; B) < ||by = TrQyum llo + 2™ | T Qw1

(Bo(T) + ) + 2" |ITll 1711 Qs = loo (Fin) — Loo(27" Fin)|
< (Bo(T) + &) + 27| Ty [l 27"+ — Bo(T) + &

<
<

as n’ — 00. So we have the following estimate for A:
A= linrln||fP:,un/||goo(pm) < limsup|Tr P fu |,
< 1inrlns%pmaX{C’BO,CBl}(HT?TP;?unI —billF, + ||b1||Fm)
< 2max{Cpg,,Cg, }(Bo(T) + ).
Taking infimum in € > 0 establish that
A= li7rln||fPf[Ho < 2max{Cg,, Cp, }5o(T).
Now we estimate the term
IQETPF I = [QE TP : 6y (27" G) — oo (27 ).

First of all choose an arbitrary € > 0. Sequences having finitely many non-zero terms
are dense in £, . (27™G,y,), and since 31 (T T) < 2max{Ca,,Ca, }51(T), for every &’ > 0
we can find a cover of T(Z/lg L2mG, ) of the form

f(uep x (2_mG7n))

C U{ij (2max{Cp,, Cp, }2max{Ca,,Ca, }51(T) + &\ Us_ (2-mp,) }
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where, for every j, ij € loo(Fin) N loo(27™F,,). Use (IIT) to find ng € N such that
for n > ng, and any 1 < j <, [|Q; Txjlls_(2-mF,) <€’ Then, if u € Ug%(g_mgm)

1QFTPFullo 2-m,)
< max{Cp,,Cp, }(|Q TP, u—QTx;ll¢. 2-mp) 1k Tzille 2-mF,.))
< max{Cp,, CBI}(2 max{Cp,,Cp, }2max{Ca,,Ca, }51(T) + 5') + €.

That is to say, if n is large enough and &’ sufficiently small
QTP < 2max{Cg,,Cp, }*2max{Ca,,Ca, }51(T) +¢.
From the estimates of A and ||Q} TP ||; we conclude that for n large enough
BQFITPH) < 2% max{Cp,, Cp, }** max{Ca,,Ca, }?68(T) " 8(T)° + . (9)
The same estimate is obtained for the term 3(Q;; TP ), namely
B(Q;TP;) < 2" max{Cg,, Cp, }** max{Cya,,Ca, }?68(T) " B(T)° + . (10)

The estimates of the two remaining terms are based on the construction of the
real interpolation method. Let’s start with the term 8(TF,).
The closed unit ball, Uyzn+1, of 2n 1 (R*"H with the £4-norm) is compact. So

given £ > 0 there exists a finite cover of Z/{ggn+1 by balls of radius ¢, say

Uegm—l - U{,ur +€u€§"+1}'

r=1
Given any u € Uy, (27" G,y,)
1/q

gnit < (2(2—9’”J(2m,um))4) <1.

meZ

1277 T (2™, )|

So, (279 J(2™, up )", € {pr + eUpzner} for some 1 < 7 < s. That is to say
(X mez270mI (2™ ) — pr(m)|q)1/q < g, which implies that for —n <m <n

2= I (27, ) < iy ()] + <.
In particular, by taking any k; > 3;(T), for i = 0,1 and v € Z such that 2V~ < ’,:—é <
2¥ we obtain that

2*0(2”%*”%)_9J(2m*”%,um) < 270m (9™ ) < e (m)] + €
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which is equivalent to

ke
ftallag < 2 (2772 ) (e ()] + ) = Wh(em)

and

ko1
i, < 27 (2772 ) (g ()] +2) = ().
0

Recall that k; > 5;(T). So we can cover T'(Uy,) and T'(Ua, ) by finitely many balls of
radius kg and ki respectively, say

no ni

T(Ua,) € (J10 + kolhs,}  and  T(Ua,) € | J{b] + kil }

j=1 j=1
Hence, for any —n < m < n there exists 1 < r < s such that
Ty, € UY(m){b) + koldp,} and  Tu, € UL (m){b] + k1lp, }

for some 1 < j < ng and 1 <[ < n;. Here r depends only on u while j and [ depend
on m.
Choose elements, d,(m), in all possible intersections of these sets, say

dy(m) € W (m){b] + koll, } () U7 (m){b] + kaldp, }

where the index p = p(j,{,r) depends on j, [ and r. The number of elements d,(m)’s
is always finite although it may change with m. These elements belongs to By N By
and by construction, given any (u,,) € Uy, (2-6mq,,) we can find some 1 <r < s and
{d,(m)}™,, such that

J(2"7Y, Tu, — dp(m); B) = max{||Tum — dp(m) |5y, 2™ " [ Tum — dy(m)|| 5, }
< max{2Cp, ¥(m)ko, 2" "2Cp, ¥, (m)k:}
= maX{CBU ) CBI }26+12(m_y)9k570k?(|Mr(m)| + 5)
and so we can estimate the norm || TwPyu — " dyp(m)|l(By,B1)s.,.,+ actually

n

<Z(2e<mu>J(2mu’Tum B dp(m)))q>

—n

1
q

< max{Cp,,Cp, }2 0k ~OkY max{1, 25" A+ (@2n+ 1)1/‘15).

