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1. Introduction

One has known that spaces of homogeneous type introduced by Coifman and Weiss
in [2] include the Euclidean space, the n-torus in R", the C*°-compact Riemannian
manifolds, the boundaries of Lipschitz domains and, in particular, the Lipschitz man-
ifolds introduced recently by Triebel in [17] and the d-sets in R™. It has been proved
by Triebel in [15] that the d-sets in R™ include various kinds of fractals; see also
[16]. Recently, some new Besov and Triebel-Lizorkin spaces, their characterizations
and their applications were given in [11,12] and [18]. In particular, in [18], it was
proved that the Besov spaces on d-sets introduced by Triebel via traces in [15] and,
equivalently, via quarkonial decompositions in [16] are the same as those Besov spaces
introduced in [7] by regarding d-sets as special spaces of homogeneous type.

The main purpose of this paper is to establish the localization principle for Triebel-
Lizorkin spaces on spaces of homogeneous type. Such localization principle for these
spaces on R™ is well-known; see [14, p. 124]. This localization principle was proved
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to be very useful; see [14] and [17]. In fact, in [14, p. 286] and [17], this property
was taken to introduce the Triebel-Lizorkin spaces on C'"*°-Riemannian manifolds, Lie
groups and Lipschitz manifolds.

Let us now recall some definitions and notation on spaces of homogeneous type.
A quasi-metric p on a set X is a function p: X x X — [0, 00) satisfying

(i) p(x,y) =0 if and only if x = y;

(il) p(z,y) = p(y,z) for all z,y € X;

(iii) There exists a constant A € [1,00) such that for all z, y and z € X,
pla,y) < Alp(z, 2) + p(z,y)]-

Any quasi-metric defines a topology, for which the balls

B(z,r)={ye X: p(y,z) <r}

for all x € X and all r > 0 form a basis.

The spaces of homogeneous type defined below, which was first introduced in [11],
are the variants of the spaces of homogeneous type introduced by Coifman and Weiss
in [2]. In what follows, we set

diam X = sup{p(z,y): =,y € X},

and A ~ B means that there is a constant C' > 0 independent of the main parameters
such that C~! < A/B < C. Throughout the paper, we will denote by C' a positive
constant which is independent of the main parameters, but it may vary from line to
line. Constants with subscripts, such as C7, do not change in different occurrences.
We denote NU{0} simply by Z, and for any ¢ € [1, 0o], we denote by ¢’ its conjugate
index, namely, 1/q+1/¢ = 1.

Definition 1.1. Let d > 0 and 6 € (0, 1]. A space of homogeneous type (X, p, 1) 4,0 is
a set X together with a quasi-metric p and a nonnegative Borel regular measure p on
X with supp 4 = X and there exists a constant C' > 0 such that for all 0 < r < diam X
and all z, 2",y € X,
w(B(z,r)) ~r? (1)
and
lp(x,y) — p(z’,y)| < Cp(x,2")’[p(x,y) + p(a’,y)]' . (2)

Throughout this paper, we have no restriction on diam X. In particular, when
diam X < oo, spaces of homogeneous type appearing in Definition 1.1 cover bounded
Lipschitz domains and their boundaries, Lipschitz manifolds of compact case in [17],
and compact d-sets which include various kinds of fractals; see [15], [16] and [18]; while
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when diam X = oo, spaces of homogeneous type in Definition 1.1 specifically include
Euclidean spaces and Lipschitz manifolds of non-compact case in [17]. Moreover, in
Definition 1.1, if we choose d = 1, then Macias and Segovia in [13] have proved that,
in the sense of topological equivalence, the spaces (X, p, it)q,9 are just the spaces of
homogeneous type in the sense of Coifman and Weiss, whose definitions only require
that p is a quasi-metric without (2) and u satisfies the following doubling condition
which is weaker than (1): there is a constant A’ > 0 such that for all € X and all
r >0,
u(B(w,2r)) < A'u(B(w, 7).

