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ABSTRACT

In this work we investigate a mathematical model for small vertical vibrations
of a stretched string when the ends vary with the time ¢ and the cross sections
of the string is variable and the density of the material is also variable, that is,
p = p(z). It contains Kirchhoff model for fixed ends. We obtain solutions by
Galerkin method and estimates in Sobolev spaces.
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1. Introduction

In the present article we investigate, from the point of view of mathematical analysis,
a model for small vertical vibration of a stretched elastic string when the ends of the
string are variables and its material is not homogeneous. In order to make clear the
hypothesis we, first of all, deduce the model.

In fact, let us consider a Cartesian orthogonal system of coordinates in R?,
(z,0,u). We suppose the string on the ordinate Oz, with ends 0 < ap < Sy and
suppose ay , Jo has small displacements 0 < a(t) < ag < fo < f(t). Thus, at time ¢,
the lenght of the string is [a(t), 5(¢)] which is a deformation of the rest position [ayg, Bo].
The vertical displacement of the point x € [a(t), 8(t)], at time ¢, is represented, in R?,
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by u(z,t). The problem is to find a mathematical model for the small displacements
u(z,t).
We suppose u(x,t) twice continuously derivable with respect to x and ¢. The

u

hypothesis of small deformations means < 1, i.e. the gradient of deformations

u(z,t) is small.

Let us denote by 7¢ the initial tension of the string at the rest position [, Sol;
by 7(t) the tension of the string in the position [a(t), 8(¢)] which is the deformation
of [ag, Bo] and by 7(t) the tension of the curve deformation u(z,t) of [a(t), 8(¢)]. The
tension at each point of the curve u(x,t) is a vector that has the direction of the
tangent vector of this curve at this point and has modulus 7(¢). Thus its vertical
component is

7(t) sin b,

where 6 is the angle of the direction Oz with the tangent vector. From the hypothesis
of small deformations we don’t consider the horizontal component of the tension. We

0
have sinf ~ tgf = 9% Thus the vertical component of 7(t) is

Ox
Ou
t)sind = 7(t) tgd = 7(t) — -
(1) sind = 7(t) tg = 7(t) 5
The variation of the tension generates a force and by second Newton’s Law, we obtain
0 ) 0*u
E (r(t)sinf) =m ETER

2
u
where — is the acceleration of the deformation u(z,t) and m is the mass of the

o2
string. We have

0?u 0?u
-~ = — . 1.1
" o 7(®) Ox? (L.1)
Calculus of the Tension 7(t).
We calculate the tension 7(t) in function of a(t), B(t), u(z,t). In fact, by Hooke’s
Law, we have
t) —
X () — 0
Yo
where v(t) = S(t) — a(t) is the lenght of [a(t), 8(t)] and 9 = v(0) = Bo — ap the
lenght of [ag, Bo].
If we represent by S(t) the lenght of the arc of the curve u(z,t), deformation of
[a(t), B(t)], we obtain:

B(1) 2 B(1) 2
S(t):/ 1+ (a—“> dam/ 141 (a—“> dz.
a(t) a.%’ a(t) 2 8m
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By hypothesis of small deformations

%‘ < 1. Thus
ox

1 PO 790\
S() ~ () = 5 / ) (a?) da.

By Hooke’s Law we obtain

or

Ht) — #(t) = (1.3)
a(t) < )
)

From (1.2) and (1.3) we obtain the tension 7(¢

&)= 1 P9 (ou)?
= — 1.4
T(t) =10+ k o + 20 Jo \0u dx (1.4)

Substituting 7(¢) given by (1.4) in (1.1) and dividing by m, we obtain

2 k y(t) — koo PO 2 2
ou_(n ky®=% / A S R
ot? mom Y 2my(t) Jowy \Ox Ox?
This is a model for small vertical deformations u(z,t) when the ends of the string are
not fixed, that is, it has small displacements «(t) < ap and 8(t) > o .

