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ABSTRACT

If G is a group of automorphisms that acts properly discontinuously on a Rie-
mann or Klein surface X, then there exists a unique structure of Riemann or
Klein surface on X/G such that the projection π : X → X/G is a morphism.
The analogous result is not true when we deal with surfaces with nodes. In this
paper we give a new definition of a group that acts properly discontinuously on
a surface with nodes in order to obtain a similar theorem.
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Introduction

Riemann surfaces with nodes appear as compactification points of the Deligne-Mum-
ford compactification of the moduli space of compact and connected smooth complex
curves of given genus [2]. These compactifications are a useful tool in recent impor-
tant progress in mathematics. Concretely, the proof of Witten’s conjecture given by
M. Kontsevich (see [6, 7, 10]) uses, in an essential way, the cell decomposition of the
spaces Mg,n×Rn

+, where Mg,n is the Deligne-Mumford compactification by Riemann
surfaces with nodes of the moduli space of compact and connected smooth complex
curves of genus g with n marked points.
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The moduli space of compact and connected smooth real algebraic curves of given
genus g, denoted Mg

R, is neither compact nor connected. In [9], M. Seppälä constructs
moduli spaces of compact and connected stable symmetric Riemann surfaces and
proves that these spaces are compact and connected. In other words, he constructs
a compactification of Mg

R using symmetric Riemann surfaces with nodes. In [3] we
construct moduli spaces of compact and connected stable Klein surfaces. This way
we obtain compactifications of Mg

R with less points than those given by M. Seppälä
adding symmetric Riemann surfaces with nodes. Moreover, these spaces are connected
too. As an example, let us look at two families of compact and connected smooth
complex algebraic curves:

At ≡ The hyperelliptic curve defined by the equation

y2 = (x2 − t2)(x2 − 1)(x2 − 4),

Bt ≡ The hyperelliptic curve defined by the equation

y2 = (x2 + t2)(x2 − 1)(x2 − 4),

where t ∈ (0, 1), see [8, pag. 60–61]. If t tends to 0 then

lim
t→0

At = lim
t→0

Bt = S

where S is the hyperelliptic curve defined by the equation y2 = x2(x2−1)(x2−4). But
S is not a smooth curve because (0, 0) belongs to S but there is not a neighborhood
of (0, 0) homeomorphic to an open set of the complex plane. Indeed, this point has
an neighborhood homeomorphic to

M = { (z, w) ∈ C2 | z · w = 0, |z|| < 1, |w| < 1 },

an is called a conic node of the surface. Furthermore, if we take the antianalytic
involution σ(x, y) = (x̄, ȳ), then (At, σ) is a symmetric Riemann surface of topological
type (2, 3, 0) and (Bt, σ) is a symmetric Riemann surface of topological type (2, 2, 1).
The limit curve S is a stable symmetric Riemann surface, i.e., a surface that appears
in the compactification of Mg

R. This example shows how we can use these curves for
connecting the connected components of Mg

R.
On the other hand, it is a known fact that if G is a group of automorphisms

that acts properly discontinuously on a Riemann or Klein surface X, then there
exists a unique structure of Riemann or Klein surface on the quotient X/G such
that the projection π : X → X/G is a morphism. In this paper, which is part of
my Ph. D. Thesis [4] written under the supervision of Dr. Antonio F. Costa, we
shall show that we need to adapt the definition of a group of automorphisms acting
properly discontinuously on a Riemann or Klein surface with nodes in order to obtain
an equivalent result.

The main problem is the existence of automorphisms g that are dual on some conic
node z, i.e., for all punctured neighborhood U of z, the automorphism g fixes each
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one of its connected components and acts analytically on one connected component
of U and antianalytically on the other. If our group G does not contain this type of
automorphism, then the quotient X/G carries a structure of Klein surface with nodes
such that the projection π : X → X/G is a morphism.

We finish the paper with Riemann-Hurwitz’s Formula in the case of Riemann
surfaces with nodes. This formula is an useful tool in further calculations concerning
automorphisms.

1. Riemann and Klein surfaces with nodes

We shall define the main concepts and hence we fix the notation. All the definitions
and properties we deal with in this section are exhaustively defined in [5].

A surface with nodes is a pair S = (Σ,D) where Σ is a topological Haussdorff
space, D ⊂ Σ is a discrete set of distinguished points of Σ, and each point z of Σ
has a chart (Ui, ϕi) where Ui is a neighborhood of z and ϕi is an homeomorphism
between Ui and one of the following sets:

(i) An open subset of C,

(ii) An open subset of C+ = { z ∈ C | Im(z) ≥ 0 },

(iii) M = { (z, w) ∈ C2 | z · w = 0, |z| < 1, |w| < 1 },

(iv) M+ = { (z, w) ∈ (C+)2 | z · w = 0, |z| < 1, |w| < 1 }.