We now recall the definition of the spaces of test functions on X in [10]; see also [6].
Definition 1.2. Fix v > 0 and 8 > § > 0. A function f defined on X is said to be

a test function of type (zg,r,58,7) with 2o € X and r > 0, if f satisfies the following
conditions:

(i) [f@) <C

rY
(r+ p(z, o))+’

rY

" B
(i) [£(z) ~ /()] sc(rfi)&o)) (r + pla, 20)) 7

1
< —
for p(z,y) < 57 [r+ plz, z0)].

If f is a test function of type (zo,r, 3,7), we write f € G(zo,r,3,7), and the norm of
fin G(zo,r, B8,7) is defined by

| fllg(zo,r,8,y) = inf{ C : (i) and (ii) hold }.
Here and in what follows, 6 is the same as in (2).

Now fix g € X and let G(83,7) = G(xo, 1, 3,7). It is easy to see that

G(z1,m,3,7) = G(B,7)

with the equivalent norms for all ;1 € X and r > 0. Furthermore, it is easy to check
that G(8, ) is a Banach space with respect to the norm in G(3,~). Also, let the dual
space (G(8,7))" be all linear functionals £ from G(3,7) to C with the property that
there exists a finite constant C' > 0 such that for all f € G(3,7),

LN < Cllfllg.)-

We denote by (h, f) the natural pairing of elements h € (G(3,7)) and f € G(5,7).
It is also easy to see that for all h € (G(8,7)), (h, f) is well defined for all f €
Qc(xo,r,ﬁ,’y) with g € X and r > 0. Moreover, in what follows, we will denote by
G(B,7), for 0 < 3, v < 6, the completion of G(8,0) in G(5,7).
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To state the definition of the inhomogeneous Triebel-Lizorkin spaces F;, (X) stud-
ied in [7], we need the following approximations to the identity which were first
introduced in [6].

Definition 1.3. A sequence { Sy }72, of linear operators is said to be an approxima-
tion to the identity of order € € (0, 6] if there exist Cy, Cy > 0 such that for all k € Z .
and all z, 2/, y and ¢y € X, Sk(z,y), the kernel of S, is a function from X x X into
C satisfying

(i) Sk(z,y) =0if p(z,y) = C127F and ||Sk| L= (xxx) < C22%;
(i) |Sk(z,y) = Sk(a',y)| < Co2KHp(a,2");
(iii) [Sk(z,y) — Sk(w,y)| < Co2%HHp(y, y');
(iv) [[Sk(2,y) = Sk(z,y")] = [Sk(z',y) — Sk(x',y)]| < Co2 29 (2, 2") ply, y')
(v) Jx Silz,y)duly) = 1;

(Vi) fX Sk(xay) d/’“(x) =1

Here, that Si(x,y) is the kernel of Sy means that for suitable functions f,

Suf(x) = /X Se(, ) f(y) duly).

We point that by a similar Coifman’s construction to that in [3], one can construct
an approximation to the identity with compact supports as in Definition 1.3 for those
spaces of homogeneous type in Definition 1.1.

We also need the following construction of Christ in [1], which provides an analogue
of the grid of Euclidean dyadic cubes on a space of homogeneous type.

Lemma 1.4. Let (X, p,p)ae be a space of homogeneous type. Then there exists a
collection {QF C X : k € Z,, a € I} of open subsets, where I, is some (possibly
finite) index set, and constants 6 € (0,1), ag > 0 and C3 > 0 such that
(i) (X \UaQE) =0 for each fized k and Q5N QL =0 if a # f;
(ii) for any o, B, k, | with | > k, either QIZB C QF or Qlﬁ Nk =0;
(ili) for each (k,a) and each | <k there is a unique (3 such that QF C Ql;
(iv) diam Q¥ < C36%;

(v) each Q% contains some ball B(zk,apé*), where 2 € X.