Remark 1.1. If we suppose the extremes of the string fixed, that is, a(t) = ag,
B(t) = Bo for all t > 0. The model (1.5) reduces to

8%u T0 k Bo 7 ou\? 8%u

ot2 (m + 2my /ao (8;17) dx) or2 0 (1.6)
proposed by Kirchhoff in 1883, (cf. Kirchhoff [11]). The mathematical aspects of
this model were largely investigated. See, for example, Arosio-Spagnolo [1], Bernstein
[3], Dickey [6], Hazoya-Yamada [9], Lions [14], Pohozhaev [21], [22], [23]. A survey
of the results about the mathematical aspects of Kirchhoff model can be found in
Medeiros-Limaco-Menezes [19], Part one. See also Milla Miranda-Jutuca [20] for
non homogeneous boundary conditions. For explicit solutions in dimension one see
Ebihara-Tanaka [7], for blow-up Bainov-Minchev [2].

Remark 1.2. When we suppose the tension constant, equal to 7y, we don’t have the
nonlinear contribution in (1.5) and it reduces to

8%u To 8%u

o2 m 0z 0 (1.7)
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very well known as d’Alembert model (1743), (cf. Liizen [17]).

Remark 1.3. For the case of variable ends it was investigated, initially, by Limaco-
Medeiros [13], Medeiros-Limaco-Menezes [19], Part two and Limaco-Medeiros [12], for
membranes. For numerical experiments see I-Shih-Liu & Rincon [10].

Remark 1.4. Note that in the model above k = aE where a is the area of the cross-
section of the string and E the Young’s modulus of the material of the string. In the
mathematical investigations above cited this cross-section supposed to be constant.
The same for the density, that is, the mass per unity of lenght. In the present article
we investigate, from the mathematical point of view, the model (1.5) when the cross-
section depends on the ordinate z and, consequently, the mass per unity of lenght
depends also on x. In general, we will consider a mathematical model of the type

Pu 1[50 7gu\? Pu

for a(t) <z < B(t), t>0and J/W\(x,t,/\) a function for a(t) <z < B(t), t >0 and
0 < A < 0o. Note that the models (1.5), (1.6) and (1.7) are particular cases of (1.8)
when we specify J/\/[\(x, t,\).

Rivera-Rodriguez [24] and Frota [8] investigated a mixed problem for (1.8) but
they generalized only the Kirchhoff model (1.6) when k£ = k(z) and the mass per unit
of lenght depends on z too. They did not considered the moving ends as will be done
in the present investigation. e

In Section 2 we will fixe the notations and the assumptions on M (xz,t,\), «(t),
B(t), f(x,t) and formulate a mixed problem for (1.8). In the Section 3 we prove the
theorems of Section 2. At the end of the article we have a small list of references.

2. Notations and Statements of the Main Results
We represent, by @ the noncylindrical domain of R? defined as follows:
Q= {(z,t) € B | a(t) <z < B(t), for all t > 0}
The lateral boundary S of Cj is defined by
S= U {a®),80) = {1}}

0<t<T
for all T > 0. R
Let us represent by L the operator acting on real functions u(x,t) defined in
(z,t) € Q, by
~ H? — 1 B 7 ou\ 2 o2
Lu(m,t):—y—M x,t,—/ Y e _u
ot? Y(t) Jaw \Oz Ox?
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Thus, we formulate the mixed problem for Lin @ as

Lu(z,t) = f(x,1) in Q
u(z,t) =0 for (z,t) € & (21)

u(z,0) = up(z), ‘g—’t‘(m,O) =ui(z) nag<z<pfo.

We need hypotheses on J/W\(m,t, N, a(t), B(t) and f(w,t).

The notations and results on Sobolev spaces are contained in Lions-Magenes [16],
Lions [15] and Brezis [4].

In fact, for Q2 = (0, 1) we consider the Hilbert spaces L?(Q) and Hg () with scalar
product and norms denoted, respectively, by (, ), | -|and ((,)) || - ||) defined by

1 1
(wo) = [ uwye)dy, | = [ vy, for all w,o € *0,1)
0 0

L du dv L rou\?
u,v)) = — —dy, u2:/ (—) dy, for all u,v € H}(0,1).