Moreover, if z ∈ D, then Ui is homeomorphic to an open set of C.
If { (Ui, ϕi) }i∈I is an atlas of Σ, i.e., a collection of charts such that

⋃
i∈I Ui = Σ,

then we define the boundary of Σ as

∂Σ = {z ∈ Σ | there is i ∈ I with z ∈ Ui, ϕi(Ui) ⊂ C+ and ϕi(z) ∈ R = ∂C+}
∪ {z ∈ Σ | there is i ∈ I with z ∈ Ui, ϕi(Ui) ⊂ (C+)2 and ϕi(z) ∈ (∂(C+))2}.

If z ∈ Σ and there is i ∈ I with z ∈ Ui, ϕi(Ui) = M and ϕi(z) = (0, 0) then we
say that z is a conic node. We denote the set of conic nodes by N(Σ, 1).

If z ∈ D then we say that z is an inessential node. We denote the set of inessential
nodes by N(Σ, 2).

If z ∈ Σ and there is i ∈ I with z ∈ Ui, ϕi(Ui) = M+ and ϕi(z) = (0, 0) then we
say that z is a boundary node. We denote the set of boundary nodes by N(Σ, 3).

If z belongs to N(Σ) = N(Σ, 1)∪N(Σ, 2)∪N(Σ, 3) then we say that z is a node.
Finally, we call part of Σ each connected component of Σ \N(Σ).
We say that two charts, (Ui, ϕi), (Uj , ϕj), have analytic (resp. dianalytic) transi-

tion if Ui ∩ Uj = ∅ or the transition map

ϕij = ϕj ◦ ϕ−1
i : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj)
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is analytic (resp. dianalytic) in the image under ϕi of the complementary of the nodes.
A Riemann surface with nodes is a pair X = (Σ,U) where S = (Σ, ∅) is a surface
with nodes without boundary and U is an analytic and maximal atlas of Σ. A stable
Riemann surface is a Riemann surface with nodes whose parts have negative Euler
characteristic. The reader can observe that N(Σ) = N(Σ, 1). In this case, we define
the genus of Σ by

g(Σ) =
1
2
(2 + #N(Σ)− χ(Σ)).

A Klein surface with nodes is a triple X = (Σ,D,U) where (Σ,D) is a surface with
nodes and U is a dianalytic and maximal atlas of Σ.

Let X be a Riemann or Klein surface with nodes where N(Σ) = {zi}i∈I . Let
fi : Ui → Vi be the charts, with

Vi = Vi,1 t
wi

Vi,2 = (Vi,1 × {1} ∪ Vi,2 × {2})/ ∼

where ∼ is the identification (wi, 1) ∼ (wi, 2). We denote by

Ui = Ui,1 t
zi

Ui,2 with Ui,k = f−1
i (Vi,k).

We take Σ \N(Σ) and construct X̂ = (Σ̂, Û) identifying Ui,k \ {zi} with Vi,k using fi

and we assign charts in the obvious way. We obtain a Riemann or Klein surface, X̂,
that, in general, is not connected and we call it the normalization of the Riemann or
Klein surface with nodes X. The projection

p : Σ̂ → Σ
z 7→ z

is an identification map and #p−1(z) = 2 if and only if z ∈ N(Σ, 1) ∪N(Σ, 3).
A map f : Σ1 → Σ2 between Riemann or Klein surfaces with nodes is a continuous

map such that f(∂Σ1) ⊂ ∂Σ2 and f−1(N(Σ2, i)) ⊂ N(Σ1, 1) ∪ N(Σ1, i). This map
induces a unique continuous map f̂ : Σ̂1 → Σ̂2 satisfying f ◦ p1 = p2 ◦ f̂ and is called
the lifting of f .

A map f : Σ1 → Σ2 between Riemann or Klein surfaces with nodes is complete if
f̂(p−1

1 (z)) = p−1
2 (f(z)). Finally, a morphism between Riemann (resp. Klein) surfaces

with nodes is an analytic (resp. dianalytic) and complete map f : X1 → X2 between
Riemann (resp. Klein) surfaces with nodes. We have that f is analytic (resp. antian-
alytic, dianalytic, . . . ) if and only if f̂ is analytic (resp. antianalytic, dianalytic, . . . ).
The homeomorphisms, isomorphisms and automorphisms are defined in the obvious
way and we denote them by Homeo(X1, X2), Iso(X1, X2) and Aut(X).

