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ABSTRACT

In this paper we study the existence of solutions for quasilinear degenerated
elliptic operators A(u) + g(z,u, Vu) = f , where A is a Leray-Lions operator
from W, (Q,w) into its dual, while g(z,s,£) is a nonlinear term which has
a growth condition with respect to & and no growth with respect to s, but it
satisfies a sign condition on s. The right hand side f is assumed to belong either
to Wﬁl’p/(Q,w*) or to L*(Q).
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1. Introduction

In this paper, we shall be concerned with the existence of solutions for quasilinear
degenerated elliptic equations of the type

P) Au+ g(z,u, Vu) = f in D'(Q),
u € Wol"p(Q,w), g(z,u,Vu) € LY(Q), g(z,u, Vu)u € L1 (Q),
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where
Au = —div(a(z,u, Vu))

is a weighted Leray-Lions operator from the weighted Sobolev space X = VVO1 P(Q,w)
into X* = W’l’p'(Q, w™*) and where g is a nonlinear lower order term having natural
growth (|g(z,s,€)| < b(|s])(c(z) + Zf\il w;|&;|P)) which satisfies the sign condition
g(z,5,€)s > 0. The right hand side f is assumed to belong to X* or L!(Q). In the
last case, we also assume that g(z, s, ) has an “exact natural growth” i.e., |g(x, s,§)| >
pZﬁil w;|&|P. Tt will turn out that for any solution u, g(z,u, Vu) € L1(Q), but for
a general v € X, g¢g(z,v, Vv) can be more singular.

Drabek and Nicolosi in [10] proved the existence of bounded solution for the degen-
erated problem (P) where g(z,u, Vu) = —co|u|P~?u, more precisely for the problem,

Au — coluP7?u = f(x,u, Vu)

with some more general degeneracy, but under some other assumptions on f and
a(x, s,€). The existence result for the problem (P) (respectively, unilateral problem)
where f lies in the dual space W‘l’PI(Q, w*) is also studied in [1] (respectively, [2]),
namely, the authors obtain the existence results by proving that the positive part ut
(resp. uZ) of u. strongly converges to u™(resp. u™), where u. is a solution of the
approximate problem.

Our first aim of this paper is to prove (in Theorem 3.7) the same existence result as
in [1] by using another approach based on the strong convergence of the truncations
Tk (ue) in WO1 P(Q,w). Moreover, we assume only the weak integrability condition
o7 ¢ L} (Q) (see assumption (H;) below) instead of the stronger one which is
o'=¢ e L'(Q) as in [1]. For that, we approximate the term g(z, s, £) by some functions

involving xq. where ). is a sequence of compacts covering the bounded open set €2

(z,5,€)
TFelgtos X0 (2)-

The second aim of this paper is to prove (in Theorem 3.12) the existence result
for the following problem

and xq, is a characteristic function, i.e., g-(z,s,&) =

) Au+ g(z,u,Vu) = f in D'(Q),
ue WyP(Quw), glz,u, Vu) € L'(Q),

where f € L'(Q), under some added hypothesis (see (35) below).

Note that in the non weighted case Boccardo, Gallouét and Murat in [6] have
proved the existence of at least one solution for the problem (P) and (P). Let us
point out that another work in this direction can be found in [4] where the right hand
side f is assumed to belong to W1 (Q) and in [5] with f € L'(Q).

Our results (Theorem 3.7 and Theorem 3.12) generalize those obtained in [4], [5]
and [6], in the weighted case.

The present paper is organized as follows: In Section 2, we give some preliminar-
ies. In the first part of Section 3, we prove some technical lemmas concerning some
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convergences in weighted Sobolev spaces and determinate basic assumptions. And in
the second part we study the first main result (where f € X*). In the third part, we
study the case where f € L'(£2). The fifth part is devoted to an example which illus-
trates our abstract hypotheses. Note that, in the proof of our main general results,
many ideas have been adopted from the work of [6].

2. Preliminaries

Let Q be a bounded open subset of RV (N > 1), let 1 < p < oo, and let w =
{wi(z), 0 <i < N} bea vector of weight functions; i.e. every component w;(x) is a
measurable function which is strictly positive a.e. in 2. Furthermore, we suppose in
all our considerations that
w; € Ljoe(R2) (1)

and )

w; "€ Ly, (2) (2)
for any 0 <1i < N.