Note that

H3(0,1) = {v € L?*(0,1); g—; € L*(0,1), v(0) =v(1) = }

All derivatives are in the sense of distributions.
We also consider Q; = (a(t), 3(t)) and the spaces L*(Q;) and Hg ().
We observe that when a(t) < z < 8(t), 0<t<T, we have
— ot
Yy = w , O0<t<T
(1)
and 0 < y < 1. Thus, when (z,t) varies in Q the point (y,t) varies in the cylinder
Q = (0,1) x (0,7). Therefore, we define a mapping

50 Q (2.2)
x — a(t)
)
In order to transform, by ¢, the operator Lu(z,t) to obtain an operator defined
for functions v(y,t), with (y,t) € @), we need certain assumptions.
We consider M (z,t,\) a numerical function defined for z € Q; = (a(t), 5(t)),
t€ (0,T)and X € (0,K), K any positive number. Suppose

such that ¢(z,t) = (y,t), with y =

—~

(M1) M(z,t,A) and 2 (z, ¢, \)

are continuous in ¢, A and measurable in z.
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(M2) M,t,0), (1)), 2L(g¢,0)
belongs to L>(Q; x (0,T) x (0, K)) for all K > 0.

(M3) M(z,t,A) > mo > 0 for all z € Q

te (0,T), T>0, Ae(0,K) forall K >0.

(H1) a, e C2([0,T;R), alt) <ao < fo < B(t),
any T >0, a(0)=a, B(0)=/po,

(H2) a'(t) <0, p'(t)>0foralltel0,T];

a'(0) =0, pF'(0)=0. Set v(t) = B(t) — a(t) and suppose

4]
!
< —
Y (t) =19 Y,
0 > 0 defined by (2.5) and vy = ¥(0).
(H3) " (t) + " (t)y] < OO g <y <1 for all ¢ € [0, T,

Remark 2.1. We have o/(t) < 0, and 0 < y < 1. By the definition of J, see (2.5),

3/
we have § < o what implies for allt >0 and 0 <y < 1
Yo
o + 'yl < YO (2.3)

4

Now we will transform, by means of (2.2), the noncylindrical mixed problem (2.1)
into a cylindrical mixed problem.
x — at)
v(#)

Eu(w, t) is transformed into Lv(y,t) defined by

Set v(y,t) = u(x,t), for y = - With this change of variable the operator

v 1 1 9 mo| 0%v
Lo t) =5 - 5 [ (et ool?) - T) i
0 v v’ v
_a_y a(yat)a_y + b(yat) a_y + C(yat) a_y ;
for (y,t) € Q.
Note that

—~

o M(y,t,\) = M(vy +a,t,A)

! ] 2
o aly,t)= mg _(04 +’Yy>

1672 ¥
' ]
o by.t)=—2 (m)
Y
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1 "
. c(y,t)z—(—“ *”)
Y

The force f(z,t) is transformed into f(y,t) given by f(y,t) = f(yy + a,t).
0
The initial data v(y,0) = uo(yy + «). For the velocity 6_11?) we have

Ou _Ov oy  Ov
E(%t) = 8—ya+a(y;t)~
dy _ _a'+7y

Note that —
ote that -

, which is zero for ¢t = 0, by (H2). Therefore

ov
Bt (¥,0) = p1(y) where ¢1(y) = u1(y0y + o).

Thus, the noncylindrical mixed problem is transformed into the cylindrical mixed
problem

L’U(y,t) = f(yat) n @
v(0,t) =v(1,t) =0 for 0<t<T (2.4)

v

v(y,0) = wo(y),

Now we have all the objects to formulate the theorems.

We consider the bilinear, continuous and coercive form defined for all £, €
H;(0,1) by

1 o€ 0
a(t,f,n)z/o a(y,t)a—ja—Zd

Remark 2.2. Note that M(y,t,\) is defined in (0,1) x (0,7) x (0,00) with real
values such that

e It is continuous in £, A and measurable in y.

o M(y,t,\) € C*((0,1) x (0,T) x (0,K)), for all K > 0.