A symmetric Riemann surface with nodes is a pair (X, σ) where X is a Riemann
surface with nodes and σ : X → X is an antianalytic involution. A map (resp.
homeomorphism, morphism, antianalytic morphism, . . . ) f : (X1, σ1) → (X2, σ2)
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between symmetric Riemann surfaces with nodes is a map (resp. homeomorphism,
morphism, antianalytic morphism, . . . ) f : X1 → X2 satisfying f ◦ σ1 = σ2 ◦ f .

We know that if X is a Klein surface, then there exists a triple (Xc, πc, σc) such
that (Xc, σc) is a symmetric Riemann surface and πc : Xc → X is an unbranched
double cover satisfying πc ◦ σc = πc. If (X ′

c, π
′
c, σ

′
c) is another triple with the same

property, then there exists a unique analytic isomorphism f : (X ′
c, σ

′
c) → (Xc, σc)

between symmetric Riemann surfaces such that π′c = πc ◦ f . This triple, that is
unique up to isomorphism, is called the complex double of X.

Let Y be a Klein surface with nodes. We say that a triple (X, π, σ) is a complex
double of Y if (X, σ) is a symmetric Riemann surface with nodes and π : X → Y
is an unbranched double cover satisfying π ◦ σ = π and π(N(X)) = N(Y ). We say
that two complex doubles, (X1, π1, σ1), (X2, π2, σ2), of Y are isomorphic if there is
an isomorphism f : (X1, σ1) → (X2, σ2) between symmetric Riemann surfaces with
nodes such that π2 ◦ f = π1.

If we have a Klein surface with nodes X, then there exist exactly 2#N(X,1) triples
(Xc, πc, σc) that are non-isomorphic complex doubles of X (see [5]). We say that X is
a stable Klein surface if any one of its complex doubles is a stable symmetric Riemann
surface. We define the algebraic genus of X as the genus of any one of its complex
doubles.

2. Automorphism groups of Klein surfaces with nodes

Let us recall some results about automorphism groups acting on Riemann and Klein
surfaces. Let X be a Riemann or Klein surface (with or without nodes) and let
G ≤ Aut(X). If x ∈ X, we denote the orbit of the point x by Ox = { f(x) | f ∈ G }
and we construct the quotient space X/G = {Ox | x ∈ X }. We define the canonical
projection

π : X → X/G
x 7→ Ox.

Such projection defines an identification topology on X/G: A ⊂ X/G is an open set if
and only if π−1(A) is an open set. Hence, π is an identification map. The topological
space X/G is the quotient of X under the action of the group G.

The stabilizer of x ∈ X is the subgroup

Gx = { f ∈ G | f(x) = x }.

If U, V ⊂ X, we denote by

G(U, V ) = { f ∈ G | U ∩ f(V ) 6= ∅ },
GU = G(U,U).

With this notation Gx = G{x}.
We say that G acts discontinuously on X if for all x ∈ X there exists a neighbor-

hood U ⊂ X of x such that GU is finite. We have the following result:
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Proposition 2.1 ([1]). The following conditions are equivalent:

(i) G acts discontinuously on X.

(ii) For all x ∈ X, Gx is finite. Moreover, for any neighborhood M ⊂ X of x, then
there exists a connected neighborhood U ⊂ M of x satisfying GU = Gx and
f(U) = U if f ∈ Gx.

Let X be a connected Klein surface (thus without nodes). We shall say that
G ≤ Aut(X) acts properly discontinuously on X if the following conditions hold:

(i) G acts discontinuously on X.

(ii) For all x, y ∈ X such that Ox 6= Oy, there exist neighborhoods U, V ⊂ X of x
and y respectively, satisfying G(U, V ) = ∅.

Let us recall a known theorem:

Theorem 2.2 ([1]). Let X be a connected Klein surface and G ≤ Aut(X) which acts
properly discontinuously on X. Then, there exists a unique structure of Klein surface
on X/G such that π : X → X/G is a morphism.

This theorem is also satisfied if we consider non connected Klein surfaces. For this
it suffices to apply it to the connected components of the Klein surface.

The situation changes when we try to apply this theorem to Klein surfaces with
nodes. Let X̂ = (Ĉ × {1}) ∪ (Ĉ × {2}) and X = X̂/ ∼ where ∼ is the identification
(0, 1) ∼ (0, 2). Hence, X is a Klein surface with nodes and X̂ is its normalization.
We define

f : X → X
(z, 1) 7→ (−z, 1),
(z, 2) 7→ (z̄, 2),

which is an automorphism of X satisfying f2 = IdX . If we take the subgroup G = 〈f〉
of Aut(X), then X/G is homeomorphic to

((Ĉ× {1}) ∪ (Ĉ+ × {2}))/ ∼G

where ∼G is the identification (0, 1) ∼G (0, 2). Although G is a group that acts prop-
erly discontinuously on X, X/G is not a surface with nodes because [(0, 1)]G = [(0, 2)]G
is not a node. This example motivates the following definition. Let X be a Riemann or
Klein surface with nodes and f ∈ Aut(X). We shall say that f is dual on x ∈ N(X, 1)
if f(x) = x and there exists a neighborhood U = U1 t

x
U2 of x such that f(Ui) = Ui

and f̂ |Û is a morphism that is neither analytic nor antianalytic, i.e., one of the maps
f̂ |

Û1
and f̂ |

Û2
is analytic and the other is antianalytic. We shall say that f is dual

if there exists x ∈ N(X, 1) such that f is dual on x. We denote the set of dual
automorphisms of X by Autd(X).

