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ABSTRACT

Let G be a compactly generated, locally compact group with polynomial growth
and let w be a weight on G. We look for general conditions on the weight
which allow us to develop a functional calculus on a total part of L'(G,w).
This functional calculus is then used to study harmonic analysis properties of
Ll(G, w), such as the Wiener property and Domar’s theorem.

Key words: weight, weighted group algebra, functional calculus, Wiener property

2000 Mathematics Subject Classification: 43A20

T Supported by a Nato scholarship, Polish Grant from KBN, Foundation for Polish Science (Sub-
sidy 3/99).

¥ Supported by the research grant CUL/01/014.

§ Supported by the European Commission via Harmonic Analysis and Related Problems net-
work.

Rev. Mat. Complut. 3921
2004, 17; Num. 2, 321-357 ISSN: 1139-1138



J. Dziubanski/J. Ludwig/C. Molitor-Braun Functional calculus in weighted group algebras

Introduction

Weighted group algebras occur in a lot of situations. In the abelian case, their har-
monic analysis properties have been studied among others by Beurling ([1], [2]), Do-
mar ([5]), and Vretblad ([20]). Domar proves the following results: Let G be a locally
compact abelian group and w a weight on G. For every neighbourhood N of the iden-
tity 1 in G (the dual group of G), there exists fy € L'(G,w) such that supp fy C N,
fN( ) # 0, if and only if the weight w satisfies

= lnw(a: )
n=1

In case this is true, the algebra L'(G, w) has the Wiener property, i.e. for every proper
closed ideal I of L'(G,w), there exists x € G such that

Ic{feL'Guw)|f)=0}.

For the group G = R, Vretblad even proves a partial converse of the Wiener property.
He shows the following: Let w be a symmetric weight on R such that

1
/ nw(z) dx = oo.
r 1+ 22

Assume moreover that w(z) = exp(F|z|g(x)) with ¢ decreasing on R, and w increas-
ing on R . Then L'(R,w) does not have the Wiener property. Let’s write na instead
of ™, as the group R is additive. Notice that under the assumptions on ¢ and w,

1 1
anw(nx) <t+ooVreR <= / nw( d < +00.
n? 1+m2

n=1

Hence Vretblad shows that if L'(R,w) has the Wiener property, then j;g ln“;# <
+00, for every € R. The aim of the present paper consists in proving similar results
for non abelian groups. Let G be a locally compact group and G its dual, i.e. the
space of equivalence classes of unitary topologically irreducible representations of G.
The question about Domar’s property is then the following: Let IV be an arbitrary
open set in (. Does there exist fy in the weighted group algebra L!(G,w) such that
7(fn) = 0 for every m € G\ N and p(fn) # 0 for some given p € N? The question
about Wiener’s property reads: If I is a proper closed two-sided ideal in LY(G,w),
does there exist 7 € G such that I C kerw = {f € LY (G,w) | 7(f) = 0}? The
answer to both questions depends of course on the group G and on the growth of the
weight w.
Before stating our results, let us recall some precise definitions. A weight w on a
locally compact group G is a Borel function that satisfies

w:G — [1,+00]
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such that
w(zy) Sw(x)w(y) v,y eG.
All weights will be assumed to be symmetric in this paper, i.e.
wi™) =w(@) Vred.
Moreover we shall always require the function w to be bounded on compact sets.
Recall also that the algebra L'(G,w) is then given by

LYG,w) = {f :G — C| f measurable and || f||, = / |f(z)| |w(z)| dx < —l—oo}.
G

Except for the question of the symmetry of the algebra L!'(G,w), studied in [6],
nothing seems to be known for non-abelian groups and for weights growing faster
than sub-exponential ones. One may ask the question of what are the most gen-
eral weights w on a locally compact group G, such that the weighted group algebra
L'(G,w) has reasonable harmonic analysis properties such as Domar’s property or
Wiener’s property. The results known for the constant weight w = 1 and the neces-
sity to measure the growth of the weight urge us to limit ourselves to locally compact,
compactly generated groups with polynomial growth. For such a group, let U be a
generating neighbourhood of the identity element e, with compact closure, i.e. such
that

and such that the Haar measure of U satisfies
U™ < K -n@
for some K > 0, @Q € N. One may define the following quantities:
Tu(z) = |z =inf{ne N* |z e U"}
where N* = N\ {0} (see 1.2) and

s(n) = sup w(x).

zeUm
If G =R, 7y(-) = || is equivalent to the absolute value in the following sense: If
U = [-1,1], then 7y (z) — 1 < |z| < 7y (x) where |z| denotes the absolute value of x.

This justifies the use of the notation [-|.
A weight w is said to be sub-exponential of degree at most a, 0 < a < 1, if there
exists C' > 0 such that
wlz) <l vreq
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(see 1.4). The way to prove the Wiener property is to use functional calculus to con-
struct an approximate identity contained in the minimal ideal with empty hull, which
implies, together with the symmetry of the algebra L'(G,w), the Wiener property.
In [6] it is shown that if w is sub-exponential, then L!(G,w) has Wiener’s property.
In this paper we prove the Wiener property even for faster growing weights, as well
as other harmonic analysis properties of L'(G,w) (homeomorphism of Prim, L}(G)
and Prim, L!(G,w), Domar’s property, existence of minimal ideals of a given hull).
We show that if the weight w satisfies the condition

5 (n0nm) Infs(m) (1)

< 400
2
neN,n>e® n

then L'(G,w) is symmetric and has Domar’s and Wiener’s properties. The condi-
tion (1) seems slightly stronger than Domar’s condition. Nevertheless, for fast growing
weights, the presence of the factor (In(Inn)) does not seem to affect the result as the
following example shows: Let w be defined by

||

w(x) = ecm .

Condition (1) is satisfied for this weight if and only if v > 1. In this case, L'(G,w)
has Domar’s and Wiener’s properties. On the other hand, if G = R and w is as
above, then the results of Domar and Vretblad show that L!(R,w) has Domar’s and
Wiener’s properties if and only if v > 1. This is the same condition on . Hence,
for fast growing weights our result seems to be almost optimal, as we get the same
condition on ~ as in the abelian case. Another weight studied in this paper is

(JJ(I’) = 62 kEN Cklzl’yk

where 0 <y, <1, % T 1, cp >0, Y, cn ke < +00.

Our results are obtained thanks to the construction of a functional calculus on
L'(G,w). In general, functional (or symbolic) calculus in function algebras is a special
case of functional calculus in Banach *-algebras. Let’s recall the following definition
and facts: Let B be a Banach x-algebra. We say that a function ¢ operates on an
element f of B, if the Gelfand transform of f with respect to the smallest commutative
Banach subalgebra A of B, containing f, is real and if there exists g € A such that
po f = g, where f and § denote the Gelfand transforms of f and g (see for instance
[8], [10]). We then write g = ¢{f}. The idea to realise this comes from the Fourier
inversion theorem. Let f be a self-adjoint element of B (if B is a symmetric *-algebra)
and let’s define

u(nf) = Z Zkl;lk ¥ neiz.

k=1

Here f* is the k-th power of f for the multiplication in the algebra B. In case of
LY(G) or L'(G,w) we write f** to indicate that it is a convolution product. A
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periodic function ¢ of period 27 and such that ¢(0) = 0 then operates on f through

the formula
p{ft =Y unf)p(n)

nez
provided
>l 1g(n)|
nez
converges, where || - || denotes the norm in the Banach algebra B (|| || = || - || in case

of L}(G,w)) and where ¢ is the Fourier transform of ¢ on the interval [0, 27]. Further
details about the functional calculus for function algebras and its properties will be
given in Section 2. Let’s mention here among others the pioneer work of Dixmier
(1960, [4]), Kahane (1970, [9]), Pytlik (1973 [17]; 1982, [18]) and Hulanicki (1974, [7];
1984, [8]).

To prove the convergence of

Y llu(nf)lllem)]

neZ

one needs of course a good bound for |Ju(nf)|| and a function ¢ whose Fourier coef-
ficients decrease rapidly enough. The existence of such functions ¢ # 0 will depend
on the growth of ||u(nf)||, and hence on the weight w (in case of a weighted group
algebra). In fact, in order to have ¢ # 0, the decrease of |@(n)| must not be too rapid,
especially as we also need some control on the support of the function ¢ (in order to
prove the desired harmonic analysis properties).