Revista Matemdtica Complutense 239
2004, 17; Nam. 1, 229-249



Dachun Yang Localization Principle

In fact, we can think of Q¥ as being essentially a cube of diameter rough 6% with
center zF. In what follows, we always suppose 6 = 1/2. See [10] for how to remove
this restriction. Also, we will denote by Q7", v = 1,2,...,N(k, 1), the set of all

7' I
cubes Qkﬂ C QF, where j is a fixed large positive integer. Denote by y* a point in
Q¥ For any dyadic cube @ and any f € L} (X), we set

1
7@) /Q f(z) du(z)

and we also let ay = max(a,0) for any a € R.
Now we can state the definition of the Triebel-Lizorkin spaces F;, (X) in [12].

Definition 1.5. Let s € (—6,0), {S;}72, be as in Definition 1.3 with order 8, Dy = Sy
and Dy = Sk — Sk_1 for k € N. Suppose 8 and ~ satisfying

max(0,—s+d(1/p—1)y)<f <8 and 0<~vy <. (3)

Let j € N be fixed and large enough and {Q%" : 7€ Iy, v=1,...,N(0,7)} be as
above. The inhomogeneous Triebel-Lizorkin space Fj;, (X) for

max (d/(d+0),d/(d+0+s)) <p < o

° li
and max (d/(d+0),d/(d+ 0+ 5)) < ¢ < oo is the collection of all f € (g(ﬂ, 7))
such that

N(O,7) 1/p

g0 =14 3 3 m@2) [maa-(1Do(1))]

T€lp v=1

1/q
{Z st‘Dk } < Q.

Lr(X)

It was proved in [12] that Definition 1.5 is independent of the choices of large
positive integers j, approximations to the identity and the pairs (3,v) as in (3).
To state our main theorem, we need a resolution of unity {1}, on X satisfying:

(a) 0 <ty <1, suppthe C B(z24,Cy) = {z € X : p(z,24) < C4}, Cy > 0 is a
constant and

B(zq,C4/2) N B(zp,C4/2) =0 if # B;

(b) Let U = Uy B(2a,Cy4/2), then p(X \ U) = 0 and ¢, € Lipy(U) with a uniform
Lip constant in «;

(C) Za wa(ﬂf) =1lonU.
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We will show the existence of such a resolution of unity in the next section. Here
is our main theorem.

Theorem 1.6. Let {¢n}o satisfy (a), (b) and (c¢) as above. Let s € (—0,0),
max (d/(d+0),d/(d+ 0+ s)) < p < oo and max (d/(d+0),d/(d+ 0+ s)) < ¢ < 0,

then
1/p
{Z (%] ?;q<x>}

is an equivalent quasi-norm in Fj (X).

The proof of Theorem 1.6 will be given in the next section. We remark that our
proof is essentially different from the proof of Theorem 2.4.7 in [14] on the localization
principle for the Triebel-Lizorkin spaces on R", since there is no theory of Fourier
transforms and differentiations on spaces of homogeneous type. The new ingredient
in our proof is the applications of the inhomogeneous Calderén reproducing formulae
in [9].

Note that R™ with the Lebesgue measure and the standard Euclidean metric |- | is
a space of homogeneous type in the sense of Definition 1.1, that is, the homogeneous
space, (R™,|-|,m)n,1; see [11]. By this fact and Theorem 2.4.7 in [14], one can not
expect that we have the localization principle for the Besov spaces B;q(X ) similar to
Theorem 1.6. See [14] for more details.

2. Proof of Theorem 1.6

Let us first show the existence of resolutions of unity satisfying (a), (b) and (c). To
do so, we need to use Lemma 1.4, (i).

Let U = U,QY, then u(X \ U) = 0 by Lemma 1.4, (i). We now choose a function
p € C®(R), ¢ > 0, suppp C (0,2C3) and ¢(z) = 1 if € (0,C3). Let ¢, =
o(p(x,22)) and for z € U, let

Yo (x) - Lo (f)

Y ale)

Then it is easy to see that {1, }. satisfies (a), (b) and (c).
As pointed above, one important tool for us to show Theorem 1.6 is the following
inhomogeneous Calderén reproducing formulae in [9].