Let X be a Riemann or Klein surface with or without nodes. We shall say that
G ≤ Aut(X) acts properly discontinuously on X if the following conditions hold:
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(i) G acts discontinuously on X.

(ii) For all x, y ∈ X such that Ox 6= Oy, there exist neighborhoods U, V ⊂ X of x
and y respectively, such that G(U, V ) = ∅.

(iii) G does not contain dual automorphisms.

Let Ĝ = { f̂ | f ∈ G } be the lifting of the group G, that is a subgroup of Aut(X̂).
Let us look for the relation between these two groups.

Firstly, we suppose that G acts properly discontinuously on X and we denote by
p : X̂ → X the projection.

Let x ∈ X̂, then y = p(x) ∈ X and there exists a neighborhood U of y such that
GU is finite. We take the neighborhood Û = p−1(U) of x. If f̂ ∈ ĜÛ , then

∅ 6= p(Û ∩ f̂(Û)) ⊂ p(Û) ∩ p ◦ f̂(Û) = p(Û) ∩ f(p(Û)) = U ∩ f(U)

and f ∈ GU . As GU is finite, then ĜÛ is also finite and Ĝ acts discontinuously on X.
Let x, y ∈ X̂ such that Ox 6= Oy and we take z = p(x) and w = p(y). There are

two possibilities:

(i) If z = w, then we take a connected neighborhood U of z such that GU =
Gz. Thus, p−1(U) = Ûx t Ûy where Ûx, Ûy are connected neighborhoods of x

and y respectively. Let f̂ ∈ Ĝ such that Ûx ∩ f̂(Ûy) 6= ∅, then f̂(Ûy) = Ûx,
f(U) = U , f(z) = z, and f̂(y) = x. That is impossible because Ox 6= Oy.
Hence, Ĝ(Ûx, Ûy) = ∅.

(ii) If z 6= w, then we take open neighborhoods Uz, Uw of z and w respectively such
that G(Uz, Uw) = ∅. If we call Ûx = p−1(Uz) and Ûy = p−1(Uw), then, for all
f̂ ∈ Ĝ

p(Ûx ∩ f̂(Ûy)) ⊂ p(Ûx) ∩ p ◦ f̂(Ûy) = p(Ûx) ∩ f ◦ p(Ûy) = Uz ∩ f(Uw) = ∅,

and again Ĝ(Ûx, Ûy) = ∅. Hence, Ĝ acts properly discontinuously on X.

If Ĝ acts properly discontinuously on X̂ and G does not contain dual automor-
phisms, then we can prove, in a similar way, that G acts properly discontinuously
on X. Then we have the following proposition:

Proposition 2.3. Let X be a Riemann or Klein surface with nodes and G ≤ Aut(X)
a group that does not contain dual automorphisms. The group G acts properly dis-
continuously on X if and only if Ĝ acts properly discontinuously on X̂.
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3. Quotients of Klein surfaces with nodes

Let X be a Klein surface with nodes and let G ≤ Aut(X) be a group acting properly
discontinuously on X. Since Ĝ acts properly discontinuously on X̂, then there exists
a unique structure of Klein surface on X̂/Ĝ such that

π̂ : X̂ → X̂/Ĝ

x 7→ Ôx

is a morphism. We have the following projections:

p : X̂ → X
x 7→ p(x)

π : X → X/G
x 7→ Ox.

and we define pG : X̂/Ĝ → X/G by pG(Ôx) = Op(x). It is easy to check that pG is a
well defined map and the following diagram is commutative:

X̂
π̂ //

p

��

X̂/Ĝ

pG

��
X

π // X/G

Let us see that pG is an identification map. If B ⊂ X/G is an open set, then
π̂−1 ◦ p−1

G (B) = (π ◦ p)−1(B) is also an open set and, since π̂ is an identification map,
p−1

G (B) is an open set and hence pG is continuous. On the other hand, since p and π
are identification maps, so is pG.

Before proving the theorem establishing that X/G is a Klein surface with nodes,
let us prove a lemma.