In [6] such a functional calculus was constructed for L'(G,w) if the weight w is
sub-exponential. This proof cannot be extended to faster growing weights. So a
new approach to this problem will have to be developed in this paper. First the
evaluation of the bound for ||u(nf)|. (f = f* continuous with compact support)
has to be improved considerably. This will be done in Section 3 by adapting and
developing a method introduced by Hulanicki in [8]. Secondly, appropriate functions
o that operate on f have to be constructed. To do this we shall use a result of
Paley-Wiener ([16]) and show that such functions exist if the growth of the weight w
is limited by the condition

In(Inn))In(s(n
T (In(Inn)) In(s(n))

1+n2

< 400,
neN,n>e¢

(see Section 4). Finally, there exist enough of such functions ¢ to prove the harmonic

analysis results we are interested in sections 5, 6 and 7.

1. Examples of weights

1.1. In this chapter we recall some results of [6] and give some examples of weights.
Part of these examples are already found in [6], but their presence in this paper is
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necessary for a better understanding of the abstract results that will follow.

1.2. Let G be a compactly generated, locally compact group with polynomial growth.
Let U be an open, symmetric and relatively compact neighbourhood of the identity
element e of G with G = U:z U™. Such a neighbourhood will be called a generating
neighbourhood. As G has polynomial growth, there exist constants @@ € N, and K > 0
such that the Haar measure of U™ satisfies

|U™| < Kn©.
Let 7y : G — [1,+00[ be defined by
Ty(z) =inf{n e N*" |z cU"}.
Then
T (z-y) < 1u(r) +70(Y)-
It is easy to check that wy : G — [1, +00[ defined by
wy(z) =14 1y(x)
is a weight on G. The same is true for every wy ()%, a € Ry (see [7], [8], [12]).

1.3 (Polynomial weights). A weight w : G — [1, +o0] is said to be polynomial if
and only if there exists & > 0 and C' > 0 such that

wz) <C(l+7my(x)*, Vred.

This definition is independent of the choice of the neighbourhood U. If G is a con-
nected, simply connected, nilpotent Lie group, this is equivalent to the fact that w(x)
is bounded by a polynomial function in the coordinates of the first or second kind
of x.

1.4 (Sub-exponential weights). A weight w : G — [1,+o0[ is said to be sub-
exponential of degree at most o, 0 < o < 1, if there exists C' > 0 such that

w(z) < eCvl@)” e e q.

This definition is independent of the choice of the neighbourhood U. Polynomial
weights are sub-exponential and the function
x - eClru@)”

0 < a < 1, itself is a sub-exponential weight.
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1.5 (Condition (S)). (i) The condition (S) on the weight w is defined in order to

(iii)

get the symmetry of the algebra L'(G,w). A clue is given by what happens for
L'(R,w), where w(z) = e®(*) with & : R, — R,. One knows that L'(R,w)
is symmetric if and only if L!(R,w) admits no non-unitary characters (i.e. no
characters x — e where ¢ € C has a non-zero real part), which is equivalent
to the fact that

lim nw(@) _ lim (lz])

|z|—=+o0 |$‘ B |z|—~+o0 ‘JJ|

This condition is what Beurling ([1], [2]) and Vretblad ([20]) called the non-
analytic case.

=0.

Let now G be an arbitrary compactly generated locally compact group with
polynomial growth. Let w be a weight on G and U a generating neighbourhood.
If the weight w is radial for U, i.e. if w(z) = w(ty(z)) = *0@) for some
function ® : N — R, then we may again define condition (S) by

)

(o) ek
o (z)—+oo Ty (T) k—+oo k

If the weight is not radial, we have to generalise the previous condition as follows.

Definition. For the given generating neighbourhood U, let us define

$(0)=s0=1 and s(k)=sp= sup w(z) for ke N".
zeUk

We say that the weight w satisfies condition (i5) if

In Sk
k

lilgn =0 or, equivalently, liin s = 1.

As seen in [6], the condition (iS) is independent of the choice of the generating
neighbourhood U.

Assume that there exists a positive increasing function ® : Ry — R with

lim %

=0 and such that w(z) <C- @) yreq,
k—too k

for some positive constant C. Then w satisfies condition (S). This is in particular
the case if w is sub-exponential.

The function

7 ®U(@)

is itself a weight, if ® is sub-additive. This is for instance the case if ® is a
positive, increasing, concave function.
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(vii) If w satisfies (S), then the algebra L!(G,w) is symmetric ([6]).

Ezample 1.6. Let w(z) = enzo (@)™ with 0 < Yo < 1, v T 1, ¢y > 0,
D onCn < +00. Then ®(x) =) c 27" and w satisfies condition (iS). The weight w is
not sub-exponential.
Examples 1.7. As previously, let U be a generating neighbourhood. In order to
simplify the notations, let us put |z| = 7y (x) for every x € G. Let ¢ : N — R, be a
decreasing function such that

liIJIrl g(n) =0 and lirf (ng(n)) = +o0.
Then the function ® : N — R defined by ®(n) = nq(n) is sub-additive and w : G —
R’ given by

w(z) = ezl — olzla(lz))

is a weight that satisfies condition (S). Examples of such weights are for instance
given by

(i) ww) = el = T, 05 0,0 <y < 1 (2] = 70() 2 1),

i _ Znzoe e = 71 i 1 d i 0
(ii) w(z) =e =e ,0< B, <1, (Bn)n decreasing, 3, — 0,
D Cn < 00,

|z
(if) w(z) = ST,

|]

(iv) w(z) = 6C (n(etlzF 0 < k,

v) w(z) = €Tt

The weights of examples (i) to (v) are not sub-exponential. By [6], L}(G,w) is
symmetric for each one of these weights.

Ezample 1.8. The weight w(z) = e€®l does not satisfy condition (S). This implies
that the algebra L!(G,w) is not symmetric ([6]).

2. Principles of functional calculus

2.1. Let G be a compactly generated, locally compact group with polynomial growth
and let w be a weight on G satisfying a certain growth condition (to be specified later).
The sub-exponential weights will be examples of such weights. One aim of this paper
is the construction of a functional calculus for all self-adjoint functions f = f* that
are continuous with compact support, where f* is defined by

@) = fa=h), Veed,
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the modular function of a group with polynomial growth being identically 1. This
construction will be inspired by the one given for L}(G) and S(G) in [4] and [8].

Let’s recall the main ideas of this construction. It is based on the Fourier inversion
formula: If ¢ € L([0, 27]) and if ¢ defined by

1

27
o) = 5= [ elae s

belongs to [1(Z), then
p(@) =Y e (n).
neZ

The idea of functional calculus consists in replacing the variable x by a function f
in the last formula. But as our function algebra L!(G,w) doesn’t have a unit, e/
doesn’t make sense in L!(G,w) and has to be replaced by

+oo .k

_ Uk opxk
u(nf)—zk!n %, nel.
k=1
We then look for non zero functions ¢ : R — R, periodic with period 27, such that

e{f} =" ulnf)@(n)

nez

converges in L'(G,w). Because of the lack of a unit in L'(G,w) and because

nez

we have to restrict ourselves to functions ¢ such that ¢(0) = 0. We also require the
convergence of

Y llu(nf)llol@(n)l- (2)

neZz

Let us note that u(nf) € L'(G,w) as
u(nf)]lo < eIl < foo.

But this bound will have to be improved quite a lot to allow the construction of
functional calculus. This will be done in Section 3 and the results are stated in 3.12.

We then look for the non-zero functions ¢ : R — R, periodic with period 27, such
that ¢(0) = 0 and such that (2) converges. Moreover, in order to establish harmonic
analysis properties, we need to have a control on the support of the function . For
instance, we want to be able to choose ¢ such that supp ¢ N [0, 27] is contained in a
previously fixed compact set of 0, 27[. Of course a too strong decrease of the Fourier
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transform of ¢ will then imply that this function will be identically zero, what we do
not want. This will put some restrictions on the possible growth of |u(nf)||., and
hence on the weight w. The functions ¢ suitable for our purposes will be constructed
in Section 4, thanks to a result of Paley-Wiener ([16]).

2.2. Functional calculus, if it exists (see Section 4), has the following properties:
For any continuous self-adjoint function f = f* with compact support, for any
appropriate functions ¢ and v,

(A + X} = Ml f} + M {f}, VYA, X2 €R.

If x is any character of the abelian Banach x-algebra generated by f, then yx is
continuous, x(f) is real as f is self-adjoint and

x(e{f}) = e(x(f))-

If 7 is any *-representation of L'(G,w) on a Hilbert space H, then

m(p{f}) = e(n(f))

where @(7(f)) is the operator obtained by the functional calculus of hermitian oper-
ators.