¢ MY, N, G (0t belongs to L¥(0,1) x (0,7) x (0,K))
for all K > 0.

e M(y,t,\) > mg for all (y,t,A) € (0,1) x (0,T) x (0, K), for all K > 0.

We consider the following constants that will appear in the proofs of the theorems

185 Revista Matemdtica Complutense
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to be given in the next section

K, 16 32 (1 N 16 + 4,/m0>

me’ 17 15movo 1572 mo

Ky = [|M]|pe@x(0,1/x292)) = IM|| e (0% (0,1/m2+2)) 1

1 K, _|loMm
K=y (1037) =[50

7

2

0 L>=(Q)
0 = (1+e(+Kob)T) (2:5)
K4:#(K3+1)0, K5:H6—M )

1572%myg oA L>(Qx(0,K4))

5— Min [1 3/mg log 2 log 2 1/2
N "oy 3T(14 2K, Ks6) ' | 6K, K0T ’

Ks = K3(52 +46
Note that will use the notation

I T I R N P

to represent the norms in L?(Qg), Hg(Q), L*(Qy), HE(Q) where Qo = (g, So),
2 = (a(t), B(1)).
Theorem 2.1. Supose M(y,t,\) as in Remark 2.2,

|oa )

<
Lo ((0,1)x(0,T)x (0,K4))  SHoT

and (H1), (H2), (H3). Take f € L*(0,T;H(0,1)), for T > 0. Then, given @y €
H}(0,1)N H?(0,1), ¢1 € HE(0,1) such that

5

2 1 T
S el 5 [ rneae <o (27)

0 given by (2.5), there exists a unique function v: Q) — R satisfying

v € L>(0,T; Hy(0,1) N H*(0,1)) (2.8)

v’ € L>(0,T; Hy(0,1)) (2.9)

v'" € L*(0,T; L*(0,1)) (2.10)

which is solution of (2.4). [ |
Revista Matemdtica Complutense 186
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Theorem 2.2. Suppose ]/W\(.T,t,)\), a, [ satisfying (]/\4\1), (]/\4\2), (]/\/[\3), (H1), (H2),
(H3) and

EssSup{‘a—M (z,t,\) . (2.11)

ot

~ log 2
; 1/7? <
s(z,t) €@, e (0,1/x 70)}_3K0T

Then, given ug € HY(Qo)NH?(Q), uy € HE (D), f € L*(0,T; HE (D)) such that

5 | 0%uo ’ 2 1 T 2 2
Y |7z | Toollullo+5 [ Af@IFdt <6 (2.12)
o0r? |, 0 Jo

there exists only one function u: Cj — R satisfying:
u € L°°(0,T; Hy () N H*(Q)) (2.13)
u' € L®(0,T; HE (%)) (2.14)
u" € L*(0,T; L*(%)) (2.15)
which is solution of the mized problem (2.1). [ |

3. Proof of the Theorems

Proof of Theorem 2.1. We will proof this theorem by Galerkin method. In the
scheme for the method, in each step u € N, we consider the nonlinear term evaluated
in the step u — 1. Then, in each step, we have a linear approximate problem what is
the key point to obtain a priori estimates.

Let {w,,A,}, v € N, be the solutions of the spectral problem ((w,,v)) =
Ay (w,,v), for all v € HJ(0,1). We consider (w,),en orthonormal complete set in
L?(0,1) and orthogonal in H}(0,1) and in Hg(0,1) N H2(0,1). We can calculate ex-
plicitly and obtain w,(z) = sinvrz and A\, = (v7)?, v = 1,2,.... We represent by
Vo = {0} the null vector space and V,, = [{wi,ws,...,w,}] the vector subspace of
H(0,1) N H?(0,1) generated by the vectors wy,ws,...,w, . Thus if v,(t) € V, we
have

v, (t) = Zg,,ﬁ(t)w,, )

Approximate Scheme. We define vy(t) = 0 for all ¢ € [0,T]. For each p=1,2...
we consider v,:[0,7,] = V,, the unique solution of the linear initial value problem

1 1 mo | 6%v
(v, w) — o ([M (y,t,$||v,l_1(t)||2> - E} 6y;’w> +

+a(t,v,, w) + (b(t) %U;7w> + (c(t) 3;;711;) = (fu(t),w)

forallw e V,.