Lemma 2.1. Suppose that { Dy }32 is the same as in Definition 1.5. Then there exist
functions Do, 7 € Iy and v = 1,...,N(0,7), and Di(z,y), k € N, such that for
any fized y=v € Q¥ ke N, 7 € Iy andv € {1,...,N(k,7)} and all f € (G(B1,71))’
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with 0 < By <@ and 0 < vy, < 6,
N(0,7) _
(@)=>_ > w@Q¥)meor(Do(f))Dgor ()

Telp v=1
N(k,T) (4)

+Z Z Z Qky Dk‘ )( ﬁ’u)ﬁk(gjvyi’u)v

k=17€l, v=1
where the series converge in (G(51,71)) for B1 < B8] < 0 and v < ) < 0; for any
given € € (0,0), Di(z,y), k € N, satisfies that
2—k5

(1) |Ek($,y)| < C(2fk+p(1',y))d+€7

- _ _ , 1,7x/ € 2—k6
® Do) = D) < (=550 ) s e

for pla,a’) < 527" + p(w,9)),

aJH

(iii) fXDk:cy)du fXDkxy)dp( ) =0;
diam(Q%") ~ 277 for 7 € Iy and v = 1,...,N(0,7) for some j € N; BQg,u(x) for
T€lyandv=1,...,N(0,7) satisfies that

(1v) [y Do () dir) = 1,

(v) for any given € € (0,0), there is a constant C > 0 such that

1

Par W1 = Oy

for allz € X and y € Q% and

(vi)
1
(14 p(z, y))**e

1
for all x,z € X and all y € Q%Y satisfying p(z,z) < A(l + p(z,v)).

|Dgow(x) = Dgorn(2)| < C (1 i(Z(’;,)y))

Moreover, j can be any fized large positive integer and the constant C in (i), (ii), (v)
and (vi) is independent of j.

We also need the following lemma which can be found in [5, pp. 147-148] for R™
and [10, pp. 93] for spaces of homogeneous type.
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Lemma 2.2. Let 0 <r <1, k, n € Z with n < k and for any dyadic cube Q%"
[ (@)] < (1+27p(z, yp)) 477,

where Y& is any point in Q%Y and v > d(1/r —1). Then

N(k,T) N(k,7) r
Z Z ‘)\ k, u||ka 1/( )| S C2(k—77)d/7‘ Z Z |)\ k: v T k: v (SU) 5
7€l v=1 Telp v=1

where C' is independent of x, k and n, and M is the Hardy-Littlewood mazximal oper-
ator on X.

Now we can prove Theorem 1.6.

Proof of Theorem 1.6. We first prove that

1/p
Fp,x) <C {Z ||'(/}afllji‘;q(X)} ' ”

Let {Dy}72, be as in Definition 1.5. By (c), (b) and Definition 1.5, we have

I1/]

N(0,7) , 1/p
S 3 @) [meu(1Do(A))]
T€lp v=1

N(of) p) /P

< 1(Q%") lzmgw | Do (f )I)}

TEIO v= 1

" (6)

< w(@Q) S [mge (1Do(1))]

TEIQ v= 1 o

1/p
<C {Z e f I ¢ } :

where, to get the second-to-last inequality, when p < 1, we have used the following

inequality:
P
(ZI%I) <D laal (7)

[

for all a, € C; while when 1 < p < 0o, we have used the following fact: noting that
supp Do (o f) C {z : p(x, z0) < A(3C1 + C4)}, for giving 7 and v, we obtain

#{a: Q% N B(za, A(3C, + Cy) # 0} < C. (8)
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Again, noting that for k € N, supp Dy, (¢ f) C {z : p(z, 20) < A(BC1 + Cy)} and

ZXB(zQ7A(3C1+C4))(x) <C, 9)

by (c), (b) and Definition 1.5, we have

{i [2’“|Dk<f>|]q}1/q

k=1 Lr(X)