We define the weighted space LP(2,v), where 7 is a weight function on Q, by

LP(Q,7) = {u=u(z), uy? € LP(Q)}

full = ([ tutor(o) )

We denote by W1P(Q,w) the space of all real-valued functions u € LP(Q,wg) such
that the derivatives in the sense of distributions satisfies

ou
axi

which is a Banach space under the norm

o= ( [ )P unte) d +§_Vj /

Since we shall deal with the Dirichlet problem, we shall use the space

X = WyP(Q,w)

with the norm

€ LP(Qw;) foralli=1,...,N,

ul

pwi(x) dw) %. (3)

Ou(x)
8xi

defined as the closure of C§°(€2) with respect to the norm (3). Note that, C§°(Q) is
dense in WP (Q,w) and (X, ||-||1.p.) is a reflexive Banach space.
We recall that the dual space of the weighted Sobolev spaces I/VO1 P(Q,w) is equiv-

alent to W~1#'(Q, w*), where w* = {w* = wil_p/, Vi =0,...,N}, and p’ is the

conjugate of p, i.e. p’ = —E5. For more details, we refer the reader to [9].

Now we state the following assumption:
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Assumption (Hy). The expression

el = (Z [ %

is a norm defined on X and it is equivalent to the norm (3). There exist a weight
function o on Q and a parameter q, 1 < q < oo, such that

wi dx)’l’ (4)

01 ¢ ELZOC(Q)’ (5)

with ¢’ = qf—l. The Hardy inequality,

(/|u |qodx)}1 <c(

holds for everyu € X with a constant ¢ > 0 independent of u. Moreover, the imbedding

wia) dr)’ (6)

8:1:1

X — L1(Q,0), (7)
expressed by the inequality (6) is compact.

Note that (X, |||-|||x) is a uniformly convex (and thus reflexive) Banach space.

Remark 2.1. Assume that wo(z) = 1 and in addition the integrability condition:
There exists v €] 2, 0o[N[17, 00 such that w;” € L'(Q) for all i = 1,..., N (which

p—1’
1
P
w;(z) dx

is stronger than (2)). Then
is a norm defined on Wy (Q,w) and it is equivalent to (3). Moreover

lullx = (Z %

WP (Q,w) — LI(Q)

for all 1 < ¢ < p} 1fp1/ < N(v+1) and for all ¢ > 1 if pr > N(v + 1), where

p1 =27 and pj = ¢ p; = N(lﬁl’)’ - s the Sobolev conjugate of p; (see [9]). Thus

the hypotheses (H;) is satisfied for o = 1.

Definition. Let X be a reflexive Banach space. An operator B from X to its dual X*
satisfies property (M) if for any sequence (u,) C X satisfying u,, — u in X weakly,
B(u,) — x in X* weakly and lim sup(Buy,, u,) < (x,u) then one has x = B(u).

n—oo
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3. Main results

Let A be the nonlinear operator from Wy (Q,w) into its dual W=7 (Q, w*) defined
as
Au = —div(a(z,u, Vu))

where a : 2 x R x R¥Y — R¥ is a Carathéodory vector-function satisfying the
following assumptions:

Assumption (Hs).

1 1 q N E
lai(z,5,8)] < Bw? (@) [k(x) + o7 [s[» + > w (@)g[P] fori=1,...,N, (8)
j=1

[a(z757€) - a(:z:,s,r])](f - 77) > 0’ fOT all f 7é ne RNv (9)
N

a(z,5,€) - £>ay wil&l, (10)
i=1

where k(x) is a positive function in Lp/(Q) and «, (B are positive constants.
Let g(z, s,&) be a Carathéodory function satisfying the following assumptions:
Assumption (Hj).

g(x,8,8)s >0 (11)

N
o625, < 01s) (Y wileil + o) ). (12)

where b : RT — RT is a continuous increasing function and c(z) a positive function
which is in L*(£2).

3.1. Some technical lemmas

Let us give and prove the following lemmas which are needed below. Note that lem-
mas 3.1, 3.2, 3.4 and 3.6 are proved in [1]. Nevertheless, for the sake of completeness,
we provide their proofs.

Lemma 3.1. Let g € L"(2,~) and let g, € L™(Q,7), with ||gn|ry < ¢, 1 <r < o00. If
gn(x) — g(x) a.e. in Q, then g, — g in L"(£2, ), where — denotes weak convergence
and 7y is a weight function on Q.