(3.1)

187 Revista Matemdtica Complutense
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where

with

Estimate (1)

2
Set w = —

!
no.

oy? .

v,(0) =wvo, — o in Hg(0,1)N H*(0,1) (3.2)

v,(0) =v1, = @1 in H;(0,1) (3.3)

T, = Sup {r;0<7<T,_q and v,:[0,7] =V,

(3.4)
is solution of (3.1), (3.2), (3.3)}

1w

£u®) = (f(O),w)w,, for 0<t<T.

v=1

n (3.1). We have

Ld e /1 1 1 )\ mo] 0%, 0%,
= = t — |M t,— —1(t - — d
2 dt ||vu( )|| + 0 72 Y, 772 ||UM 1( )|| 16 8y2 ayg y+

32 ! 1 ) ! 32 ! .
+a (tavﬁh _WUZM) - fo b(yat) 3L; 3;; dy— (3 5)

1

— i ely,t) % T dy = ((£u(0), 0, (1)

Remark 3.1. In order to avoid complicated notation, we represent «(t), S(t),

v(t), by a, B, 7.
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Analysis of the Terms in (3.5) We have

1d [*1 1 L\ mol (0%, 2
o 3 | |M (mt o) - o] (G w0) =
¥ 1 mo] [ 0%v ?
- [ 55 (01 (ot szl a0l ) = o] (Gt e0) o
1 (11 oM 1 5\ (0%, ?

L1 oM 1 '
[ 55 (wt sl lP) [ - % oo+

+% ((vu_l(t),le(t)))] (%2 L (y,t)>2dy+
w5 v (s e 01R) - o] 220 St

! v v
° — cly,t —£ , Md =
/0 (y,1) By (y,1) a2 W=
o +'Y”y> A, avL y=1 /1 9 |:(a”-|-”/”y> vy :| 6%
= —=) ZHE(y,t ,t — — || —= ] =—(y, ¢t ,tdy =
() Grwogren| - [ () Gren] G
a4+ 4" 0 ov' y=1 1 g ol + A" dv, O
- () D Pew| - [ o () T Ty
v Y Y y=0 o 0¥ v Yy oy

1 a”+’y”y> 821)” avl 5// (91} al
- 7t - 7t d =— -t 17t H 1 t
[ () Sk wnGemod =2 Fran -

a" duy, Jv, Ly o v,
0,t ”O,t—/——” ) —=L(y, t)dy—
,yay( )8y( ) 0,yay(y)ay(y)y
_ o' +9"y\ vy, O,
[ (== ) ) 5 0, )
321)’
/by, )az(,t)dyz

a 62/ 1 ! 12 8’ 2
:/ 2<a +7y> s U;dyz/ (L +7y>2< U”(Z/J)) dy =
0 0 By Oy 0 0 dy \ 9y

189 Revista Matemdtica Complutense
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o' 2 y=1 L 760" \ 2 o / '

() Gron) |- [ &) & (57 -

v Ay y=0 Jo \ 0y ) Oy ¥

2 2

=2 (Zn) - (L) - Lo

- 8 ) 8 Jy 1 *

Y Y v Y v
v 1 5 ,
e a <t,’UM, _WQN> = Jo % (a(y7t) 811; 3;;) dy =

1 5a du, 920 L 1 92, 0%,
= —(y,t dy +/ a(y,t) 32 Oy dy =

1d [* vy 2 b d%v, 2 _
3 a/o a(y,t) <—y> dy —/0 a'(y,t) ( 92 ) dy =
v a'~y' Qv ov,
OV " o 1
L B0 +2 2L ST 0

1d [ 9% oot 0% i
2, (y,t)<a . (y,t)> dy—§/0 a(y,t)(8 ; (y,t)> dy

Substituting the above expressions in (3.5) we obtain:

1d ) 1 1 , 81)” 9
th u + o ? Y, 7? V-1 (8 16 t +

-I-/Ola(y, )(%2“2 (y,t)>2dy} + (3.6)
+2 ( . (1, t)) —%’(6” (0, t)) +
o [ (v B s =22 (2,0 -

=+ 3 [ S0 (Do) (2 0.0) s
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Y1 oM 1 ~'
+ [ 2 5 (vt s 017 ) [ - Z a1+

#55(0r O] (G2 00) e T 0P+
! / " v ov l
(26 — )%;(1 t) =L 3 £(1,)+
o'y =2y Qv ov,,
+ (772 ) 9y —(0,t) = By 2(0,t)+

1 2 !
(" ++"y)y =2 +7'y)y\ 0*v., , 0v,
+f( = S ) 5 0 )+

v [ (PO S e - 5 [ (G (y’t)ydy'
| ]

We need modify certains terms in the right hand side of (3.6) in order to obtain a
convenient differential inequality.

v, /1 ) ( v, >
—+£(1,t) = — y =L (y,t) | dy.
ay( ) 3y Yy (y,t) ) dy

Taking the derivatives under the integral, considering the absolute value of both sides,
by Cauchy-Schwarz inequality, we obtain

(L ooy )+ ([ (o))

By Poincaré inequality, since A\; = 72, we obtain

1 2
oo | < (L2) |2
Ay R ™ Ay L£2(0,1)
| |
e DBy the same argument we obtain
v, Lo v
Seon| <|[ & a-nGEwn|a
oy R o Oy Jdy R
or 9 o2
1
Teon| < (FET) |5k
9y R ™ 9y L2(0,1)
| |
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<2B’71’}; 6”7> a“u 1, t)a L(l t) <

8y oy
26'" | Ovy, v, ov,,
<2 |27
9 |9y (1’t)‘ ‘ ‘ < ) Oy .9 dy eRIE
< (BBQPHEPN |2 50
- 293 Oy v | 9y
o'y —a'y"\ v, dv,(0,1) <
() G0 = R0 <
4(=a)(V)? + (=P v [P ' |0,
< _F _

/o1 712 (?91\)\4 (y, v,y—lz||vu—1(t)||2> {%((Uu L), 0!, (8)—
D] (20.0)

oM 1 5
< [ 15 (st B )| [Zloucstol+

e R @1 e 0] (S0 <

<212 (o Bt [ () | P
%Hv;l@)nﬂ (52 (y,t))2dy <

<3 [ 12 (vt Bsco )| [ e [P

1 5| (0% 2
2l 0] (Ge0.0) .

3y/m
Note that in this last step of the estimate, we employed the hypotheses § < v

Yo
0 Jm
and v/ <E% 40- -
1 2 2
Y 1 2 mo 61}“
— |M t,— 1 (2 - — t dy > 0. [
o [ (v tvaor) < o] (k) v
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B (o NN ') 2
- (@“’“) o (aﬁ”’“) 20

|
Thus, from the inequalities obtained above, we modify (3.6) giving
1d A b 1
3 @I+ [ |3 (0 gl OF ) = (0 +7/9)? <
< A+ o+ 5 [ 5|2 (1, o 0 zd -
=5 7 4 m 9 0 (915 y: 77 nw— 1 Y, Y

1 [t oM 1 \ 4+ mo\ | 0%v,
+2/0 EX (y ’72”0‘“1(0“ )‘ K 4m2y5 >‘ dy? (t)

1 ! 2 627}# ? v / 2
+$||qul(t)|| 3y (y,t) | dy+ ;||Uu(t)|| +

N (46’(7’)2 + (B2 +4(—a) ()2 + (_a/)3> (1 N W>2

23
( t) dy+
7'y —2(y)?

0
-|-/ v” H—y, ‘dy+
y?

+/ [Ia +7' y)7|+2|0¢ +7y|7]
0

+

2

0%v
L+

oy?

™

d?v,, dv,,
0| [ )| a

72

(o) (8")?
Remark 3.2. From hypothesis (H3) we obtain | (t)| < ol 18" < 5
definition of v and by (H1) we get 5’ < ' and || < 7.