{fj [2’“ Z |Dk(waf>|r}l/q

LP(X)

C {Zi [2’“|Dk(¢af>l]q}1/q

o« Ly ()

(when ¢ > 1, by (9) and the Holder inequality; when ¢ < 1, by (7))

1/p

00 1/q||P
<oy {Z[sz|Dk(waf>|]q}

e} k=1 Lr(X)

(when p/q > 1, by (9) and the Holder inequality; when p/q < 1, by (7))

1/p
= {Z”waf%;q(x)} . (10)

Estimates (6), (10) and Definition 1.5 imply (5).
Let us now establish the converse of (5). By Lemma 2.1, we have

Do(af)(z) = /X Dol y)ba () f(4) du(y)
N(0,7") ~
= 3 (@ mp (Do) [ Dalu)ba)Dg e 4) du)
T'ely v'=1 T X T
N(k' T/) o o
+Z SoY w@E D (i)
K=1r'€ly v'=1

X /X Do, )t (y) Di (y, 4" ) du(y) = Ey + Eo.
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By (a), the support of Dy and the estimate (v) satisfied by D

can estimate Ey by

0. in Lemma 2.1, we
QT/

N(0,7")
Bl <C > > w@y )m o ([Do(f) DX B (za.A(Cr+C0)) (%)
T'ely v'=1 T
x . /. 1ot duto)
> o\, Y)|aply
(14 plyr” g3 ))t+e
N(0,7")
0,0/
<C> > wey )m o0 ([Do(f) )X B(za,a(C1+Ca)) (%)
T'ely v'=1 T
1
X

(L+ p(y2”, y2""))dte’

where we choose € > 0 such that p > d/(d + €). From this, it follows that

N(0,7) ) 1/p
S @) [meee (1EaD)]
a 1t€ly v=1
N(0,7) N(0,7")
SO > w@) | > > m@F ymgoe. (IDo(f)])
T€ly v=1 T'ely v'=1 T
1 1 py 1/p
X —— — XB(20,A(C14+C1)) () dpu()
(14 p(y2", yl")) e (@ )/Ev"za: o
(by (8))
N(0,7) N(0,7")
CIDo D u@) | D D w@y ymgo. (IDo()])
Telp v=1 T'ely v'=1 T
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X

py 1/p
1
(1+ plys", ygiy/))d“] } (by (9)

N(0,7) N(0,7")

S @ Y Y m@d) { QS}"'<|D0(f)|)]p

Telp v=1 T'ely v'=1

p/p’ 1/p
Vl o ></ (1+p(y91”,y))d+f du(y)) / } ’

(L+ p(y", g )) e
1<p<oo (by the Holder inequality)

N(0,7")
S0 Q) [mgoy (Do)

T'ely v'=1

1 1/p
X — du(x) , p<1
/X (14 pla, ")) d+or }

(by (7) and p(Q%") ~ C)
1/p

N(0,7")

<CEYT 3 Q) [mge (1D6(PD] <]

T'ely v'=1

(11)

Fa(X)-

By the supports of Dy and v, and the vanishing moment satisfied by 5k/, we can
estimate Fs by

N(k,T)
BI=[3 TS @ D () / Do, y)ta(y) De (9,55 ) dia(y)
k=1r'ely v—=1
o N( /,T/) k:/ ’ k/ ’
<S> QT/V)‘Dk'(f)(yT/’u)‘XB(ZQ,A(01+C4))(!E)
= /Elk’ v'=1

k
kl’y/ kI’V/ ~ k/’VI
X [D(J($7Z‘/)1/)a(y)—D()($ayT/ Ja(yy )} Dy (y, v, )du(y)‘

1T
.
N(kl I)
k/ ’
")