If ¢ and 1 are functions such that (¢ - ¥) = ¢ x 1 still has appropriate decrease,
then

(-} = o{f} 0{r}

To see this, one may apply the left regular representation, which is injective, to
(- v){f}

In particular, if ¢ is such that supp ¢ N [0,27] C]0,2x[ and such that ¢ has an
appropriate decrease, then, there exists a function ¢ with the same properties and
such that 1 = 1 on supp ¢. Hence

e{f} oS} = o{f} = o{f} = (- S} = o{f}

Similar results are for instance already found in [4].

2.3. Instead of the “discrete” definition o{f} = > .z u(nf)@(n), one may also
use a “continuous” definition given by ¢{f} = 5= [g w(Af)B(A)dA for a real-valued
C°-function ¢ with compact support, such that ¢(0) = 0 and such that ¢ has an
appropriate decrease. The properties of functional calculus remain of course the
same. Moreover, one may also use results of Mandelbrojt ([13], [14]) to construct
such functions .
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3. Computation of the bound used in functional calculus

3.1. Let w be an arbitrary weight on G (bounded on compact sets). Then there exists
a constant C' > 0 such that

w(z) < el vreq,

because every weight is exponentially bounded. For further purposes, let’s fix this
constant C' > 1, which is always possible. We define three other weights that will be
useful in the computation of the bound. First, let’s put

wi(w) = s(|z]) = sup w(y),
yeul=l Ve € G.

wo(x) = €17l ,

Let’s also choose a constant C’ > 0 such that
(1+ |2]) % wi (2)wn () < 'l

This is possible because the left hand side is again a weight (bounded on compact
sets). Let’s define the weight

ws(z) =1l veeaq

and let’s put

sa(n) = sup wa(z) = eC",
ey » Vn € N*.
s3(n) = sup ws(z) =e" ",
xeUn
Let
r:N—=N

be an arbitrary increasing function, that will only be specified later. For the rest of
this section f = f* will be a self-adjoint continuous function with compact support.
Finally, for any subset A of G, let’s note A° = G\ A. We are now in the position to
start the computation of the bound of ||u(nf)]||, for all n € Z. To do this we shall
adapt the methods introduced by [8] to our situation.

3.2. Let us use the following decomposition of u(f):

u(f)=g+k
with g = u(f) - Xyre, k& = u(f) - X@reye, where x4 stands for the characteristic
function of the set A. For further purposes we compute

1 1 1
E e vy w2(2) [w(f)]lws < mﬂu(f)ﬂwz < 5 (n)

1]l <

() llws-
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Similarly,

Ikl < [ Ir(s)lots) ds
< LRI+ 1s) () s

= [l s ) ds
(Urm)e

1 Q
_ﬂﬁmwmwwﬂmléwyﬂﬁm+BDuM$w@M8
1
<

3.3. Consider the unitary map (u(f) +d.) : L*(G) — L*(G)
Fr— (u(f) +0)* F=e « F=u(f)« F + F,

where J, is the Dirac measure. Obviously ||(u(nf) + dc) * F|2 = || * F|lo < || F||2
for n € Z. By 3.2,

1(g +0¢) * Flla = [[(u(f) + e — k) * Fll2
< (L EIDNE:

< (o e

3.4. For n € N, let us make the following estimations (using the methods of [8]):

1GBe +u(f) ™ o = 110 +9) +5) "l

n

Z Z” (G +g)*" = kP * (0 +g)"m * kanwa

m=0

where a = (a1,...,a,) € {0,1}", b = (b1,...,b,) € {0,1}", |a] = m, |b|] = n — m,
+b; =1, (6 +9)% = d. if aj = 0 and k% = 6, if b; = 0. Fix a and b as above.
Assume that a # 0. Then
(6 + )™ % kP - (6 + ) = k.,

/ t/n o g)" k(B 4 ) w0
h(s)? k(s

dsy---dsy,
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where the convention is such that there is no integral with respect to ds; if b, = 0.
One may check that

e+ )% % 8% s B+ )% 002
< Z||(56+9)a1 £ 00 ke x (B + g) W *52’;:} *9*5’;; ek 00|

+ H w(s;).

bi=1

Similarly,
le™ s Fll = [1(8e + u(£))™ * Fll.

< 3 DM gy R x5 g)" w K 5 L
m=0 a,b

and
[[(0e + g)** = Kbk (0e +g)* = kbn Fllo

S/C;"‘L|‘(5e+g)al*521*..'*(6e+g)an*5gz*FHW
. |k(81)b1 .~~k(sn)b"| dsy---dsp
Finally,
(8. + g)™ *52 *...*(5e+g)“7l*6g:*FHw
< D B+ g) # 8 k(B g) T H BT gk B ek 8Lk F

ajzl

+ [T @l Fll..

bi=1
3.5. Let us denote B(n) = U™. Then, for a # 0, the function
(0 +g)™ *521 koo % (0 +g)¥ 1 *5?;:1 *g*&i’;ﬁ *-~-*5§Z
is supported by B(nr(n) + [s1|* + -+ + |s,|’") with the convention that |s;|" = 0 if
b; = 0. Moreover, by 1.2,
[Blr(n) "+ b)) < K- (e T] (141

Similarly, the function (0. + g)® * 65! - (0 + g) =" * 532::1 * g * (55; sk Ol x F
is supported by B(q + nr(n) + |s1|® + -+ + |s,|>"), if supp F C U4, and

‘B(q—i—nr(n) + |sl|b1 + -+ |sn\b")‘ <K-(1 +q) 1+ nr(n Q H (1+ |sz
bi=1
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3.6. If h is any function with compact support in B(r), then

1
1Plle = /U |h(2)|w(z) de < s(r)[|h]l2| B(r)|2.
Obviously ||g|l2 < ||u(f)|2- Hence, by 3.3-3.5, we obtain

1(8e +g)™ #8085 (B + 9) ™ % 607 |

< Z (1 + ||U 7{ |L)u)3) 1+ taj—1 . H“(f)H? . |B(nr(n) 4 |51|b1 4+ 4 |5n|b")

ss(nr(n) + 51" 4 [sal") + T w(si)
bi=

1
2

a]-—l

< 13l 32 (1 ) () ®

T s ))
cs(nr(n) + s+ [sal") [T+ 15D + T wisi)
b;=1 b;=1
. 9 ()l \ "
< K3 a2 n(1+nr(e)E - stur(n) - (147 <)
H (1+ \SZ|)% cwi(si)) + H w(s;)
b;=1 b;=1
) g [4(F) sy \ 52N sy
< K ()2 U+ nr ) - stur(e)) - ((1+ 2 ) )=
T+ 15D % - wis) + T w(s)
b;=1 b;=1

V)

< K3 |u(f)]l2 - n(1 + nr(n) F - s(nr(n)) - l"Dllea )
H ((1 + ‘51|)% 'Wl(si)) + H w(s
bi=1

bi=1

Similarly, if supp F' C U¥4,

[(8e + g)® % 0% s+ 5 (3 + g)® % 60 % F||,s
1 Q u wa (==
< K3 [u(f)|L]IF )21+ ¢) % 5(q) - n(1 + nr(n)? - s(nr(n)) - el les (o)

@+ 1D % - wi(s0)) +IFNl [T wsi)

b;=1 bi=1

Q
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as [g * 52? 80 % Flly < |lgll1||Fll2 < Ju(f)||1]|F|l2. Therefore for a # 0 we have
[(8e + g)% 5 kP 5 - % (6 + g)% # kP
= K%HU( Oz -n(1+nr(n )) -s(nr(n)) - e () lws (s55my)

. H /|k 1—|—|sz|)%w1 ds + H /|k (si)|w(s;)ds;

bi=1 bi=1
< K3 |u(f)ll2 - n(1L +nr(n)) % - s(nr(n)) - el“Oles (Grem)

8]

—~

2 W(f)||wn \ b1t +bn
gj/m 1+ 1) Featsss) + (Lfplea )™
Similarly,
1(Be + ) 5 k" % -5 (8 + g) ™ % k" % Fl,
gK%w<\h«1+@%<>wwzn<+nm>w (n)) - el Dles i)
/|k I+ lsil) Fn ()i ) + 1Flo H / ()51 dss
b;=1 b;=1

< Kx[lu(f)l- (14 ) F @I Fll2 - n(1+nr(n) 2 - s(nr(n)) - el Grem)

/|k s:)] 1+|sz|)%w1( i)ds >+|| llo <||1&E()£U)J;)bl+...+bn.

