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ABSTRACT

In the present paper, a theorem for the starlikeness and convexity of multivalent
functions involving certain inequalities is given. Some interesting consequences
of the main result are also mentioned.
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1. Introduction and definitions

Let 7 (p) denote the class of functions f(z) of the form

f(z) =22+ Z arz®, (pe N =1{1,2,3,...}), (1.1)
k=p+1
which are analytic and multivalent in the open unit discif = {z: z € C and | z |< 1}.
A function f(z) belonging to 7 (p) is said to be multivalently starlike of order o in U
if it satisfies the inequality:

z2f'(2
%e{ f()}>a,(zeu;0§a<p;p€./\f), (1.2)
f(z)
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and, a function f(z) € 7 (p) is said to be multivalently convex of order o in U if it
satisfies the inequality:

%e{<1+2;,/;(z§))}>a, (zeU;0<a<ppelN). (1.3)

For the aforementioned definitions, one may refer to [1] and [2] (see also [11]). Further,
a function f(z) € 7 (p) is said to be in the subclass 7y (p; «) if it satisfies the inequality

2F/(2) + A2 (2)
e { - NFG) + /() } zo (14

elU;0< A< 0<a<p; peN).

From the above definitions, the following subclasses of the classes 7 (p) and 7 =
7 (1) emerge from the families of functions 7, (p; a):

(1, 0) =Th(a), (0<A<L;0<a<l, (1.5)
To(p; o) = Sp(a), (0<a<pipeN), (1.6)
Ti(p; o) = Kp(a), (0<a<p;peN), (1.7)

Sp(a) ©8,(0) =Sy, (0<a<pp €N) (1.8)

Kp(a) CKp(0) =Ky, (0<a<ppeN), (1.9)

To(a) = S1(a) CS(a), (0<a<1), (1.10)
Ti(a) =Ki(a) CK(a), (0<a<l), (1.11)
To(a) =S(a) CS(0)=S, (0<a<l), (1.12)
Ti(a) =K(a) 2K(0)=K, (0<a<l) (1.13)

The important subclasses in the Geometric function theory such as the multiva-
lently starlike functions S,(a) of order a(0 < a < p; p € N) in U, the multivalently
convex functions Ko(a) of order a(0 < a < p; p € N) in U, the multivalently starlike
functions S, in U, the multivalently convex functions K, in U, the starlike functions
in S(«) of order a(0 < o < 1) in U, the convex functions () of order a(0 < av < 1)
in U, the starlike functions S in U/, and the convex functions K in U, are seen to be
easily identifiable with the aforementioned classes (cf., e.g., [1], [2], and [11]).

The purpose of considering inequality (1.4) is to obtain general results which
combine certain types of inequalities concerning functions belonging to the classes
Sp(@), Kp(a), Sp, Kp, S(a), K(a), S, and K. Some interesting corollaries are also
deduced from our main results. Other interesting results involving certain inequalities
and/or multivalent functions were also studied, for example, by Owa et al. ([8], [9],
[10]), and Irmak et al. ([3], [4], [5])-
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2. Main Result

Before stating and proving our main result, we require the following assertion (pop-
ularly known as Jacks’s Lemma):

Lemma (cf., [6], [7]). Let the function x(z) be non-constant and regular in the unit
disc U, such that w(0) = 0. If | w(z) | attains its mazimum value on the circle
| z|=r <1 at a point zo, then

zow'(z0) = cw(zg), (c>1). (2.1)
Theorem. Let a function f(z) belong to the class T (p). Define a function F(z) by
F(:) = (1= Nf(2) + Aef'(2), (0<A<1), (2.2

and if F(z) satisfies anyone of the following inequalities:

2F"(2)
Lt ey P

,(zelU;0<a<p;peN), (2.3)

e _p 2p—
1+Z(i%3—§¥2)%:i_iJZGMO§a<mpEN) (2.4)
Z];,?;) (1 + Zg;;i’?) -1l < ﬁ, (zeU;0<a<p;peN), (2.5)
5<(>) {1 o (iw()) ) ?<(§)))] ‘ <p-o (zEUD<a<ppeN)  (26)
fie ZJZES) 1%5_);]9—1 <L (zeUi0<a<ppeN), (2.7

then f(z) € Ta(p; @).
Proof. Let f(z) € T(p). then from (1.1) and (2.1), we find that

2F'(2) 2f'(2) + A2 f"(2)

F(z)  (1=X)f(2) +Azf'(2)
_ p[l+Ap—1)]+ Z;O:p E[1+ Ak — 1)]apz*—P

2.8
1+A(p—1)+ Z;ip[l + Ak — 1)]agzF—P (28)
(zelU;0< A< ;peN).
Now, define a function w(z) by
2F' (2
F(i)) —p=(p—a)w(z), (€U 0<a<ppeN), (2.9)
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then the function w(z) is analytic in U, and w(0) = 0. It follows from the above
definition (2.9) that

zF'(z) — awls 2w’ 1
e el )”(”w<z>p+<pa>w<z>)’ (2.10)

zeU; 0<a<ppeN).