=530 Dl S PRI

k'=17'el,, v'=1

XB(2a,A(C14C1)) (@)

x l/ B , ‘[Do(xay)¢a(y>_D0($ayT )1/}(1( k ):|
{yeX:p(yy® " ) <o Lrp(z,y¥ ' )}
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X f)kf(y,yf/’”)‘ du(y)+/ o W 1
{yEX:p(y,y_r,’u )>ﬁ(1+ﬂ(1xy#’u )}

N(K',7")
= Z Yo > Q) D (N )| X8 A1) (@) [E + B3]
k'=17€ly v=1

From the support satisfied by Dy, the regularities satisfied by Dy and 1, and the size
condition satisfied by Dy, it follows that

g-f [([Dota. )~ Dot )] walw)
{yeX:p(yy® ) <o (Lhp(z,y¥ " )}
oy

+Do(, 45" { ) = Paly” )D Dy (y,yff’”/)‘ du(y)
Dy (y,yff’”/)‘ dp(y)

e 27k'5
S OXB(yk’,v’ c) (1‘)/ p(y yT ) ! d+e
EE A X k! k' v’
(2 + (Y, yr ))

1

k' v’ dte?
(1+ptes2))

< OXpyr c><w)/xp(y Yy

du(y)

(z) < C27Fa

—k'e 7
S O X0 )

where € € (0,60) and €; € (0,¢) which will be determined later. For the same e and
€1, we have

B< [ » o [0 y)a(y)]
yeX:p(yy) " )> 55 (L+plz,yl, "))}

[ Dot g ol || [ Dre (9,65 i)

2—k/e
/ kv’ 1 kv |D0(x’y)| kv d+e dﬂ(y)
(WEX: p(yy") ) > oy (Lo(a® " )} (24« +ply, 5 ))

’ o —k'ex
* XB(yf’,V ©) ((E)2 /X —k! kv’
(2 +(Y; Y7 ))

<

2—k'(e—61)

e duy)

1

—k'e
<oy He i
(1+p(x,y7/’ ))
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Thus,
IC/ /

| B, | <CZ > Z 27K Q) | D (W) X B, atcr reny (@)

K=17e€l, v'=1
1

k' v d+er’
(1 + p( ’ yT’ ))

where €; can be any positive number in (0, §).
From this, it follows that

N(0,7) 1/p

S0 w@) [mgee(IED)]”

a t€ly v=1

N(0,7) 0o Nk, ") ) L L
CINT D w@) (Y. >0 > 27 w@n”) D (He™)
rely v=1 k=lr'el, v=1

py 1/p

1 /
- v E XB(za,A(C1+C)) (T) dpa(T)
0w L, y/)>d+1M(Qg) Qv ey

L+ p(y=", vy

k'=17'el, v'=1

N(K',7")
C{ W@ [ Y 2 @) D)

qpy /P
1
x - (by (9))
v k'
(1+p(yr Yo )) |
N(0,7) oo N(K' ")
_ /6 k}/,V, k/ ’
PPN RENE 55 S et ot
rely v=1 |k'=17el, v/=1
P 1/p
1
X PR du(x)
(1 + o)
K v kL v
(by p(z,y;" ) ~ p(y2",y; ") for x € QYY)
N(k:, /)
o [y (| ¥ Y wek)
X | =1 el v=1
241 Revista Matemdtica Complutense

2004, 17; Ntm. 1, 229-249



Dachun Yang Localization Principle

s T 1/7’ 1/}7
‘Dk, k v Xijw’}(x)) ] du(x)} (by Lemma 2.2)
e3¢} N(k/ﬂ'l)
_c / ZQk’(d/r—el—d—s) M Z Z ohsr
X k'=1 el v'=1
o 1P 1r
e (1)) xgurnr] @) ] du<x>}
1
N(k', ") r ar &
o135 (0| 2 S e g
k=1 el v'=1 i
LP(X)

(when ¢ > 1, by the Holder inequality; when ¢ < 1, by (7))

< Cf]

Fp (X)) (12)

where we choose €; € (0,6) and r € (0, 1] such that d/(e; +d + s) < r < min(p, q),
which is possible by the conditions of Theorem1.6, and in the last step, we have used
the Fefferman-Stein vector-valued maximal inequality in [4].