Lemma 3.1. Let Σ be a topological space, let X̂ = (Σ̂, Û) be a Klein surface and let
p : X̂ → Σ be an identification map satisfying:

(i) For each x ∈ Σ, #p−1(x) ∈ { 1, 2 }.

(ii) The set A′ of cluster points of the set A = {x ∈ Σ | #p−1(x) = 2 } is empty.

(iii) For each x ∈ A either p−1(x) ⊂ ∂X̂ or p−1(x) ∩ ∂X̂ = ∅.

Then, for each subset B ⊂ Σ \ p(∂X̂) disjoint with A and such that B′ = ∅, there
exists a unique structure of Klein surface with nodes, X, on Σ such that N(X, 2) = B,
X̂ is its normalization and p : X̂ → X is the projection.

Proof. Let x be in Σ. We distinguish two cases:

(a) If x /∈ A, then p−1(x) = {y} and there exists an open neighborhood V̂ ⊂ Σ̂ of y
such that V̂ ∩ p−1(A) = ∅. We take a chart (V̂ , ϕ) ∈ Û and then (p(V̂ ), ϕ ◦ p−1)
is a chart on x.
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(b) If x ∈ A then either p−1(x)∩∂X̂ = ∅ or p−1(x) ⊂ ∂X̂. Hence p−1(x) = { y1, y2 }
and there exist disjoint open neighborhoods V̂1, V̂2 ⊂ Σ̂ of y1, y2 respectively
satisfying V̂i∩p−1(A) = { yi }. We take the charts (V̂i, ϕi) ∈ Û with ϕi : V̂i → Ui

and ϕi(yi) = 0. Now we define ϕ : V̂1 ∪ V̂2 → U1 t
0

U2 by ϕ(z) = ϕi(z) if z ∈ V̂i.

Hence (p(V̂1 ∪ V̂2), ϕ ◦ p−1) is a chart on x.

This way we obtain a dianalytic atlas Ũ that induces a dianalytic and maximal
atlas U on Σ. Thus X = (Σ, B,U) is a Klein surface with nodes, X̂ is its normalization
and p : X̂ → X is the projection.

If there are two structures, X1, X2, of Klein surface with nodes on Σ with the
conditions of the lemma, then IdΣ : X1 → X2 is a homeomorphism between Klein
surfaces with nodes. Since its lifting ÎdΣ = IdX̂ : X̂ → X̂ is an isomorphism, then f
is also an isomorphism and this proves the uniqueness.

Let us verify that pG : X̂/Ĝ → X/G satisfies the three hypotheses of the lemma.
Let z ∈ X/G and we take x ∈ π−1(z). If p−1(x) = { y }, then

pG ◦ π̂(y) = π ◦ p(y) = π(x) = z

and { π̂(y) } ⊂ p−1
G (z).

Let a ∈ p−1
G (z), then there exists b ∈ X̂ such that π̂(b) = a. But

π(x) = z = pG(a) = pG ◦ π̂(b) = π ◦ p(b).

Thus, there exists g ∈ G satisfying x = g ◦ p(b) = p ◦ ĝ(b) and therefore ĝ(b) = y and

π̂(y) = π̂ ◦ ĝ(b) = π̂(b) = a.

Hence a ∈ { π̂(y) } and p−1
G (z) = { π̂(y) }.

On the other hand, if p−1(x) = { y1, y2 } then p−1
G (z) = { π̂(y1), π̂(y2) } and the

first condition is satisfied.
If z ∈ A = { z ∈ X/G | #p−1

G (z) = 2 }, then z ∈ π(N(X)). Hence it is sufficient to
prove that the set of cluster points of π(N(X)) is empty. Let z ∈ X/G and x ∈ π−1(z)
and we take U , that is an open neighborhood of x satisfying (U \ {x}) ∩N(X) = ∅.
Then, π(U) is an open set because π−1(π(U)) =

⋃
g∈G g(U). Hence π(U) is an open

neighborhood of z such that (π(U)− {z}) ∩ π(N(X)) is empty.
To prove the third condition, let z ∈ A, x ∈ π−1(z) and p−1(x) = {y1, y2}. Then

p−1
G (z) = { π̂(y1), π̂(y2) } and we suppose that π̂(y1) ∈ ∂(X̂/Ĝ) and π̂(y2) /∈ ∂(X̂/Ĝ).

In this situation y2 /∈ ∂X̂ and x /∈ ∂X. Hence x is a conic node of X and so y1 /∈ ∂X̂.
Since π̂(y1) ∈ ∂(X̂/Ĝ) and π̂(y2) /∈ ∂(X̂/Ĝ), then there exists g ∈ G dual on x, which
is a contradiction. Therefore, the three hypotheses of the lemma are satisfied.