Proof. Since g,y+ is bounded in L™(Q) and g, (z)y+ (z) — g(z)y7 (), a.e. in Q,
then by the Lemma 3.2 [13], we have

gnyT —gyr in L7(Q).
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1
Moreover, for all ¢ € L™ (€,7'~""), we have ¢y~ + € L (Q). Then

/ gntp do — / gp dx, ie. g, — gin L"(Q,7). O
Q Q

Lemma 3.2. Assume that (Hy) holds. Let F : R — R be uniformly Lipschitz, with
F(0) = 0. Let u € WyP(Q,w). Then F(u) € Wy (Q,w). Moreover, if the set D of
discontinuity points of F' is finite, then

O(Fou) F’(u)g—; a.e.in{xeQ :ulz)g D},
ox; |0 a.e. in{xeQ :ulx)eD}.

Remark 3.3. The previous lemma is a generalization of the corresponding in [11]
(pp. 151-152) (where w = 1 and F € C*(R) and F’" € L>°(R)) and of the correspond-
ing in [3] (where wg = wy = -+ = wy is some weight function and F € C*(R) and
F" € L>(R)). Also note that the previous lemma implies that functions in Wy? (€, w)
can be truncated.

Proof of Lemma 3.2. First, note that the proof of the second part of Lemma 3.2 is
identical to the corresponding in the non-weighted case (see [11]).

Consider firstly the case F' € C*(R) and F’ € L®(R). Let u € Wy (€, w). Since
C5°(Q) is dense in WP (Q, w), there exists a sequence u, € C5°(€2) such that

. 1
up, — u in Wy (Q,w).
Passing to a subsequence, we can assume that

U, — w a.e. in Q@ and Vu, — Vu a.e. in Q.

Then,
F(up) — F(u) a.e. in Q. (13)

On the other hand, from the relation |F(u,)[Pwo < [|[F'||loo|tn [Pwo and

p p

Wy,

OF (uy,)
8337;

P
w; = ‘F'(un)

’LU,SM‘

we deduce that the function F(u,,) remains bounded in Wy (Q,w). Thus, going to
a further subsequence, we obtain

F(uy) — v in WlP(Q,w). (14)
Thanks to (13), (14) and (7) we conclude that

v=F(u) € Wo*(Q,w).
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We now turn our attention to the general case. Taking convolutions with mollifiers
pn in R, we have F,, = F x p,, F,, € C}(R) and F/, € L>(R). Then, by the first case
we have F,(u) € VVO1 P(Q,w). Since F,, — F uniformly in every compact, we have
F,(u) — F(u) a.e. in Q. On the other hand, (F,(u)) is bounded in W, (2, w), then
for a subsequence F,(u) — o in Wy (Q,w) and a.e. in Q (due to (7)). Hence,

o= F(u) € WP (Q,w). O
The following lemmas follow from the previous lemma.

Lemma 3.4. Assume that (Hy) holds. Let u € Wy'(Q,w) and let Ty(u), k € RY,
the usual truncation. Then Ty, (u) € Wy P (Q, w). Moreover, we have

Ti(u) — u strongly in Wy P (2, w).

Lemma 3.5. Assume that (Hy) holds. Let (uy) be a sequence of Wy (Q,w) such
that u, — u weakly in WyP(Q,w). Then, Ty(un) — Ty (u) weakly in WyP(Q,w).

Proof. Since u, — u in Wy?(Q,w) and by (7) we have for a subsequence u, — u
strongly in L4(£2,0) and a.e. in Q. On the other hand,

N N
0Ty (un) g
p - _ MmN R —
1T (un) || ;/Q‘ Oz o ;/Q
N
ouy,
<
= FZI/Q‘ dx;

Then (T (uy)) is bounded in Wy (Q, w). Hence, using (7), we have Ty (u,) — T (u)
weakly in WP (Q,w). O

Ouy, |?

p
wi = [[[un]|l-

The following lemma generalizes to the weighted case the analogous Lemma 5
in [7]. For that, we use the method of [7] and [13] which gives the strong convergence
of uy,.

Lemma 3.6. Assume that (H1) and (Hs) are satisfied, and let (uy,) be a sequence in
WP (2, w) such that u, — u weakly in Wy'* (Q,w) and
/ [a(x, un, Vu,) — a(z, tp, V)|V (u, — u) dz — 0. (15)
Q

Then, u, — u in Wy P (Q,w).