Estimates (11) and (12) imply that

1/p

N(0,7) »
SN w@) [mgo (IDowaD] p < CISI

a 1t€ly v=1

Fz, (X)- (13)

Now, by (13) and Definition 1.5, to finish the proof of Theorem 1.6, we need to
show

1/p

oo 1/q p
Z {Z 2" |Di(va f)] } <C|fl
k=1

LP(X)

Fs,(X)- (14)
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To do so, by Lemma 2.1, we write

:/ Di(z,y)0a(y) f(y) du(Y)X B(z0,A(3¢1 +C1)) (T)
N(0,7") ~
X X Mo, (Do(f)) / Die(,9)a(y)D o, (y) du(y)
T'ely v'=1 T X r
Nk, 7")

+Z S Y W@ )De ()

k'=17'el, v'=1

X /}(Dk(x,y)wa(y)ﬁkf(y,yf/”)du(y)}XB<ZQ,A(3CI+C4))(I)

= (G1 4 G2)XB(2a,A(3C1+C1)) (7).

To estimate G1, by the vanishing moment condition of Dy, we have

’ /X D (2, 9)$a(y)D o, (4) du(y)'
=| [ D) [0 00D () = ) D g (0)] )
., [P (19a(0) = va(@)] Doy )

v

B /{yex:pu, )< ok (BACI2-F 4p(x,
(@) [Dgo, (4) = Dgov (m)} ) ) dp(y)

SC/ o [|Dk(33 y)lp(z,y) ‘DQou )’

{yeX: p(z,y) <55 (6AC127*4p(x,y);" )} !

1
+p(z,y)° 7 du(y)
(1+ pla,y ))d%]
1

(1+ pla, y))i+e’

< C27ke

where € can be any positive number in (0, 0) and will be determined later. From this,
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it follows that

. 1/q||P
Z {Z [2’“ |G| XB(zmA(SC1+C4))]q}

e} k=1 LP(X)

1/p

IA

%) 1/q p
D XB(ea, AGBCI+C1)) {Z [2’“|Gl]q} (by (a))

k=1 Lr(X)
1/p

o 1/q||P
<C lz 2’“SQG1|‘11 (by (9))
k=1

Lr(X)

00 p/q N(0,7") /
<C {A [Z 2k(39)q] |: Z Z /J'(Q?f/u )on,’y’ (|D0(f)‘)
k=1 -

T'ely v'=1

P 1/p
1
g (1+ p(x, ygi”/))‘”f] du(m)}

N(0,7") ) ) P 1/p
ZTADIDS QY I (P o | )

s T 1 —|—p TyY 1
N(0,7")
0,0 P
S S w@%) [mos (Do)
T'ely v'=1 ’

1 1/p
X o7 dpu(x) , p<1
/. (L ol g5 }

(by the Holder inequality)

F;Q(X)v (15)
T'ely v'=1

N(0,7") / ) 1/p
<C {Z > @) [mgoy (1Do(£)))] } <l
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which is a desired estimate for G, where we choose € € (0,6) such that p > d/(d+e€).
To estimate the terms relative to Go, we first establish the following estimate

‘ /X D (s )b () Do (s ) dia(y)
2—(k/\k')e

(207K 4 ()

< C2Ik=Ke (16)

where @ A b = min(a, b) for any a, b € R and € can be any positive number in (0, 6).
Let us first consider the case k > k’ of (16). In this case, by the vanishing moment
of Dy, we can write

‘ /X Dy(@,y)¥a(y) Dy (y,yfi’”/)du(y)‘
= ‘/ Di(z,y) [%(y)ﬁw(y,yf;’”’) *wa(fﬂ)f)kf(x,yf:"")} du(y)'
X
=| [ D) (1) — v )
X
(@) [ ) - Dy ) duty)]|

<02 [ Du(e )l [ty duty)