The following step for giving X/G a structure of Klein surface with nodes is to
decide what could be the inessential nodes of this new surface. First of all, let us
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recall how these nodes appear (see [5]). A Klein surface is the quotient space of a
Riemann surface by an antianalytic involution. Let X be a Riemann surface with
nodes, σ : X → X be an antianalytic involution, z ∈ N(X) and V1, V2 ⊂ X be two
disks such that U = V1 t

z
V2 is a neighborhood of z. If σ(V1) = V2, then U/〈σ〉 ' V1

and Oz is an inessential node of X/〈σ〉.
Let X be a Klein surface with nodes, g ∈ Aut(X) and p : X̂ → X be the

projection. We shall say that x ∈ N(X, 1) is an inessential node of X with respect to
g if p−1(x) = {x1, x2 } and ĝ(x1) = x2. In this situation ĝ(x2) = x1. If G ≤ Aut(X),
we denote the set of inessential nodes of X with respect to some g of G by NG(X, 2).
The union of the set of inessential nodes of X with the image of NG(X, 2) under
the projection π : X → X/G is the admissible set of inessential nodes of the new
surface X/G.

Let D ⊂ NG(X, 2) ∪N(X, 2) and we take

B = π(D) \ ∂(X/G) = π(D) \ pG(∂(X̂/Ĝ)).

Since D ⊂ N(X) and the set of cluster points of π(N(X)) is empty so is the set of
cluster points of π(D). Finally, if x ∈ D it is easy to prove that #p−1

G (π(x)) = 1.
Then, applying Lemma 3.1, there exists a unique structure of Klein surface on X/G
satisfying N(X/G, 2) = π(D) \ ∂(X/G), X̂/Ĝ is the normalization of X/G and
pG : X̂/Ĝ → X/G is the projection.

Now we can prove the following theorem:

Theorem 3.2. Let X be a Klein surface with nodes and G ≤ Aut(X) a group that
acts properly discontinuously on X. Then, for each D ⊂ NG(X, 2) ∪ N(X, 2) there
exists a unique structure of Klein surface with nodes on X/G such that π : X → X/G
is a morphism and N(X/G, 2) = π(D)− ∂(X/G).

Proof. Using the previous constructions, we only have to prove that π is a morphism
and the uniqueness. The projection π : X → X/G satisfies the following properties:

(i) π(∂X) ⊂ ∂(X/G).

Let x ∈ ∂X and z ∈ p−1(x), then z ∈ ∂X̂ and π̂(z) ∈ ∂(X̂/Ĝ). Hence,
pG ◦ π̂(z) ∈ ∂(X/G), but

π(x) = π ◦ p(z) = pG ◦ π̂(z) ∈ ∂(X/G)

and then π(∂X) ⊂ ∂(X/G).

(ii) π−1(N(X/G, 2)) ⊂ N(X, 1) ∪N(X, 2).

Let x ∈ π−1(N(X/G, 2)), then there exists y ∈ D ⊂ N(X, 1)∪N(X, 2) satisfying
π(x) = π(y). Thus, there exists g ∈ G such that x = g(y) ∈ N(X, 1)∪N(X, 2).
Hence π−1(N(X/G, 2)) ⊂ N(X, 1) ∪N(X, 2).
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(iii) π−1(N(X/G, 3)) ⊂ N(X, 1) ∪N(X, 3).

Let x ∈ π−1(N(X/G, 1) ∪N(X/G, 3)). Let us suppose that #p−1(x) = 1, then
#p−1

G (π(x)) = 1. This is impossible because π(x) ∈ N(X). Thus, #p−1(x) = 2
and x ∈ N(X, 1) ∪N(X, 3). Hence π−1(N(X/G, 3)) ⊂ N(X, 1) ∪N(X, 3).

(iv) π−1(N(X/G, 1)) ⊂ N(X, 1).

Let x ∈ π−1(N(X/G, 1)). As in the previous point, x ∈ N(X, 1) ∪ N(X, 3).
If x ∈ N(X, 3), then x ∈ ∂X and π(x) ∈ ∂(X/G). This is impossible be-
cause ∂(X/G) ∩ N(X/G, 1) = ∅. Hence x ∈ N(X, 1) and we conclude that
π−1(N(X/G, 1)) ⊂ N(X, 1).

(v) π is complete.

Let x ∈ N(X, 1)∪N(X, 3) such that z = π(x) ∈ N(X/G, 1)∪N(X/G, 3). Thus
p−1(x) = { y1, y2 } and p−1

G (z) = { π̂(y1), π̂(y2) }. But, since z is a conic or a
boundary node of X/G, then #{ π̂(y1), π̂(y2) } = 2 and #π̂(p−1(x)) = 2. Hence
π is complete.