Hence, from (2.8) and (2.9), we have

1‘*‘221;/((;)) P _zw'(2) 1
B = T T G e @11
(PO FEY oo
Bl =142 ()~ F0) = 5 212
) = F(z) zF"(2)\ _ (p— a)zw'(z)
R = oy (14 ) S e 29

Fy(z) = 220 {1 +2z (F"(z) - F/(Z))] = (p— a)zw'(2), (2.14)

F(z) F'(z)  F(z)
2F'(2) [ 1+ ZF/“iZ) - 2w’ (z
F5(z) = llj(i)) ( %F()g)_ P 1) = w(i)), (2.15)

(zelU;0<a<ppeN).

We claim that | w(z) |< 1 in Y. For otherwise (by Jack’s Lemma) there exists a point
2o € U such that
zow' (29) = cw(z0), (2.16)

where
| w(z0) [= 1, (¢ > 1).

Therefore, the equations (2.11)-(2.15) in conjunction with (2.16) yield:

B zow'(2p) 1 B c|w(z) | 1

G =10t pr o) | T Trr k- ] - w—a &1

| p=)zw'(20)|  elp—a) | w(z) | p—a
B e | R T R SR

_ | (p = @)zow’(20) c(p—a) | w(zo) | p—«
P = | = ol 2 o 219
| Fu(20) [= c(p — @) | w(zo) [>p—«q, (2.20)
Re{F5(z0)} = Re {—Z“’ Gl _ o5y, (2.21)

w(zp)
(0<a<p peN),
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which contradict our assumptions (2.3)-(2.7), respectively. Therefore | w(z) |< 1
holds true for all z € Y. From the definition (2.9) yields

2F'(2)
F(z)

—p’:(p—a)|w(z)|<p—oz,(z€l/{;0§a<p;p€./\/), (2.22)

which implies that

R e (e eeos T S

(zeU; 0<A<L0<a<ppeN),

and hence f(z) € T)(p; @).

We mention now some interesting corollaries for the classes T)(a), Sp(a),
Kp(a), Sp, Kp, S(a), K(a), S, and K which are easily deducible from the main re-
sult.

Corollary 1. Let a function f(z) defined by (1.1) belong to the class T (p). If f(z)
satisfies anyone of the following inequalities:

A LE
e, <2p_a(Z€U;0Sa<p;peN) (2.24)
f(z)
142 (DE - LH (zel;0<a<ppeN), (225
f/( f(Z 2p704’ » Y= p;p y .
ZJ}SZ < zf// §)> < 2p— ),(ZEU 0<a<ppeN) (2.26)
9 (3 || <r-aceuosacmrem ean
e 1 Zf/()_
e ﬁ;) _Zﬂ$) -1 <l (zeU;0<a<ppeN), (2.28)
ey P

then f(z) € Sp(a).
Corollary 2. Let a function f(z) defined by (1.1) belong to the class T (p). If f(z)

satisfies anyone of the following inequalities:

2f ()28 ()]
e P ) ] (2.29)

Zf”(Z) _ )
L+ —p oo

(zeU;0<a<ppeN),
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20"(2) +2"(2) ()| p-a
’Z<f%@+¢f%@ f%@)’ o (2:30)
(zeU;0<a<ppeN),
() L7 () + 2" | p-o
f@Hwﬂ%)O+ f@Hwﬂu)> 4<<%—MT (2:31)
(zelU;0<a<p;peN),
)N (2 ) N
‘Zo*’ﬂ@>)(f%@+zﬂ«@ f%@>’<p ’ (2.52)

(zeU;0<a<p peN),

220" () b2 f (2]
" 1 + (2 2f(z _p
Re (1+Zf, (Z)) Lol 1] %<1, (2.33)
f'(z) 142G —p

)
(zeU;0<a<p;peN),
then f(z) € Kp(a).
Corollary 3. Let a function f(z) defined by belong to the class T. If f(z) satisfies

anyone of the following inequalities:

2f"(2)

]{((’;)(111 <2%,(z€u;0§a<l), (2.34)
‘1+z <f”((z)) ?’((;))' < ;:Z (zel; 0<a<1), (2.35)
Q) (), ) oen
P <1+ (Z)> 1] < = ) 5 (z€U; 0<a<), (2.36)
Zfl( ) f”(z) f/ P Caz ' N
fo e (5 o)l < e eemosacn e
@) (o
?Re{ B (Z]]:(,S)l—l)}<17 (zelU;0<a< 1), (2.38)

then f(z) € S(a).

Corollary 4. Let a function f(z) defined belong to the class T. If f(z) satisfies
anyone of the following inequalities:

f'(2) <2f”(2)+2f”’(2))_1’< 1

zf"(z) \ f'(z) + zf"(2) 2—a’ (2.39)

(zelU;0<a< ),
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2f/l(z)+zf///(z) B f//(z) 170[
‘Z ( ) +z2f"(z)  f(2) )‘ <5 g (2.40)
(zelU;0<a< 1),
Z[Qf”( )+me(2’)} B 1—_04
‘f'( ) +2f"(2) <1+ F1(2) +2f"(2) ) 1‘ S2-a2 (2.41)

(zelU;0<a< 1),

0 50) Cionam o)l e

ZGL{ 0<a<l),

S
m{( zf” )(f 2/ (z )):;{;;;()])}_1)}“7 o)

(z e U; O<a<1)

then f(z) € K(«).
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