2% p(, )
+C/ Dk x,y 7/ / dM y
Pl G e i)
2—k'e

< CZ—(k—k’)é

(2% + pla,yr )+

which is a desired estimate. We now consider the case k < k' of (16). In this case,
by the vanishing moment of Dy, we have

‘/X Dk(x,y)%(y)ﬁy(y,y’ﬁf”")du(y)'

‘ /X | D@, y)a(y) = Dela g Vealyl)| Du g,y duly)

<

D k/aV/ k/,y/
/ Ko W H k(T Y)a(y) — D, y7" )a(yy )]
S RIS 7 (R C )

~ k/’l//
x Dy (y, Y7 )‘ du(y)+/ o o
yeX:p(yy " )> o 2= +p(z,yl, "))}
= H, + H,.
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On Hi, from the support of Dy and the regularities of Dy and v, it follows that

9—k6
< k(d+€1) ;o
h=e {2 ¥pot oan (@) ¥ (275 + pla, "))+

k/7y/ ~ k?/7 !’
></ (Y, y " ) D (y, ™ )| du(y)
X

9—ko
< k(d+€1) ’ot
< C {2 XB(yJ:/,V 702719)(15) + (Q—k + p(x7ykl’,y’))d+9
Q—k/é

< | ply, gy — o )
/X (27K + p(y, yl v ))d+e

27’(}61

(27F + pla, yi ) dre”

§ CQ*(k}’*}C)El

where € and €; can be any positive number, respectively, in (0,6) and in (0,€). This
is a desired estimate for Hy. For Hs, by the size conditions of Dy and Dy, we obtain

HQ<C(2 kﬂm y d+6/ ‘ (2, y)a(y) — Dila,y5 " Yba (i) | duly)

< CQf(krlfk)e
27+ P( v)dre’

where € can be any positive number in (0,6). This is also a desired estimate for Hs.
Thus, (16) holds.
From (16), it follows that

. 1/qlIP 1/p
> {Z 2" |Go XB(zmA<3cl+c4>>]q}
e} k=1 LP(X)
N(k/ /
<0 ([ Srucncnt {2 [ 55 it
K=17€el, v=1
1/p
‘D (f)( k/,l//) 27|]€7k‘/|61 27(]6/\]@')61 q P/q d ( )
kK’ yT/ ’ oyl ,u’ T
(2-(knk') 4 p(;v,yf,’ ))d+e
(by (a))
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<C (/ {Z 2ksq [Z 2(k/\k')d7|k:7k'|617k'(s+d)+[k'7(k:/\k')]d/r
X

k=1 k=1
14y P/a p
N(K ) / o 1/
x || Y Y 2 De(NEET)] x| (@) dpu(x)
T'el, v'=1
(by Lemma 2.2)
[e%) k N( /yT/)
ol [{Z|Zrre (v T L e
X\ k=1 k=1 el v=1
N 1/r79yP/4 1/p
00 o) Nk, ")
/ Z Z o(k—k)s+er+d(1-1/m)] [ 1/ Z Z ok’ sr
X =1 | k'=k+1 el v'=1
AL 1/r79 P/4 1/p
Do ] @) T aute)
00 N(K' ;") )
TR LD
X k=1 el V=1
k/ s T a/r r/a 1y
< D) xgu] @) dute)
(by (7), when ¢ < 1; by the Holder inequality, when ¢ > 1)
'’ 1/q
00 ')
s k'
S 153 D ST A s
k=1 \r'el, v=1
Lr(X)
(by the Fefferman-Stein vector-valued inequality in [4])
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e’} 1/q

<3 22 D () = Ollfllzs, x)- (17)

—
v L7(X)

where, in the second-to-last inequality, we have used the arbitrariness of y]:: ’”/, and

we choose €; > 0 and r € (0,1] such that ¢; > s and d/(d + s+ €1) < r < min(p, q).
Estimates (15) and (17) imply (14). By combining Definition 1.5, (13) with (14),

we have finished the proof of Theorem 1.6. O
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