Thus, π : X → X/G is a map between Klein surfaces with nodes. Let us recall
the following commutative diagram

X̂
π̂ //

p

��

X̂/Ĝ

pG

��
X

π // X/G

Since π̂ is the lifting of π and π̂ is a morphism, so is π.
To prove the uniqueness, let us suppose that X/G admits two structures of Klein

surfaces with nodes, (X/G)1, (X/G)2, such that the projections πi : X → (X/G)i are
morphisms and N((X/G)i, 2) = πi(D)− ∂(X/G)i.

We take the normalization (X̂/Ĝ)i of (X/G)i, the projection pi : (X̂/Ĝ)i → (X/G)i

and the lifting π̂i : X̂ → (X̂/Ĝ)i of πi. As πi is a morphism, then π̂i is also a mor-
phism. Hence IdX̂/Ĝ : (X̂/Ĝ)1 → (X̂/Ĝ)2 is an isomorphism between Klein surfaces.
We have that IdX/G : (X/G)1 → (X/G)2 is a homeomorphism and hence:

• IdX/G(∂(X/G)1) = ∂(X/G)2,

• IdX/G(N((X/G)1, i)) = N((X/G)2, i), i = 1, 3.

Since N((X/G)i, 2) = πi(D)− ∂(X/G)i, then

IdX/G(N((X/G)1, 2)) = N((X/G)2, 2),

and IdX/G is a map between Klein surfaces with nodes and IdX̂/Ĝ is its lifting. Since
IdX̂/Ĝ is an isomorphism, so is IdX/G. Therefore (X/G)1, (X/G)2 are the same struc-
ture of Klein surface with nodes over X/G.
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Corollary 3.3. Let X be a Klein surface with nodes and G ≤ Aut(X) a group that
acts properly discontinuously on X. Thus, there exists a unique structure of Klein
surface with nodes on X/G such that π : X → X/G is a morphism and N(X/G, 2) =
π(NG(X, 2) ∪N(X, 2))− ∂(X/G).

From here on, by the Klein surface with nodes X/G we mean the surface of the
previous corollary.

Let us deal now with the quotients of Riemann surfaces with nodes. In this case
we can distinguish between analytic and antianalytic automorphisms, and we denote
by

Aut(X) = { analytic automorphisms of the Riemann surface with nodes X },
Aut−(X) = { antianalytic automorphisms of the Riemann surface with nodes X },
Aut±(X) = { analytic and antianalytic automorphisms of the Riemann surface

with nodes X }.

If G is a subgroup of Aut±(X) and we denote by G− = G ∩ Aut−(X), then
NG−(X, 2) ⊂ NG(X, 2) and we have:

Theorem 3.4. Let X be a Riemann surface with nodes and G ≤ Aut±(X) a group
that acts properly discontinuously on X. Then, for each D ⊂ NG−(X, 2) there exists
a unique structure of Klein surface with nodes on X/G such that π : X → X/G is a
morphism and N(X/G, 2) = π(D)− ∂(X/G).

By the Klein surface with nodes X/G we mean the Klein surface with nodes such
that N(X/G, 2) = π(NG−(X, 2))− ∂(X/G).

Finally, if X is a Riemann surface with nodes and G ≤ Aut(X), then NG−(X, 2)
is empty and we have the following theorem:

Theorem 3.5. Let X be a Riemann surface with nodes and G ≤ Aut(X) a group that
acts properly discontinuously on X. Then, there exists a unique structure of Riemann
surface with nodes on X/G such that π : X → X/G is a morphism.

It is easy to see that if X is a Riemann or Klein surface with nodes and G is a
finite subgroup of Aut(X) without dual automorphisms, then G acts properly dis-
continuously on X. Moreover, if X is a compact and connected stable Riemann or
Klein surface of genus g(X) ≥ 2, then Aut(X) is finite (see [4]). Combining these
ideas we have the following corollaries:

Corollary 3.6. Let X be a compact and connected stable Riemann surface of genus
g(X) ≥ 2 and let G be a subgroup of Aut±(X) (resp. Aut(X)). Then, there exists a
structure of Klein (resp. Riemann) surface with nodes on X/G such that the projection
π : X → X/G is a morphism.
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Corollary 3.7. Let X be a compact and connected stable Klein surface of genus
g(X) ≥ 2 and let G be a subgroup of Aut(X) without dual automorphisms. Then,
there exists a structure of Klein surface with nodes on X/G such that the projection
π : X → X/G is a morphism.

4. Riemann-Hurwitz’s Formula

Let f : X → Y be a morphism between compact and connected Riemann surfaces
with nodes which is non-constant on the parts of X and let x be in X. If pX : X̂ → X
and pY : Ŷ → Y are the projections we define the multiplicity of f at x by

multx(f) =

{
multz(f̂) if p−1

X (x) = {z},
multz1(f̂) + multz2(f̂) if p−1

X (x) = {z1, z2}.