Proof. Let D,, = [a(z,up, Vu,) — a(x, un, Vu)|V(u, — u). Then, by (9), D,, is a
positive function and by (15), D,, — 0 in L'(Q).
Extracting a subsequence, still denoted by w,,, and using (7) we can write

Up — U a.e. in §, D, — 0 a.e. in Q.
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Then, there exists a subset B of €, of zero measure, such that for z € Q\B,
lu(z)| < oo, [Vu(z)] < 0o, |k(z)| < 00, w;(z) > 0 and uy,(x) — u(z), Dy(x) — 0.
We set &, = Vu,(z) and £ = Vu(z). Then

D, (z) = [a(x, un, &) — alz, un, €)](&n — §)
>ay wil& P +a) wl¢'P
1=1 =1

N 1 1 a N i, . 1 .
S But [k(m) FoF 43 w? el } il
=1

j=1
N 1 1 q N Lo ;
S But [m) o funlF 3w |§J|P-1} i
i=1 =1
ie.,
N . N o1 Ny
Dy (x) > azwilﬁi\p —Cp [1 + wa/ [SAas wa |€2|} (16)
i=1 j=1 i=1

where ¢, is a constant which depends on x, but does not depend on n. Since w,(z) —
u(x), we have |u, (x)| < M,,, where M,, is some positive constant. Then, by a standard
argument |£,| is bounded uniformly with respect to n. Indeed, (16) becomes

1 1

N p’ P

. [ CpW; CpW;
D,(x) > & |p(aw- - Tt >
! 2:: AT N T el gt

If |¢,| — oo (for a subsequence), there exists at least one ig such that |£20] — oo,
which implies that D,,(z) — oo which gives a contradiction.

Let now &* be a cluster point of &,. We have |£*| < oo and by the continuity of a
with respect to the two last variables we obtain

(a(z,u(z), ") — a(z,u(x),£)) (€ — &) = 0.
In view of (9) we have £* = £. The uniqueness of the cluster point implies
Vuy,(z) — Vu(z) a.e. in Q.

Since the sequence a(z, u,, Vu,) is bounded in va:1 L”,(Q7 wi) and a(x, uy, Vu,) —
a(z,u,Vu) a.e. in Q, Lemma 3.1 implies

N
a(x, un, Vug) = a(z,u, Vu) in HL”/(Q,w;‘) and a.e. in €.

i=1
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We set g, = a(x, upn, Vuy)Vu, and § = a(x,u, Vu)Vu. As in the proof of Lemma 5
in [7] we can write ¢, — 7 in L'(Q2). By (10), we have

N
« E w;
i=1

P 2= Zf\il wi|%|p, Yn = 2= and y = L. Then, by Fatou’s

p

Oun < a(x, upn, Vg ) Vuy,.

8xi

Let z, = Zﬁl wl|‘g’;C

lemma we obtain

/dexgliminf/y+yn—|zn—z|dﬂc,
Q n—oo Q

ie.
0< —limsup/ |z, — 2| de,
Q

n—oo

hence,

0< liminf/ |z, — 2| dx < limsup/ |zn — 2| dx < 0.
Q Q

n—oo N—00

This implies
N

Vu,, — Vu in HLP(Q,wi),
i=1
which with (4) completes the present proof. O
3.2. Case where f € W17 (Q, w*)
In this subsection we assume that
few P (Q,w). (17)
Consider the nonlinear problem with Dirichlet boundary conditions,

(P) Au+ g(z,u, Vu) = f in D'(Q)
we WeP(Quw), gla,u,Vu) € LQ), uglz,u, Vu) € LL().

Our main result is then the following:

Theorem 3.7. Under the assumptions (Hy)—(Hs) and (17), there exists a solution
of (P).

Remarks 3.8. (i) The previous result is also proved in [1] by using another approach
based on the strong convergence both of positive and negative parts of the
solution u. of the approximate problem (see also [4] in non weighted case).

(ii) Theorem 3.7, generalizes to weighted case the analogous statement in [6].
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(iii) Note that in [1] the authors have assumed that ¢'~% € L'(€) which is stronger
than (5).

Proof of Theorem 3.7. STEP (1) (The approximate problem and priori estimates)
Let Q. be a sequence of compact subsets of Q such that 2. is increasing to ) as
e — 0.

We consider the sequence of approximate equations,

A(us) + gs(xa Ue, vus) =f
(Pe) {u € Wy (Q,w)

where
9(x,5,¢)
1+ elg(x,s,8)|
and where xq, is the characteristic function of ..
Note that g.(z, s, ) satisfies the following condition

95(557375) = XQa(x)'

1
9:(,5,6)s 2 0, lge(@,5,8) < lg(w,5,£)| and |ge(z,5,6)] < .
We define the operator G, : X — X* by

(Geu,v) = / ge(x,u, Vu)v dz.
Q

Thanks to Holder’s inequality, we have for all u € X and v € X

EN 1
< </|g€(x,u,Vu)qla_qq d:c)q </|vq0d:c>
Q Q
1 ’ q
(] o) el
Qe

< cellolllx-

/ ge(x,u, Vu)v de
Q

IN
S
—
—_
oo
=

For the above inequality we have used (5) and (7).