bi=1

3.7. As

/ (s I(1+ ‘SiD%wl(Si)dSi = / |k(s:)[ (1 + |Si\)%w1(8i) ds;
¢ (Urn))e
! Q
= s2(r(n)) /(Urw)c'k( si)l(L+]sil) 2 wi (si)wa(si) dsi

1
=0 () llws

we have by 3.2 and 3.6, for a # 0,
(6 4+ 9)4 % EP 5+ % (8, + g)% * k¥,
< (K% ()|l - n(1 + nr(n) £ s(nr(n)) - el *Olles (Grmy) 4 1)
. (M)bﬁ“*bn
sa(r(n))

s(nr(n)) - e les (i)

[ (f)] s \ o1 Hbn
(ot

<Ci(1+n)(1+nr(n ))Q

)
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where Cy = (Kz|Ju(f)||2 + 1). Analogously, for F supported by U9, we have
(6 + )% % K 5o n (5, 4 g) » Ko 5 Fl

)

< Co(1 4 ) (1 4+ nr(n)) F s(nr(n) - el Ol () (” Ul

byt etbn,
s2(r(n)) )

. 1 Q
with Cy = K2 [|u(f)ll1 - (1+ @)% s(@) | Fll2 + || Fl-
3.8. For a =0, we have by + --- 4+ b, = n and

[|(6e + g)** * ROk (0 +g)m * K w

= el < ey < (1D

2(r{n

Similarly
(0 +g)® % K% 5% (8o + g)% % kP 5 F||, = |E*" % F||o,

< 1Pl < g (L0

This shows that the bounds of 3.7 remain valid even for a = 0 with the same constants
Cq, Cs.

3.9. Using 3.4, 3.7, and 3.8, we get the following bounds:

[(6e +u(f)" ||
< Ci(1+n)(1+nr(n))

%s(nr(n)) . ellD s (s5my)

ZZ (||U ||w3)b1+-~+bn

m=0 a,b

=Ci1(1+n)(1+nr(n))2 s(nr(n)) - el Nlles (e
(14 1D s\
(1 + s2(r(n)) )

s(nr(n)) - A Dlles G

0

S}

<Ci(1+n)(1+nr(n))?
Likely,
1(Be +u(f)*™ * Fllo = [le™ * Fll
< Cy(1+n)(1+ nr(n))

|l

s(nr(n)) - 2N Nlles (S3amy)
The constants C, Cy are the same as in 3.8. Finally,

[u(nf)llo < 1100 +u(f)™ [lo +w(e)
< (Cr+w(e)(d +n)(1 +nr(n))

%s(nr(n)) . 2Dl (S5
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3.10. The previous bounds have been proven for n € N. If we want a bound
valid for n € Z, we first put nf = (—n)(—f) if n < 0. We replace ||u(f)||2 by

max([lu(f)|l2; [u(=f)[[2) in the constant Cy and [lu(f)|l1 by max(|lu(f)|1, [lu(=/f)1)
in the constant Cy. We then have

’ In]
lu(nf)lle < LA+ [nD) (1 + [nlr(n]) F s(lnlr(|nl) - @00 0 ez,

and

. / |n|
e % Pl < Co(1+ [n))(1 + Infr(n]) F s(inlr(n))) - eS0T, nez,

where the constants C}, C}, C% are obtained in the following way:
C! = Krelfl 41 4 we)
> K2 max(|[u(f)]2, [lu(=f)]l2) + 1+ w(e)
¢y = KWl (14 )% s(q) | Fllz + | Fl
> K# max([[u(f)ll1, [u(=NI) A + @) F S@IF 2 + [ F,

where ¢ € N* is such that supp FF C U9%. As f has compact support, there exists
p € N* such that supp f C UP. Hence

1Fllws < €“PlflL < Pl

and ,
C p)

Cy =2¢« DMl > 2l s > 2 max(|lu(f) lws, (=) lwa)-

So the constants depend essentially only on the original weight w and on the func-
tions f and F.

3.11 (Choice of the radius r(n)). Motivated by the techniques of functional
calculus exposed later on in this paper, let’s put

r(n) = [In(lnn) + 1], Vn > e°,

where [z] denotes the integer part of z. Then

In(ln|n|) < r(|n]) < In(In|n|) + 1 < 2In(In|n|), for |n| > €°
and
s2(r(In])) > €@ 1mD) = (n |n|)©.
Hence ol "
C35zttnm < O3 mnT
and

s(nfr(jnl)) < s(fn))™ " < s(lnf)? 2D for fn| > €.

With this choice of the radius we get the following bounds:
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Theorem 3.12. Let G be a locally compact, compactly generated group with polyno-
maal growth. Let w be an arbitrary weight on G. Let f = f*: G — C be continuous
with compact support. Let F' : G — C be an arbitrary continuous function with com-
pact support. We have the following bounds: There exist strictly positive constants
Ky, Ko, K3 such that

|m]
lu(nf)llw < Ki(1+ [n])(1 + [n]?) % s(|n|)2"m0n1mD ™ (Garpe)

||einf . FHw < Kg(l n ‘n|)(1 + |n|2)%S(|n‘)21n(ln|n\)BK3((1n\n\)C)’

for |n| > e°. If U is a generating neighbourhood of G and p,q € N* such that
supp f C UP and supp F' C U4, then
Ky = 2% (K3elfl2 414+ w(e))
Q1 Q
Ky = 2% (K2 (1 4+ 9)7 s(9) | Fllz + | FL.)
Ky = 2e“ Ml

where the constants C, K and C' just depend on the growth of the weight w and where
c>1.

Proof. By 3.10 and 3.11. O

4. Functional calculus

4.1. In this section we shall first construct functions ¢ whose Fourier transform have
a strong decrease and may hence operate, under certain conditions, on the self-adjoint
functions of C°. This will be done using a result of Paley-Wiener. The use of these
functions in connection with the bound of ||u(nf)||, obtained in 3.10, will give us a
condition on the growth of the weight w. This condition will ensure the existence
of functional calculus on a total part of L!'(G,w) and will be called the non-abelian
Beurling-Domar condition, because of its similarity with the results of Beurling and
Domar.

4.2 (A result of Paley-Wiener). For any function f € L*(R) the following two
propositions are equivalent:

(i) There is a function g € L?>(R) such that |g| = |f| and § vanishes on a half line.

- In|f ()|
(11) Rmdl’ < 400.

See [16] or [19]. We shall apply the previous result in the following situation:
4.3. (a) Let ¢t : R — R be such that
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t
t(—x) =t(z), Vz € R,
t(x +y) < Ct*(z)t*(y) for some k > 1, C > 0, Vr,y € R,

, In(t(z))
(iv /R e dx < +oo

If moreover, there exists [ € N such that

(v) t7' € L*(R),
(vi) t=0=R) ¢ LY(R),

then there is a function g € L*(R,t*) such that supp g € [0, +oo].

In fact, this results from Paley-Wiener if we take f = ¢t~

By translating the function § we may construct a function g; such that |g1| =
lg| = |f| and supp g1 C [—¢, +o0] for any given € > 0.

By taking go = g1, where §;(z) = g1(—x), we get a function g, € L'(R,t*) such
that supp ga C] — o0, &].

Finally the function h = g1 * go is in L*(R,t) as g1,go € L'(R,t*) and as
t(x +y) < Ct*(x)tk(y). Moreover supp h C [—¢,¢].

Let now @7 be the inverse Fourier transform of h. Then ¢; € C.(R) such that
supp ¢1 C [—¢,¢] and such that ¢; = h € L*(R,t). If, moreover, 27| < K,t(z)
for all x € R, for all » € N, for some constant K, (depending on r), then
$¢1 € LY(R,|27]) for all » € N and ¢; € C°(R). Moreover, translating the
function ¢ doesn’t change the growth of its Fourier transform, so the Fourier
transform of the translated function stays in L' (R, ).

Assume now that o1 € C.(R) such that ¢; € L'(R,t) and supp ¢; C [c,d]. Let
I = [a,b] and consider ¢ = ; * x7 where x is the characteristic function of the
interval I. It is easy to check that supp ¢ C [a + ¢,b + d] and that ¢ = 1 on
[a+ d,c+b] (provided a + d < ¢+ b). Moreover,

b—a

e

[P < X lloo - [E1 (M) <

and ¢ € L'(R,t). As a matter of fact,
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Let now be two intervals [q,r] C [q — €, r + £]. It is then possible to construct a
continuous function ¢, supp ¢ C [g—¢,7+¢€|, o = 1 on [g,7] and @(\) € L}(R, t).
We just have to check that it is possible to find a, b, ¢, d, a < b, ¢ < d,
a+d < c+ b, such that

a+d=q,
c+b=r,
a+c=q—¢,
b+d=r-+e.