We obtain

P WO () H A () + (e =
= 5k [492(8' = @)+ (8)° - ()] <3 (%) .

~Q|,_\

N\ 2
5 o +9"yly + 21" +4'y[Y] < 3 (7 ) ,
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since [ +7"yly <|a' ++'y[* < (v')*.

"e, 12 " " N 2 N 2
. 'y 22(7) S|ﬂ|+|04|+2<7_> §4<V_>
Y Y Y Y
1 1
Y= oo [ (@ +7'y)? = (@ +7"y) (@ +~'y)v] —
moy' 1 2 3 04 °
. < - ’ ' ' ’ ' <o)
16,7 < 79 (@ +~'y)*y + o’ +7'y]*] < (,y>
| |
0%v 0%v
Set ——+- equal to Av, . Then (1) = |Av,(t)|L2(0,1) Which we write
Ay 9y L2(0,1)

|Awv, (t)|. Thus, define
1 ! i 2\ ! 1, \2 A 2
27 M yata 72 ||vll—1(t)|| (Oé +7 y) | vll(t)| dy

forall p e Nand t € [O,Tu].
!
Thus, from (3.7) and the estimates of the coefficients by a power of <l> obtained
Y

2ult) = 3 IO + 525

above, we obtain
1 0 1
z;(t) < S+ TP + 55 |

oM 1 . 4+ .
T (30 Tl 01 )| | S0 180, a0+

oM
% (15l O1F) | v s

2
1 ’ 2 2 v ' 2
+$|Ivufl(t)ll (Avu(y,t)) dy+;||vp(t)ll +

+ B o] (1 ) | A, ()2 +

(52) ) o
(3.8)

Observe that in the computation to obtain (3.8) we employed the estimate

4 (%)2 o (O] - ||V, (B)]] < % (%)2 |Av, ()] - (o, (D]I-

, 32

= —
kT 15m2mg

Lemma 3.1. Forallp € N, set oy, = EssSup{z,(t);t € [0,T,]}, «

oM oM
0, = Ha— and B, = HW . Then oy, is finite, T), =T
t 1l (@x(0,,)) L= (@x(0,a1,))
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and

zu(t) <

1 /T N
2u(0) + 5/0 IIfM(t)IIth] (0T Kobu—1tKaay 1Byt (3.9)

foru=1,2....

Proof. It will be done by induction on pu € N. First of all we will express the terms
in the right hand side of (3.8) in function of z,(t).

0
e Note that from the hypothesis (H2) we have 7' < PR what implies

o' +~'y| < —T- Thus, by (J/\/[\?)),
mo 15m0

M _ ! / 2>M _ 7
(4 6A) = (& +97y)" 2 M(y,t, ) = 32 > — 5~

what implies

1
22

15m0

[ (3 (st Bt @) = @ 29 @ty = 02 10, 0P

By the definition of z,(t) and the last estimate we get

3272
2
. 1
AP < a0 (3.10)
By Poincaré inequality we get
1 , 11 ,
?”Uu(t)” < ?plﬁvu(t)l <
2 32
——E H=-——a,=0a,.
= Tomon? Ossstssﬁpz“() 15mon2 #
Thus
1 2 !
. ?”UM(t)H <a, (3.11)
By 7'(t) < ~ ZLO and (3.10), we get
3 ]
7 2y
o (3) 1w < 3 a0 (3.12)
From (3.10) and the definition of z,(t), we obtain
’7’ 2 2 ,yl
. 2 JAv, ()] [, O] < —= [ = | z.(2). 3.13
(Z) 18 on < = (Z) %0 3.1
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Now we start the proof of Lemma 3.1. In fact, for p = 1, since vo(¢) = 0 on [0, 7],
by definition, we obtain

1 1
29% Jo

(%)3 |Avy ()] + (3.14)

oM (4. 0)‘ (Aon(y, 1))? dy+

1 , 0 .
2 < 5 IAGIF + 7 i@ + T

1 2
3( +”> +2
™

N (4;3”) (%’)2|Avl<t>|-||v1<t>||.