Lemma 3.9. The operator A+G. : X — X* is bounded, coercive, hemicontinuous
and satisfies property (M).

This lemma will be proved below.

In view of Lemma 3.9, Problem (P) has a solution by a classical result (cf. The-
orem 2.1 and Remark 2.1 in Chapter 2 of [12]). Since g. verifies the sign condition,
using (10) we obtain

Ou,
O[Z/;zwz ('9% —<f7u6>7
i=1
Revista Matemdtica Complutense 368
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ie. all|ucl||P < |1 fllx-

ue|||, then

Nuelll < B, (19)

where 3 is some positive constant.
STEP (2) (Strong convergence of Ty (uc)) Note that many ideas in this step
and step (3) have been adapted from the one used in [6].
Thanks to (19) and (7), we can extract a subsequence, still denoted by u, such
that
ue — u weakly in Wy ?(Q, w) and u. — u a.e. in Q. (20)

Let & > 0, by Lemma 3.5 we have
Ti(ue) — Tr(u) weakly in W, P(Q,w) as e — 0.
Our objective is to prove that
T (us) — Ti(u) strongly in W, P(Q,w) as e — 0. (21)

Fix k, and make the notation z. = Ty (us) — Tk (u). We use as a test function in (P;)
Ve = @a(z:) where @y (s) = se**” Since v, is bounded in X and converges to zero a.e.
in  and using (7), we have v. — 0 in X as ¢ — 0, then

(f,ve) — 0. (22)
This implies that
() = (Aug,ve) + (Geue,ve) = (f,ve) — 0 as e — 0. (23)

Since g.(x, ue, Vue)ve > 0 in the subset {z € Q, |u.(x)| > k }, statement (23) yields
(Aue,ve) + / ge (2, e, Vue)ve dz < my(e). (24)
{lue| <k}

We study each term in the left hand side of (24). We have
() = [ 0o, Vu) V(T fus) = Tu(w)gh () do
= [ 0o (), VI () V () = Tl () o
[ ol Vu) VIk(w)gh () do (2)
{lue|>k}

= /Q(a(w,Tk(ua%VTk(ua)) — a(@, Ty (uz), VT () V (T (ue)

= Ti ()i (22) da +ma(e),

369 Revista Matemdtica Complutense
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where
772(6)=/Qa(%Tk(ue)aVTk(U))V(Tk(Ue)—Tk(u))w&(zs)dl“
—/ a(z, ue, Vue )\ VT (u)h\ (22) dz
{lue|>k}

which converges to 0 as ¢ — 0.
On the other hand,

N

= /{|u55k} o [C(x) >

=1

Oou,
8zi

p
‘/ ga(xuusavue)ve dx U}Z:| |U€‘d1'
{luc|<k}

< bk) /{ @Gl ds

b(k) /
4+ = a(z, ue, Vue ) Vue|pa(z:)| dx
{luc| <k} (26)

= m(e) 4 2 [ o, Tufu), VT ) Vi) o) d

= M/Q(a(x,Tk(ua),VTk(us)) — a(@, Ti(ue), VT () V (Ti (ue)

= T (u))]pa(ze)| dx + na(e)

where
n3(e) = b(k)/ c(@)|oa(ze)|de — 0 ase—0
{lue|<k}
and
b
m(e) =

b(i

%/ a(x, Ti(ue), VI (1)) V(Tr(ue) — T (w))|or(ze)| de+
/ a(x, T (ue ), VI (ue)) VT (w)|oa(ze)|de — 0 ase — 0.

Note that, when A > (Q) we have

[\:J\)—l

@&(8)—7%@( s)| >

Combining this with (24), (25) and (26) we obtain

/Q(a(ac,Tk(uE), VT (ue)) — a(@, Ty (ue ), VI () V(T (ue) — T (u)) do <

<ns(e) = 2(m(e) —nale) +ma(e)) =0 ase—0.
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Finally, Lemma 3.6 implies (21).
STEP (3) (Passing to the limit) In virtue of (21) we have for a subsequence
Vu. — Vu a.e. in €,

which with (20) yields

a(x, us, Vue) — a(x, u, Vu) a.e. in ,
ge (@, ue, Vue) — g(x, u, Vu) a.e. in (27)

ge(x, ue, Vue )ue — g(x,u, Vu)u a.e. in Q.