As a matter of fact, solving this system givesus c =k, b=r—k, d = ¢ + k,
a=q—e—k with k € R arbitrary. If [2"| < K,t(z) for all z € R, for all r € N,
for constants K, then ¢ € C°(R).

Next we shall show that there are similar results for R/27Z, resp. Z.
4.4. Let w : Z — Z be such that
(i) w > 1, increasing on N,
(ii) w(—n) =w(n) Vne€Z,
(iii) w(n +m) < Cw*(n)w”(m) for some k > 1, C > 1, ¥n,m € N,
(iv) Y pen 2n) < oo

Assume moreover that there exists ;1 € N such that

(V) Lpen w21 (n) < +o0,
(Vi) Dnen w1 =) (n) < 4o0.
This has the following consequences for the function w:
(a) First of all one has
w(n +m) < CwF(n)w(m) Vn,m € Z.

For n,m € Z_ this follows from the symmetry of the function w. If n > 0,
m < 0,n+m >0, then

w(n +m) < w(n) < Cw(n) < Cw®(n)wk(m)
as C' > 1, w increasing on N and k > 1. The other cases are treated similarly.

(b) As k < k2, one also has

Z w™ =R (n) < fo0.
neN
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(¢) If we put I =1y - k, then Iy <1 and

Z w4 k? ) < +o0.
neN

(d) Thanks to the symmetry of the function w, all the sums in this section may be
taken over Z instead of N.

We may now prove the following result:

Proposition 4.5. Let w be as in 4.4. Then, given p,q,& such that 0 < p <p+e <
q—¢e < q<2m, there exists ¢ € C.(R/2wZ) such that

(i) suppy N [0,27] C [p, gl
(ii) y=1on [p+e,q—c¢l,
(i) Y,ez [P(n)|w(n) < +oo,

i.e. ﬁ € IY(Z,w), where 1& denotes here the Fourier transform of a periodic function
of period 2m. Moreover 1 may be chosen to be C*, if |In"| < K,w(n) for alln € N,
for all r € N*, for some K, > 0.

Proof. The proof of 4.5 has to be done in several steps:

(a) First we define ¢t : R — R by t(z) = w([|z|]) where [z] denotes the integer part
of z. Then the function ¢ satisfies the conditions stated in 2.2 with k? instead
of k and I = l1k. In fact, if z,y > 0, let’s put = [z] + a,y = [y] + b with
0<a,b<1 Hencez+y=[z]+[y]+(a+b) with0 <a+b<2and [a+b =0
or 1. Thus

ta+y) =w(r+y]) <w(z]+ [y +1)
< Cut (D)t () wt (o) = Cot ()8 (v),
where C7 = Czwk(l). We may of course assume that C; > 1. If x,y <0,
Ha+y) = t—w—y) < C1t* (=)™ (—y) = Cut™ ()" (y).
Ifx>0,y<0,z+y >0, then
taz +y) = wle +y)) < w(la]) = tle) < C1t¥ (@)1 (y).
The other cases are treated similarly. Moreover,

+o0 o0
/ t=2(z)dx = 2/ t=2(x)dx = 2/ w2 ([z])dx = 2 Z w2 (n) < 400,
R 0 0

n=0

2 JFOO
/tf(lfk)(x)dx=2/ —= k) dx—ZZw (1=k%) ) < o0
R 0
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and

Int(z ”“1 1
/ 111—'—962 722/ nw(n 22 nw(n

(b) Let now ¢ be the function obtained in 4.3 and let’s extend it to a periodic
function of period 27 called 1. It remains to show that then

> [ (n)|w(n) < 4oc.

nez

Let’s first evaluate, with the notations of 4.3 and because in this case b—a < 2,

[b(n)] = [@(n)|
< g1 * g2(n)|
< lgl*1gl(n)

:/ t7Hn—y)t " y)dy

R

_ / wl([|n — yIw ™ (ly]]) dy
R

For n € N,

0 n
[ (n)] < / w™!([n = y)w™ ([~y))dy +/0 w™!(In — yDw™([y]) dy

— 00

+oo
T / W[y — nl)w™([y]) dy

1 n—1
= Z wl(n —m—Dw ! (~ —1)—|—Zw Hn—m — 1w (m)
m=—oo m=0
+ Z w™t(m — n)w™(m)
0 n—1
= Z w™l(n —m)w l(m)—l—Zw Hn —m — Dw™(m)
m=—oo m=0
+oo
+ Z w (n— Lim)

But
wn —m) =wn—-m—1+1) < Cw*(n—m—Dw*(1) = Crw*(n—m —1)
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and l
wl(n—m—1) < Cow *(n—m)
for some positive constants C7 and Cs. Finally, as —1 < —% = -1,
0 1 1 ol 1 l
Bl < 3 wkm—muwtm)+C Y w k(- m)wt (m)
m=-—00 m=0
= 1 l
+ ) wE(n = m)w* (m)
+oo
< Cs Z w™ (n —m)w=" (m)

for some new positive constant Cs. Similarly, for n € Z_. This implies that

ZW <032(Zw (n—m w_ll(m))w(n—m—i—m)

nezZ neZ mecZ
< C3C Z Z w™ ' (n — m)w*(n —m)w=" (m)w"(m)
n€Z meZ
2
= Gy (Yw N ()
JEZ
< +00. O

Remarks 4.6. (i) In order to get the existence of the function ¢ it is of course suf-
ficient that the conditions of w being increasing and w(n +m) < Cw*(n)w"(m)
are satisfied for n,m > Ny for some Ny € N. In fact, one may change the
function w to be constant for |n| < Ny. Then this new function satisfies the
hypotheses for all n € N and may be used to get .

(ii) Assume for instance that w(n) > C(1 + |n|)®, for some a > 0, for some C > 0,
for all n. Then the existence of [,1; such as in 4.4 is obvious.

The previous results are now used to construct functional calculus.

4.7. Let f = f*: G — C be continuous with compact support. Recall (3.12) that we
have the following bound:

In|
lu(nf)lle < K1+ |nl)(1+ [nf?)F s(|n])2 00D @ne) | with © > 1.

Let’s call the right hand side of the previous inequality w(n) for [n| > e® and let’s see
wether the hypotheses of 4.4 are satisfied. We have

(I4+n+m)<(1+n)(1+m)<(A+n)k1+m) VE>1,Vn,meN
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and

vl

(L+n?)(1+m?) +nm)*
Q

1+ (n+m)?) ¥ (
<281 +n)F(1+m?)%

\@

Q

A

< ((1+n)Q> ((1+m) )k Vk > 1,Yn,m € N.

Moreover, we have

n+m n m
(In(n +m))¢ = (Inn)¢ * (Inm)c”

Hence,

n+m

eKS( (In(n4+m))C ) <

Ks(Gaomye) K3 (amimne)

e
_n Wk _ m Wk
< (eKS((ln(n))c)) (eKS((h,(m))C)) , Vk>1,VYn,m>e,

/\/—\

n(ln n) + In(lnm) + In2
(In(lnn) + In(lnm)), n,m > €.

Similarly if m > n > e®. Hence, if n > m > e°,

s(n + m)21n(ln(n+m < s(n 4In(In(n+m))

| /\

)
(n)lﬁln(ln n)
)

IN

(n 16 In(In n) ( )161n(lnm)

( (’I’L 21n lnn)) (s(m)an(lnm))s.

Similarly for m > n. Hence the third condition of 4.4 is satisfied for w and for k = 8.
As w(n) > C(1+n), the fifth and sixth conditions of 4.4 are satisfied for the function
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w. The fourth condition of 4.4 admits the following equivalent formulations:

$ In(w(n))

< 400
2
neN,n>e® 1+n
InC4 In(1+n) Q In(1 +n?)
neN,n>e¢ neN,n>e¢ neN,n>e¢
In(1 1
oy (l)biee) L
neN,n>e¢ +n neN,n>e¢ ( nn) ( +n )
(In(Inn))In(s(n))
< Z 1+n2 < oo
neN,n>e€

as the other sums converge for C' > 1.
This leads us to the main theorem:

Theorem 4.8. Let G be a compactly generated locally compact group with polynomial
growth. Let U be a generating neighbourhood of G. For any weight w on G, let’s define
s(n) = sup,epn w(x). Assume that

In(Inn))In(s(n
T (In(Inn)) In(s(n))

Tan? < 400. (3)

neN,n>e¢

Let f = f*: G — C continuous with compact support be arbitrary. Then, given any
P, q, € such that 0 < p < p+e < q—¢ < q < 27, there exists ¥ continuous of
period 27 such that suppy N [0,27] C [p,q], ¥ =1 on [p+¢e,q — €] and

Dl f)wld(n)] < +oo.
neZ
Hence this defines a function
¥{f} =Y dmu(nf) € L'(G,w)
nez

and the properties of functional calculus are satisfied. The condition (3) is independent
of the choice of the generating neighbourhood U .