If y ∈ Y \N(Y ), we define the degree of f at y by

dy(f) =
∑

x∈f−1(y)

multx(f) = dp−1
Y (y)(f̂)

which is a function that is constant on the parts of Y . If Ŷ =
⋃n

i=1 Ŷi where Ŷi are
the connected components of Ŷ and wi ∈ Ŷi \ p−1

Y (N(Y )), then we define the degree
of f as deg(f) = (dpY (w1)(f), . . . , dpY (wn)(f)). If dpY (w1)(f) = · · · = dpY (wn)(f), then
we define the degree of f as deg(f) = dpY (w1)(f).

Let X̂i = f̂−1(Ŷi). If we apply Riemann-Hurwitz’s Formula to the morphism
f̂i = f̂ |

X̂i
: X̂i → Ŷi, we obtain

−χ(X̂i) = −deg(f̂i)χ(Ŷi) +
∑

z∈X̂i

[multz(f̂i)− 1],

where χ denotes the Euler characteristic.
Since χ(X̂) =

∑n
i=1 χ(X̂i) = 2#N(X) + 2− 2g(X) and using the definition of the

multiplicity of f at x we conclude that

2g(X)− 2− 2#N(X) = −
n∑

i=1

deg(f̂i)χ(Ŷi)

+
∑

x/∈N(X)

[multx(f)− 1] +
∑

x∈N(X)

[multx(f)− 2].

We have proved the following theorem:

Theorem 4.1 (Riemann-Hurwitz’s Formula). Let f : X → Y be a morphism
between compact and connected Riemann surfaces with nodes, which is non-constant
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on the parts of X and such that deg(f) ∈ N. Then

2g(X)− 2− 2#N(X) = deg(f)(2g(Y )− 2− 2#N(Y ))

+
∑

x/∈N(X)

[multx(f)− 1] +
∑

x∈N(X)

[multx(f)− 2].

Let G be a group of automorphisms acting properly discontinuously on the com-
pact and connected Riemann surface with nodes X. Suppose that y ∈ Y = X/G is
a branch point of the quotient map π : X → X/G. Let x1, . . . , xs be the points of
X lying above y. Then all of them are in the same orbit and hence π have the same
multiplicity at all of them, say r. Using previous notation, we denote by

Ĝi = { ĝ |
X̂i
∈ Aut(X̂i) | g ∈ G }.

We have three possibilities:

(i) If xi /∈ N(X), and y ∈ pY (Ŷi), then s = |Ĝi|/r and
s∑

i=1

[multxi
(f)− 1] = |Ĝi| −

|Ĝi|
r

.

(ii) If xi ∈ N(X) and y ∈ pY (Ŷi) \N(Y ), then r is even, s = |Ĝi|/r and
s∑

i=1

[multxi
(f)− 2] = |Ĝi| − 2

|Ĝi|
r

.

(iii) If xi ∈ N(X) and y ∈ pY (Ŷi) ∩ pY (Ŷj), then r = ri + rj , s = |Ĝi|/ri = |Ĝj |/rj

and
s∑

i=1

[multxi
(f)− 2] = |Ĝi| −

|Ĝi|
ri

+ |Ĝj | −
|Ĝj |
rj

.

We can summarize these observations in the following corollary:

Corollary 4.2. Let G be a group acting properly discontinuously on the compact and
connected Riemann surface with nodes X, with quotient map π : X → Y = X/G.
Suppose that there are ki branch points yi1 , . . . , yiki

in pY (Ŷi), with π having multi-
plicity rij

at the points above yij
. Then

2g(X)− 2− 2#N(X) =
n∑

i=1

[
|Ĝi|

[
−χ(Ŷi) +

ki∑
j=1

(
1−

εij

rij

)]]
with

εij
=

{
2 if yij

/∈ N(Y ) and π−1(yij
) ⊂ N(X),

1 otherwise.
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In a forthcoming paper we will use this last corollary to solve both the so called
maximum order and minimum genus problems for Riemann surfaces with nodes. The
first is the computation, for each fixed integer g greater than 1, of the maximum
integer N = N(g) such that there exists a compact Riemann surface with nodes, of
genus g, which admits an automorphism of order N . The second is the computation,
for each fixed integer N greater than 1, of the minimum integer g = g(N) such that
there exists a compact Riemann surface with nodes, of genus g, which admits an
automorphism of order N .
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[9] M. Seppälä, Moduli spaces of stable real algebraic curves, Ann. Sci. École Norm. Sup. (4) 24
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