On the other hand, thanks to (8) and (19), we have that a(z, ue, Vuc) is bounded in
Hiil LPI(Q, wy). Then, by Lemma 3.1, we obtain

N
a(x, ue, Vue) — a(z,u, Vu) weakly in H LPI(Q,w;‘). (28)
i=1
It remains to prove that
ge(z,ue, Vue) — g(x,u, Vu)  strongly in L*(Q). (29)

By (27), applying Vitali’s theorem it suffices to prove that g.(z,u., Vu,) is uniformly
equi-integrable. Indeed, multiplying (P.) by u. and thanks to (10), (11) and (19), we
obtain

0< / ge(x,ue, Vue)ue dr < 3, (30)
Q

where B is some positive constant.
For any measurable subset E of Q and any m > 0, we have

/ 192 (@, e, Vo) | da = / 192 (@, ue, Vo) dar + / 192 (20,1, V)| da
E ENXe,

ENY,

where

Xp={zeQ |u(z) <m}, Yo ={reQ |u(z)>m} (31)

From these expressions, (12) and (30), we have

/ 192 (@, ue, Vuo) | de < / 192 (&, e, VT (1)) da
E ENXe,

1
+ E/ﬂgs(:ﬁ,ug,v%)ue dx (32)
N 0T (ue) [P 1
m\We 2
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Since the sequence (VT,,(ucz)) converges strongly in Hf\il LP(Q,w;), the above in-
equality implies the equi-integrability of g.(x, u., Vu.). From (28) and (29), we can
pass to the limit in

(Aug,v) +/ ge(x, ue, Vu )v = (f,v)
Q

and we obtain,
(Au, v) —l—/ g(z,u, Vu)v = (f,v) for any v € WP (Q,w) N L®(Q). (33)
Q

Moreover, since ge(z,ue, Vue)ue > 0 a.e. in Q, by (27), (30) and Fatou’s lemma we
have
g(x,u, Vu)u € L' (). (34)

This concludes the proof of Theorem 3.7. O

Remark 3.10. Note that the statement of (33) holds true for v = u, i.e.,
() + [ glou, Vau = (£.0).
Q

Indeed, putting v = Ty () in (33) and using Lemma 3.4, we have
(Au — f, Ti(u)) — (Au — f,u).
On the other hand, using Lebesgue’s dominated convergence theorem, since
lg(z,u, V)T (u)| < |g(z,u, Vu)||u| € L () (due to (34))

and
g(x,u, Vu)Ti(u) — g(x,u, Vu)u a.e. in .

we conclude that
g, u, Vu) Ty (u) — g(z,u, Vu)u in L*(Q).

Proof of Lemma 8.9. We set B. = A+ G.. Using (8) and Holder’s inequality we can
show that A is bounded [8]. Thanks to (18) we have B. bounded. The coercivity
follows from (10) and (11). To show that B, is hemicontinuous, let ¢t — ¢y, and prove
that

(Be(u + tv), W) — (Be(u + tov),w) as t — to for all u,v,w € X.

Since for a.e. € Q, a;(z,u + tv,V(u + tv)) — a;(z,u + tov, V(u + tov)) as t — to,
thanks to the growth condition (8), Lemma 3.1 implies

ai(z,u—+ tv, V(u + tv)) = a;(z, u + tov, V(u + tev)) in L¥ (Q, wil*p') as t — tg.
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Finally for all w € X,
(A(u + tv), w) — (A(u + tov), W) as t — to.

On the other hand, g.(z,u+ tv, V(u+tv)) — g (x,u + tov, V(u + tov)) as t — tg for
a.e. in Q. Also (g.(z,u + tv 4+ V(u 4 tv))), is bounded in L9 (Q, 0179 because

1

’ ’ q’ ’
/\gg(x,u—l—tv,V(u—&—tv))\q o1 < (f) / o1 <e..
Q € Q.

Then, Lemma 3.1 gives
ge(@,u + tv, V(u+ tv)) = ge(z, u+ tov, V(u+tv)) in LY (Q,0'79) as t — to.
Since w € L9(Q, o) for all w € X,
(Ge(u+ tv), W) — (G:(u + tov), w) as t — to.
Next we show that B. satisfies property (M); i.e. for a sequence u; in X satisfying
(i) u; = uin X,
(ii) Beuj — x in X* and
(iii) limsup,_, . (Beuj, u; —u) <0,

we have x = B.u. Indeed, by Holder’s inequality and (7),

/ ge(z,uj, Vuj)(uj —u) < (/ |g€(x,uj,Vuj)|q,a% dw) ! (/ lu; — u|q0dgc>
Q Q Q

4
7

1 e
<[ o) - ule 0 asio
Q.