Proof. The only thing that remains to be proven is the independence of (3) of the
choice of U. Let U and V be two generating neighbourhoods of G. Then there exist
p,q € N* such that U C VP and V C U?. Hence, if we write sy(n) = sup,cym w(z)
and sy (z) = sup,eyn» w(x), then

su(n) < sy(n)? and sy (n) < sy(n)?.
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This implies that

Z (In(Inn))In(sy(n)) <»p Z (In(Inn))In(sy(n))

2 = 2
neN,n>e® 14mn neN,n>e® L4mn
(In(lnn)) In(sy(n))
<pg >, e :
neN,n>e®
which proves the independence. O

Definition 4.9. Under the hypotheses of the previous theorem, let’s call the condition

< 400

In(Inn))In(s(n
3 (In(Inn))In(s(n))

1+ n?2
neN,n>e® +

the non-abelian Beurling-Domar condition and let’s denote it (BDna). Hence (BDna)
implies the existence of functional calculus in the weighted group algebra L'(G,w).

Ezamples 4.10. (i) Let w(z) < e€I*I” with C > 0, 0 < a < 1 be a sub-exponential

weight. Then
< 400

C(In(Inn))n*
3 (In(Inn))

1+ n?2
neN,n>e¢ +

as 0 < a < 1 and (BDna) is satisfied.

(ii) Let

w(g;) = ecm

with C' > 0, v > 0. Then (BDna) is equivalent to

(In(lnn)) - n In(Inn)
Z C(1+n2)(ln(1+n))7<+oo<:> Z ———= < +o0.

neN,n>e€
This condition is satisfied exactly when v > 1.

(iii) If w;, ¢ € {1,...,n} are a finite number of weights that satisfy all the condi-
tion (BDna), then the same is true for their product [, w;. For an infinite
product of weights a supplementary convergence condition will of course be
necessary as shown by the following examples.

(iv) Let
K

w(x) — GZz‘GN cilz
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(vi)

with ¢; >0, .y ¢ < 400, 0<7; <1, v 1 1. Then (BDna) means

(In(Inn))n* In(Inn)
DEDITLC SIS SO SR U N D
neN,n>e¢ icN 1EN neN,n>e®
<~ Z cid; < +00,
iEN

where, for all 7,
In(lnn)
d; = Z (1 n?) < +oo0.

neN,n>e®

Given the sequence (7y;), the numbers d; are determined, and (BDna) then gives
the condition ZieN ¢;d; < 400 on the growth of the coefficients c;.

Let

. lz|
w(z) = eXieN T T
where ¢; >0, >, N ¢ < 400, 1 <74, 7 | 1. Then (BDna) means

(In(Inn)) - n
Z Z 1+ n2)(In(1 +n))r < oo

neN,n>ec €N

In(Inn)
O ICEDY AL+ ) (1 n-2) ° oo

i€EN  neN,n>e®

= Z c;e; < 400,
ieN

where, for all 4,
B In(Inn)
S Dl e T

neN,n>e®

< +o0.

Given the sequence (7;), the numbers e; are determined, and (BDna) then gives
the condition ZieN c;e; < +00 on the growth of the coefficients c;.

Let
w(z) = el
with C' > 0. Then
(In(Inn))n
Z ¢ 14 n?
neN,n>e¢

diverges and (BDna) is not satisfied.
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Remarks 4.11. (i) Let’s recall that for abelian groups G a lot of work has been done

(i)

by Beurling ([1], [2]) and Domar ([5]). See also [19]. They use the following
condition to get harmonic harmonic analysis properties:

ZM<+OO, Vx € G.

n2
n>1

In case G = R and w increasing on R, this is equivalent to

1
[ 2 s < oc,
rR 1+s?

It is then also equivalent to

In s(n)

> o < o0
n>1

as, in that case, s(n) = w(n), provided we take U = [—1,1]. This last condition

may again be defined for an arbitrary locally compact, compactly generated

group G with polynomial growth and an arbitrary weight w on G: We then say

that w satisfies the abelian Beurling-Domar condition and we write (BDa) if

3 ) o,

2
= 1+n

Obviously (BDna) implies (BDa). But for rapidly growing weights, the presence
of In(lnn) in (BDna) doesn’t seem to affect the convergence very much. Hence
for the weight

w(z) = C T
both (BDna) and (BDa) are satisfied if and only if v > 1. So our result is almost
the best possible result we may expect. For more comments on this question,
see also the introduction and the chapter on the Wiener property.

Instead of using the result of Paley-Wiener in the construction of functional
calculus, one may also use results of Mandelbrojt ([13], [14]).

5. The algebra L'(G, w)

5.1. We first mention some properties of the Banach #-algebra L!(G,w) which hold
for arbitrary locally compact groups and arbitrary weights w and which are obtained

1

by standard arguments. The left translations a — ,f, where ,f(z) = f(a 'x), are
strongly continuous from G to L'(G,w). The same is true for right translations.
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The algebra L!(G,w) admits bounded approximate identities. This property en-
sures that the closed left, right and two-sided ideals in L'(G,w) are just the closed
left, right and two-sided translation invariant subspaces.

Let m be a strongly continuous representation of G on a Banach space such that
for all z € G, ||7(z)|lop < C - w(x) for some positive constant C. Then 7 defines a

representation of L'(G,w) by

7() = [ f@pmla) e

If the representation 7w of G is irreducible, then the same is true for the correspond-
ing representation of L!'(G,w). Conversely, let 7’ be a continuous representation
of L}Y(G,w) on a Banach space V. Suppose that 7’ is non-degenerate, i.e., that
7'(LY(G,w))V is dense in V. Because of the existence of bounded approximate iden-
tities, the classical proof shows that there exists a representation m of G satisfying
|m(z)lop < C - w(x) and such that

7' (f) = /Gf(x)ﬁ(a:) dx, forall f e L'(G,w).

We are only interested in x-representations on Hilbert spaces. In this case we have:

If 7’ is a *-representation of L'(G,w) on a Hilbert space H, then the correspond-
ing representation m of G is unitary and 7’ is the restriction to L'(G,w) of a -
representation of L(G).

The previous remarks apply in particular to 7 € G (the set of equivalence classes
of topologically irreducible unitary representations of G). There is a bijection be-
tween G and the set of equivalence classes of topologically irreducible, continuous
*-representations of L'(G,w).

For 7 € G, let’s write ker 7 N L (G, w) (resp. ker ) for the kernel of 7 in L}(G,w)
(resp. in LY(G)). Let Prim, L'(G,w) (resp. Prim, L*(G)) be the space of the kernels
of the topologically irreducible *-representations of L'(G,w) (resp. L(G)). This space
is endowed with the hull-kernel topology, i.e. the closed sets are of the form h(k(A)),
where A is an arbitrary subset of Prim, L'(G,w), where

k(A) = N ker 7 N LY(G,w)

ker tNLY (G,w)€EA

and where
h(I) = {kerm N L*(G,w) | I C kerm N L*(G,w) }.

Similarly for Prim, L!(G).

Let now G be a compactly generated, locally compact group with polynomial
growth and let w be a weight on G that satisfies (BDna). Hence functional calculus
exists on a total part of L'(G,w).

349 Revista Matemdtica Complutense
2004, 17; Num. 2, 321-357



J. Dziubanski/J. Ludwig/C. Molitor-Braun Functional calculus in weighted group algebras

Notations. Let’s note C.(G) for the set of continuous functions with compact support
on GG. Let’s denote by ® the set of continuous functions ¢ from R to R, periodic of
period 2w, with ¢(0) = 0, with supp ¢ compact, that operate by functional calculus
on the set of the continuous, self-adjoint functions with compact support on G, given
by 4.5 and 4.8.