Hence

HTﬂ'Pnu - Z d,(m)

(Bo,B1)e,q;Kx

< 62'*% max{Cp,, C, tkt k¢ max{1, 27 A+ (@2n+ 1)1/q€),
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establishing that

(o)

< 62" max{Cp,, Cg, }k Kk} max{1, 973" Y1+ (20 +1)Y%).

£q(270mF,,)

Since there are finitely many elements of the form j(3", d,(m)), this shows, after
taking infimum on ¢ > 0 and on k; > 3;(T), that

B(TP,) < 25 max{Cp,, Cp, } max{1,2 ¢ }3o(T) = B,(T)". (11)

~

Finally, in order to estimate the term 3(Q,T (P, + P, )), note that

B@.T(PF +P;)) = B@QuiTr(Pf +P;))
S 6(anT : (A07A1)9,q;J — eq(2—9mFm))

Given any € > 0, find {p,}i_, C Ugznsr such that for any A € Uyznis

min {IA = prllgnint < e

Choose also k; > 3;(T) (i = 0,1) and find v € Z such that 2v~! < Z—; < 2. Then for
@ € Uiao,A1)o,q0

n 1/q

( > (29(m+”)K(2m+”,a))q> < llallo.g <9

m=—n
and so there exists 1 < r < s such that
1 n
H 3 (2—0(m-&-u)}((2m+u7 a)) .

—n

< €.
2n+1
%

In particular, for m = —n,...,0...,n,
270 (M 4) < §(py(m) + €)
and it is easily deduced that
K(2mE,a) < K27, a) < 26(275)" (4, (m) + ¢).

Choose decompositions of a = ag ., + a1, such that for —-n <m <n

k ki\?
Jaomllao + 2" L larmllay < 2°6(27 22 ) (ar ) +).
ko kO

495 Revista Matemdatica Complutense
2006: vol. 19, num. 2, pags. 477—498



Pedro Fernandez-Martinez Interpolation of the measure of non-compactness

Then, by our choice of k; > §;(T), there are finite sets {bin,j ?:1 C B; such that for
i=0,1
; s Y < 9059m(0—i) 1 1-01.0 .
i (T asm = b} < 2062730 K (i (m) +2)

Let W stand for the collection of all vector-valued sequences (z,,(m)) defined by

r(m) = {0 if m ¢ [—n,n|,

b?n,j + b}n,l if —n<m<n.
(7 and [ run freely on their respective domains.) W is a finite subset of £,(27"F,,)
and, given any a € Ua, A,),,., We can find z, € W such that for, —n < m < n,
Zw(m) = b?n’j + b}ml satisfying

T — 9 51l 30 < 27627 kg™ K (11 (m) + €)
and
T, . = b, ill s, < 2762 OV R k] (e (m) +€)

where a = ag,m + a1, is the previously described decomposition of a. It follows that

n

1/q
1QniTa — zulle, @-omp,) = (Z (270" K (2™, Tagm — 03, ; + Taim — b}n,l)‘Z)

—-n

n

< (Z(QHG(Skl_GkG(M (m) +E))q>1/q
< 0 1\Hr

< 2"H05kL 0k max {1,277 (1 + (2n + 1)V/%).
Therefore
B(QuiT : (Ao, Ab)o.gs — £g(27™F,)) < 208 max {1,275 } 6o (T) 0 5:(T)°,

and so R .
B(Q.T (P + Py)) < 2% max {1,275 }Bo(T)~?B.(T)°. (12)

Now, combine estimates (6), (7), (8), (9), (10), (11), (12), and take infimum in £ > 0,
to obtain the inequality

BT) < 250506y (T) By (T)",
where here the constant
C = [2+ max{l, 2%}9 +2(2° max{Cp,, Cp, }** max{Ca,,Ca,}?)")] e
Equation (4), along with equation (5), establishes that

B9.4(T) < 2275050 6,(T) '~ B (T)°. 0
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