3

ie., (Geuj,uj —u) — 0 as j — oco. Combining the last convergence with (iii), we
obtain
lim sup(Au;, u; —wu) <O0.
J—00
And by the pseudo-monotonicity of A (see Proposition 1 [8]), we have Au; — Au
in X* and lim;_, o (Au;,u; —u) = 0. On the other hand,

0= lim [ a(z,u;, Vu;)V(u; —u)dx

= lim [ (a(z,uj, Vu;) —a(z,u;, Vu))V(u; —u)dz

+/ a(z,uj, Vu)V(u; —u)de.
Q
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The last integral in the right hand tends to zero since a(z, u;, Vu) — a(x,u, Vu) in

Hi]il LPl(Q,wil_p,) as j — oo. Hence, by Lemma 3.6 we have Vu,; — Vu a.e. in Q.

Then
ge(z,uj, Vu;) — go(x,u, Vu) a.e. in @ as j — oo.

And since

—_

1—q’ 1—¢’ ,
’gg(x,uj,Vuj)aTq| < *O'T;ZXQE € LT(Q) (due to (5)),
€
by Lebesgue’s dominated convergence theorem, we obtain
9e(z,uj, Vuj) — g-(z,u, Vu) in Lq/(Q,Jl_q/) as j — 00,

which with (7) implies
/ ge(z,uj, Vuj)vde — / ge(x,u, Vu)vdx as j — oo, for all v € X
Q Q

ie., Geuj — Geu in X*. Finally,

B.uj = Au; + Gouj — Au+ G.u = Bou = . O
Remark 3.11. The assumption (5) appears necessary in order to prove the bounded-
ness of G in Wy *(9, w). Thus, when g = 0, we don’t need to assume (5).
3.3. The case where f € L'(2)

In this subsection we assume that

feLY(Q).
There exists p; > 0 and py > 0 such that (35)
for [s| > p1, g(w,5,€)| > p2 3500, wiléal?
We replace (H;) by the following assumption

Assumption (HJ).
(Hy) with o € L'(Q).

Consider the nonlinear problem with Dirichlet boundary conditions
(P) Au+ g(z,u, Vu) = f in D'(Q)

ue WyP(Quw), g(x,u,Vu) e L'(Q).
In this case we have the following existence theorem:

Theorem 3.12. Under the assumptions (H1), (Hz), (H3) and (35), there exists at
least one solution of (P).
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Remark 3.13. Under the assumption (17), ug(z,u, Vu) belongs to L'(€), that is not
the case in general when we assume the hypothesis (35) (cf. Remark 3 [5]).

Remark 3.14. Theorem 3.12 generalizes to the weighted case the analogous statement
in [5] and [6].

Proof of Theorem 3.12. Let f. be a sequence of smooth functions which converges
strongly to f in L'(Q) and [|f2||11(q) < ¢1 for some constant ¢;.
Now, consider the following approximate problem

5 Alue) + ge(,ue, Vue) = fe
(Pe) {ue e WyP (Q, w).

with g, is defined as in the problem (P.). The existence of the solution wu. of this
problem is verified as in the problem (P;).

Note that the steps of the proof of Theorem 3.12 are similar to those of Theo-
rem 3.7, assuming that the following assertions are verified:

Assertion 1 (Estimate (19)). There exist a constant ¢ such that
luelllx < e,

where u. is a solution of (P.).

As?
’

Assertion 2 (Convergence (22)). Forv. = ox(Ti(ue)—Tx(u)) where py(s) = se
we have

/fsv€—>0a55—>0
Q

Assertion 3 (Equi-integrability of g.(x, u., Vu.)). The sequence (ge(x, ue, Vue))e
s uniformly equi-integrable in Q.

By applying the assertions described above we deduce the result as in the case
when f € X*. O

Proof of the assertion 1. Multiplying (P.) by Tx(u.) € X and since

/ ga(x7u87vus)Tk(ue) >0,
Q

we obtain
/a(z,uE,VTk(ue))VTk(ue) < / feTk(ue) < keq.
Q Q

In view of (10), we have

N

0Ty (u) |
Z/wi OTi(ue) "y < Ko
~ Jao Oz; o
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ie.