We may then prove the following proposition:

Proposition 5.2. Let G and w be as explained in 5.1. Let C C é, C; C
Prim, L'(G,w) and Cy C Prim, L*(G) given by Cy = {kerm N L'(G,w) | 7 € C'},
resp. Co ={kerw | m € C'}. Let p € G. Then the following are equivalent:

(1 kerpﬁ Ll(G ) c C ——Prim, L' (Gw)

)
(i) Nyec kerm N LY (G,w) C ker pN L (G, w)
(iil) [lo(Pllop < suprecllm(Hllep VF € Ce(G)
(V) lo(Hllop < supreclm(Hllop Vf € LNG,w)
V) le(Hllop < supreclm(Hllop  Vf € LHG)

)

(vi) Nyeckerm C kerp

(vil) kerp € Cy Gy 1O

(viii) pe T

Proof. The equivalence of (vii) and (viii) is due to the fact that every locally compact
group of polynomial growth is *-regular ([3]). The equivalences of (i) and (ii), resp. of
(vi) and (vii), result from the definition of the hull-kernel topology. The implication
(vi) = (ii) is trivial. Recall moreover that C.(G) C L*(G,w) C LY(G), that C.(G) is
dense in L'(G) and in L'(G,w) and that ||7(f)|op < || f]l1 for every f € L*(G). This
proves the equivalence of (iii), (iv) and (v). The implication (v) = (vi) is trivial.
The last implication that has to be proven is (ii) = (iii). Its proof uses standard

arguments on functional calculus (see for instance [11]). Let’s assume that (iii) is
false. There exists g € C.(G) such that

sup |7 (g)llop < ll2(9)lop-
el

We may of course assume that g = ¢g* (by replacing g by g*g*) and that ||g|j1 <1 (by
dividing ¢ through ||g||1). Let’s now take ¢ € ® such that ¢ = 0 on a neighbourhood
of [—sup,ec||m(9)|lops SUPrec||m(9)]lop] and such that o(||p(g)|lop) = 1. Let f = o{g}.
Then, for every m € C, w(f) = m(p{g}) = ¢(7(g)) = 0 as ¢ = 0 on the spectrum of
7(g), and p(f) = p(p{g}) = w(p(g)) # 0 as ([[p(g)llop) = 1 and as [[p(g)|lop is in the
spectrum of p(g). Hence f ¢ ker p N L}(G,w), but f € Nrec kermN LY(G,w), which
contradicts (ii). O
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This proposition has several consequences:
Proposition 5.3. For all m,p € G’,
kerm N L' (G, w) = ker p N L} (G, w) = ker m = ker p.

If G is a connected, simply connected, nilpotent Lie group, this implies moreover that
™= p.

Proof. Take C' = {7} in 5.2 to show that ker 7 N L' (G,w) C ker pN L' (G, w) implies
kerm C ker p. O

Proposition 5.4. The map
U : Prim, LY(G) — Prim, L' (G,w
ker 7 — ker 7 N L' (G, w)
18 a homeomorphism.

Proof. By 5.2 and 5.3. O

Corollary 5.5. If G is a connected, simply connected, nilpotent Lie group, then the
sets {kerm N L*(G,w) } are closed in Prim, L'(G,w), in particular

ker7 N LY (G,w) CkerpN L' (G,w) = 7 = p.

Proof. In this case, the same result is true for L'(G), as G is a type I group. Apply
5.4. O

We then have Domar’s property for the algebra L'(G,w):

Theorem 5.6. Let G be a locally compact, compactly generated group with polynomial
growth. Let w be a weight on G that satisfies (BDna). Then, given any p € G and any
open neighbourhood N of p, resp. given any open neighbourhood Ny of ker pN LY (G, w)
in Prim, L'(G,w), there exists f € L'(G,w) such that p(f) # 0 and «(f) =0 for all
7w € G\ N, resp. for all = such that kerw N LY(G,w) € Prim, L*(G,w) \ N;.

Proof. Put C =G \ N, Cy = Prim, L'(G,w) \ Ny and apply 5.2. O
The symmetry of the weighted group algebra is given by the following result:

Theorem 5.7. Let G be a compactly generated, locally compact group with polynomial
growth. Let w be a weight on G. If w satisfies condition (S), then the algebra L'(G,w)
is symmetric. This is in particular the case if w satisfies (BDna,).
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Proof. See [6] for the fact that (S) implies the symmetry of the algebra. Let’s show
that (BDa), and hence (BDna), implies property (), i.e. the symmetry of the algebra.

In fact, as the function n — s(|n|) is a weight on Z, A = lim,, M > 0 exists. Let’s
assume that A > 0. Then

In(s(n In(s(n n
2 1(+(ng)zz (7”5 ))'1+n2

n>1 n>1

249 3 S

’ﬂZNQ

for some ¢ > 0 such that A — ¢ > 0 and for some Ny € N. As the last sum diverges,
(BDa) cannot be satisfied. O

The symmetry of the algebra and the previous results imply the following theorem:

Theorem 5.8. Let G be a compactly generated, locally compact group with polyno-
mial growth. Let w be a weight on G satisfying (BDna). Then the spaces Prim G,
Prim, L'(G), Prim, L'(G,w) are homeomorphic. Besides, the spaces Prim L' (G) and
Prim LY(G,w) are homeomorphic to subspaces of Prim, L'(G), resp. Prim, L' (G, w).

6. Minimal ideals

6.1. In this chapter we are going to study the existence of minimal ideals of L!(G,w) of
a given hull in Prim, L' (G, w). This study relies mainly on the work of [11]. Moreover
it is connected to the problem of the Wiener property which we shall consider in
Section 7. The hypotheses on the group G and the weight w will be the same as in 5.
For a given closed subset C' of Prim, L'(G,w) (identified with &), let’s introduce the
following notations:

Iflle = sup||m(f)llop
el

and

m(C) ={e{fH f=[" f€C(G), IfIL <1, p €,
©» = 0 on a neighbourhood of [—||f|lc, I fllc] }-

Let j(C) be the closed two-sided ideal of L*(G,w) generated by m(C). For C = () we
get

m(0) ={p{fH | f=1" feC(G) IflL <1, 0 €,
© = 0 on a neighbourhood of 0 }.

An argument similar to the one in [11] gives the following result:
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Lemma 6.2. The hull of j(C) is C.

Proof. It C = 0, C C h(j(C)). Otherwise, take m € C and p{f} € m(C). Then,
17 (Nllop < Ifllc and w(p{f}) = @(7(f)) = 0, as ¢ = 0 on the spectrum of 7(f).
Hence m(C) C ker, kerm € h(j(C)) and C C h(j(C)).

Conversely, let p € G\ C. By 5.2 there exists f € C.(G) such that

[flle = sup[[w(f)llop < llo(f)llop-
el

We may of course assume that f = f* (by replacing f by f * f*) and that ||f]j; <1
(by dividing by ||f]l1). If C = 0, replace || f||c¢ by 0. Hence there exists ¢ € ® such
that ¢ = 0 on a neighbourhood of [—| fllc, || fllc] and such that ¢(||p(f)]lop) # O.
By construction, p{f} € m(C) and p(e{f}) = @(p(f)) # 0 (as [|p(f)l|op is in the
spectrum of p(f) and as ¢(||p(f)|lop) # 0). Hence ker p & h(j(C)). O

Because the algebra L'(G,w) is also symmetric, a result of Ludwig [11] gives us
the existence of minimal ideals of a given hull, as stated in the following theorem:

Theorem 6.3. Let G be a compactly generated, locally compact group with polynomial
growth. Let w be a weight on G that satisfies condition (BDna). Let C be a closed
subset of G. There eists a closed two-sided ideal (C) of L' (G, w), with h(j(C)) = C,
which is contained in every two-sided closed ideal I with h(I) C C.

Proof. Take @{f} € m(C) arbitrary. By 2.2 and 4.8 there exists ¥ € ® such that

o U — bp = o Hence v{f} «@{f} — @{f} and ¥{f} € m(C). Morcover
h({{f}}) D h(m(C)) = C. We then apply lemma 2 of [11] to conclude. O

7. Wiener property
Let us recall the following definition (see [6]):

Definition 7.1. Let A be a Banach x-algebra. We say that A has the Wiener property
(W) if for every proper closed two-sided ideal I of A, there exists a topologically
irreducible *-representation 7 of A such that I C ker . If A is of the form L(G) for
some locally compact group G, we also say that the group G has the Wiener property.

Ezamples 7.2. (i) In [15] it is shown that if G is a connected, simply connected,
nilpotent Lie group and if w is a polynomial weight on G, then L(G,w) has the
Wiener property.

(ii) In [6] it is shown that if G is a compactly generated, locally compact group with
polynomial growth and if w is a weight on G that is at most sub-exponential,
then the algebra L'(G,w) has the Wiener property.
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(iii) For abelian groups, Domar ([5]) has shown that L!(G,w) has the Wiener prop-
erty if Z+°° W < +oo for all x € G. This is in particular the case if
Z::l mﬁ# < 4o00. For G = R, Vretblad ([20]) even shows the converse,
for a certain type of weights: If w(x) = exp(Z|z[q(z)) with ¢ decreasing on
R, and w increasing on R, and if L'(R,w) has the Wiener property, then
Z+°° M < 400 (we write nx instead of 2™ as G = R) for every x € R
(see the mtroduction for more details).

In this section we shall study the Wiener property for algebras of the form L' (G, w),
where G is a compactly generated, locally compact group with polynomial growth and
w is a weight on G satisfying condition (BDna), and hence such that L'(G,w) is a
symmetric *-algebra that admits functional calculus. We shall first prove that in this
situation the set m(()) contains functions p{fs} satisfying

lp{fst * F = Fllo =0

in L'(G,w), for all F € C.(G). The techniques of the proof will be the same as
those used in ([6]) for the Wiener property, adapted to the new method of functional
calculus.

7.3. Let (fs)s be a bounded approximate identity in L'(G,w) such that, for all s,

fS:f:7 ||fSHwSCa ||fs||1:17 SuppfsCVSCKv

where C' is a positive constant, Vs a compact symmetric neighbourhood of e in G and
K a fixed compact set. We shall show that there exists a periodic function ¢ € ¢ of
period 27 with ¢(1) = 1, ¢ = 0 in a neighbourhood of 0, such that

nez

is converging for all s and such that

lp{fs}* F = Fllo — 0

for all continuous functions F' with compact support in G. Moreover the functions
©{fs} are contained in m(()) by construction.
In fact, let’s choose ¢ € ® such that ¢(1) = 1. Then

lp{fs} * F = Fllo = 1) ¢(m)[e™ « F — ™ F]|.
neZ
As the functions f, are uniformly bounded in L'(G,w), it is easy to check that for
every fixed n, ‘ ‘
e F— e"F
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in L'(G,w) as s — co. So, for any fixed N € N, we have

Z @(n)[e™s x F —e™"F] — 0
[n|<N

in L'(G,w). Next we have to show that we may choose ¢ such that, for any ¢ > 0,
there exists N € N such that

H Z @(n)[e: *F—emF]H

w
In|>N

< el Fllo+ | Y pme

[n|>N [n|>N

IFllw <e,

independently of s. Suppose that we had already determined ¢ and Nj such that

Y le@)lle™ « Fll, <

‘TL|>N1

IS
o)

; @)

for all s, then (as Y, .5 @(n)e™ = ¢(1) = 1 converges) we can choose N > N such
that

> e

In|>N

Thus it suffices to show (4). According to 3.12

e
5

1l <

Ky (12l

Q
2 (n|n®

I % Flloy < Ko(1+ [n])(1+ [nf*) 2 s(|n])> 1" De

with constants K5 and K3 given by

Q 1 Q
Ky =27 (K2(1+q) % s(@)||Fll2 + [|1F|)
Ks = 26Dl

where the constants C, K,C’ just depend on the growth of the weight and where
q € N* is such that supp F' C U?. Moreover, as the support of the functions f,
is contained in a fixed compact set, there exists p € IN* such that supp fs C UP
and hence ||fs|lw < supyepr w(2)| fslli = supyey» w(z) = s(p), for all s. Hence the
constants K5 and K3 may in fact be chosen independently of s. Moreover, up to a
constant, the bound is exactly the same as the one obtained for ||u(nfs)]|... Hence,
if the weight w satisfies (BDna), there exist functions ¢ € ® satisfying the required
conditions such that (4) holds. This proves the following result:

Theorem 7.4. Let G be a compactly generated, locally compact group with polynomial
growth. Let w be a weight on G that satisfies condition (BDna). Then L'(G,w) has
the Wiener property.
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Proof. By 7.3, j(0) contains all of C.(G) and hence equals L'(G,w), as all the p{fs}
are in m(()) C j(0). Finally, if I is a closed two-sided ideal of L!(G,w) such that
(G,

h(I) =0, thenL1

w) = j(0) € I by 6.3. 0

Ezamples 7.5. (i) In 4.10 (i), (iii) we have examples of weights that satisfy (BDna)

(ii

and hence give a group algebra L'(G,w) that has the Wiener property.

) Examples 4.10 (iv), (v) give certain growth conditions on the coefficients ¢; for
the corresponding weight w to satisfy (BDna). Under these conditions L! (G, w)
has the Wiener property.

z)

!
(i) Let w(z) = e“@=+m7 Then w satisfies (BDna) if and only if v > 1. Hence,

for v > 1, L'(G,w) has the Wiener property. This is the best possible result.
In fact, if G = R, the result of Vretblad ([20]) shows that if L!(R,w) has the
Wiener property, then v > 1. So even if G = R, we get the same condition on
~ that we had already in this paper for the non abelian case.

References

(1]

2]

(3]
(4]
(5]
[6]
[7]
(8]
(9]

(10]
(11]

(12]

A. Beurling, Sur les intégrales de Fourier absolument convergentes et leur application a
une transformation fonctionnelle, 9¢eme Congres des Mathématiciens Scandinaves, aott 1938,
Helsinki, 1939, pp. 345-366.

, Sur les spectres des fonctions, Analyse Harmonique., Colloques Internationaux du Cen-
tre National de la Recherche Scientifique, no. 15, Centre National de la Recherche Scientifique,
Paris, 1949, pp. 9-29.

J. Boidol, H. Leptin, J. Schiirman, and D. Vahle, Raume primitiver Ideale von Gruppenalgebren,
Math. Ann. 236 (1978), 1-13.

J. Dixmier, Opérateurs de rang fini dans les représentations unitaires, Inst. Hautes Etudes Sci.
Publ. Math. (1960), 13-25.

Y. Domar, Harmonic analysis based on certain commutative Banach algebras, Acta Math. 96
(1956), 1-66.

G. Fendler, K. Grochenig, M. Leinert, J. Ludwig, and C. Molitor-Braun, Weighted group algebras
on groups of polynomial growth, Math. Z. 245 (2003), 791-821.

A. Hulanicki, Subalgebra of L1(G) associated with Laplacian on a Lie group, Colloq. Math. 31
(1974), 259-287.

, A functional calculus for Rockland operators on nilpotent Lie groups, Studia Math. 78
(1984), 253-266.

J.-P. Kahane, Séries de Fourier absolument convergentes, Ergebnisse der Mathematik und ihrer
Grenzgebiete, vol. 50, Springer-Verlag, Berlin, 1970.

Y. Katznelson, An introduction to harmonic analysis, John Wiley & Sons Inc., New York, 1968.

J. Ludwig, Polynomial growth and ideals in group algebras, Manuscripta Math. 30 (1980), 215—
221.

, Minimal C*-dense ideals and algebraically irreducible representations of the Schwartz-
algebra of a milpotent Lie group, Harmonic Analysis (Luxembourg, 1987), Lecture Notes in
Math., vol. 1359, Springer, Berlin, 1988, pp. 209-217.

Revista Matemdtica Complutense 356
2004, 17; Num. 2, 321-357



J. Dziubanski/J. Ludwig/C. Molitor-Braun Functional calculus in weighted group algebras

[13] S. Mandelbrojt, Séries de Fourier et classes quasi-analytiques de fonctions, Gauthier-Villars,
Paris, 1935.

(14]

[15] S. Mint Elhacen and C. Molitor-Braun, Etude de Ualgebre LL(G) avec G groupe de Lie nilpotent
et w poids polynomial, Travaux mathématiques, Fasc. X, Sém. Math. Luxembourg, Centre Univ.
Luxembourg, Luxembourg, 1998, pp. 77-94. (French, with English summary)

, Séries adhérentes, régularisation des suites, applications, Gauthier-Villars, Paris, 1952.

[16] R. E. A. C. Paley and N. Wiener, Fourier transforms in the complex domain, Colloquium
Publications, vol. 19, AMS, New York, 1934.

[17] T. Pytlik, On the spectral radius of elements in group algebras, Bull. Acad. Polon. Sci. Sér. Sci.

Math. Astronom. Phys. 21 (1973), 899-902. (English, with Russian summary)
[18] , Symbolic calculus on weighted group algebras, Studia Math. 73 (1982), 169-176.

[19] H. Reiter, Classical harmonic analysis and locally compact groups, Clarendon Press, Oxford,
1968.

[20] A. Vretblad, Spectral analysis in weighted L' spaces on R, Ark. Mat. 11 (1973), 109-138.

357 Revista Matemdtica Complutense
2004, 17; Num. 2, 321-357