1175 (ue)[[[” < ca. (36)
On the other hand, we have

k/ |ge (2, ue, Vue)| < /|f5||Tk(uE)|d;v < key. (37)
{lue|>k} Q

Then, by (35), (36), (37) and for k > p;, we obtain

ol ou 0T (u

k a
Ml =3 [ 2]+ / "o
) ; {u>kly | 0% Z Oy
1
S — |g5(1',U5,V’LL€)|+63+CQ §C4;
{lue|>k}
where ¢;, i = 1,2, ..., are various positive constants. Then,
[[luelll < c. O

Proof of the assertion 2. Since v, converges to zero weakly * in L*° (). and f. con-
verges strongly to f in L'(Q). Then,

/fevsﬂo as € — 0. O
Q

Proof of the assertion 3. For any measurable subset F of 2 and any m > 0, we have,
as in (32),

/\gg(x,uE,Vueﬂdx:/ \gg(x,uE,Vugﬂda:—&—/ |ge (2, ue, Vue)| dx
E ENXe, ENYE,

N

< b(m) /E <Zw

i=1

0T (ue) [P
8%‘1'

+c(x)> dx+/§z|gs(x,u5,Vus)|dm (38)

For fixed m, the first integral of the right hand side of (38) is small uniformly in ¢ when
the measure of E is small (due to VT},(u.) converges strongly in X, LP(Q, w;)).

We now discuss the behaviour of the second integral of the right hand side of (38).
We use in (P.) the test function ¥, (u.), where for m > 1

Ym(s) =0 if [s| <m —1,
1/1m(5): if s >m,

U (s) = if s < —m,
wfn(s)z ifm—1<|s| <m.
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This yields

/G(I,Ue,vus)vue¢%(ue)d$+/gs(l’,us,vuewm(us)dl’:/felbm(ue)dm,
Q Q Q

and thus

/ 02 (s e, V)| do < / £ d.
{lue|>m} {Jue|>m—1}

From the condition o € L*(Q), it is easy to verify that |[{z € Q, |u.| >m —1}] —
0 uniformly in € when m — +oo, and since f. — f strongly in L'(£2), we have
f{‘u5|>m_1}|f€\ dz is small uniformly in € when m — oo, which implies that the
second term of the right hand side of (38) is small uniformly in € and in E, when
m is sufficiently large. This completes the proof of the uniform equi-integrability of
ge(z, ue, Vue). O

Remark 3.15. The hypothesis ¢ € L*(2) in (H]) appears in order to prove that
{z € Q,|us| >m —1}| — 0 uniformly in €.

3.4. Example

Some ideas of this example come from [8]. Let €2 be a bounded domain of RY (N > 1),
satisfying the cone condition. Let us consider the Carathéodory functions:

ai(xa S,f) = wi|fi|p71 Sgn(gz) for i = ]-a ce 7N

N
9(1‘7575) :p8|8|rzwi|§i|pa p>0a r>0
=1

where w;(z) (i = 0,1,...,N) are given weight functions, strictly positive almost
everywhere in 2. We shall assume that the weight functions satisfy, w;(z) = w(z),
x €, foralli=0,...,N. Then, we can consider the Hardy inequality (6) in the
form,

([1utaltote) as ) "o ([ |Vu<x>|pw>’l’

It is easy to show that the a;(x, s, &) are Carathéodory functions satisfying the growth
condition (8) and the coercivity (10). Also the Carathéodory function g(z,s, &) sat-
isfies the conditions (11), (12) and (35) with |s| > p; = 1 and p2 = p > 0. On the
other hand, the monotonicity condition is satisfied, in fact,

N

Z(ai($7 575) - ai(z7 575))(5@' - éz)

i=1 N

= w(ff)Z(\fﬂp_l sgn & — &P sgn &) (& — &) > 0

i=1
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for almost all z € Q and for all £, € RN with £ # &, since w > 0 a.e. in Q. In
particular, let us use the special weight functions w and o expressed in terms of the
distance to the boundary 0. Denote d(z) = dist(x, 92) and set

w(z) = d*(x), o(x) = d*(x).

In this case, the Hardy inequality reads

()| & (z) da %Sc \Vu(z)P d(z) dz %.
(L ) =<(], )

The corresponding imbedding is compact if:

(i) For, 1 <p < g < o0,

N N A N N
A<p—1, ———q1>0, E-_242_ T 4150 39
q p ¢ p q »p
(ii) For, 1 < ¢ <p < o0,
A 11
A<p-1, E_24-_Zi1so (40)
¢ p q P

Remark 3.16. Conditions (39) or (40) are sufficient for the compact imbedding (7) to
hold (see for example [8, Example 1], [9, Example 1.5, p. 34], and [14, theorems 19.17
and 19.22]).

Finally, the hypotheses of Theorem 3.7 (resp. Theorem 3.12) are satisfied, there-

fore the problem (P) (resp. (P)) has at least one solution.
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