Thus, by (3.10)—(3.13) and the notation of the constants fixed in (2.5) we obtain
from (3.14)

Y :
+;|Ivi(t)llz+

|f1 (t)”z + g Zl(t) + 00K02’1(t)+

Ln)? o] + 2 (3+4) } a0 <
<A@+ (g oK+ 6%) 21 (0)

! !
But 61 §6l§§ then
v Yo T 2
1
21(t) < S IA@I + (0 + o)z (¢)

or 1 T ) ;
a(t) < (2100 + / A2 dt | eo+oto (3.15)
0

and (3.9) is true for p = 1. Furthermore, by (3.15)
o1 + Qv ()* < C
for all 0 <t < T, and v; is extended to [0, 7] as a solution of the approximate scheme
(3.1).
To complete the inductive process we assume it is true for u — 1, that is, a,_1 is
finite, 7,1 =T and (3.9) is true for p — 1 and ¢t € [0, T].

To begin we modify (3.8) writting its right hand side in function of z,(t) by means
of (3.10)—(3.13). In fact, note that

1 [toMm 1 ) ) 1 )
gz [ |G (ot 22l 01 )| Souto 07y < g1z 6uma180, 0 <
16
< —80,_ t).
= 15m0 13 1211( )
(3.16)
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1 ['oM 1 4+ /mg
5 [ |5 (st z e 01 )| |20 s 0P+

)\ PREN
1 . .
+ ||v;_1<t>||2] (Av(y, 1)) dy <

114 2 . .
< 3B fy [BE 2 a4 | (Auu(y, 1) dy =

15mo
16 + 4./mo 32
=0,_ _ 1 t 1
ﬁlﬂ 10u—1 15m07r2 + :| 15m070 ZH( (3 7)
Yoz <o
o — v, (O <2 =z,(t 3.18
5 ||o, (D] 5 u(t) (3.18)

(l'> (1) (3.19)

(4 + 37T> (%’)2 | Awy, (8)] o), ()] <

< (=) j1l57 2(t) (3.20)
Substituting (3.14)—(3.18) in (3.7) we obtain

1 , [6 16
400) < GNP + |5+ e Buat
32 (16‘}‘4\/7710

15m0’)/0 157r2m0

A2 () s (54 2) + £} <

!

4] 6
IO + |3+ Kabyos + Ko + 2|0

+ 1) ﬂﬂ—l CYH_1+

<

<>x||—l~2|

or
1 .
2u(t) < SIFu@IF + (0 + Kobu1 + K1 s Bu1) 2u(t)

then for 0 <t <7, we have

2u(t) <

1 [T ‘
2,(0) + g/o ||fu(t)||2dt] L
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By hypothesis the right hand side is bounded by constant independent of p for all
t € [0,7,]. Thus the solution v, is extended for all ¢ € [0,T], and (3.9) is true for all
t €[0,7] and all p € N what proves Lemma 3.1. [

Set
I )
n=20+ 5 [ IO

By (3.2), (3.3) and the definition of z,(t), we obtain:

1 , K A 1t .
n<g [lalf+ S 1wk + 5 [P
Y0 0
From the condition (2.7) on ¢q, ¢1 and f, we obtain

52 K,

or
7, <K36* +6=Ks forall peN, (3.21)

1 K.
with K3 = o <1+ 7;)
0

Lemma 3.2. For all p € N and t € [0,T], we have
zu(t) <20y, (3.22)

with
o = K (14 e+H007)

and K5 = K562 + 6.
Proof. We will do it by induction. For g = 1 we obtain from (3.15) and (3.21),
21(t) < Kg 0T Ko T < 0y <20 (3.23)

and it is true for p = 1.
Suppose (3.22) true for u. Then we have

log2
o ,<2Cy; a, <Ky; pu<Ksandf, < 8

<3k (3.24)

We have by hypothesis of induction, Lemma 3.2 true for 4 € N. Thus from (3.21)

we have
zZut1(t) < K o0+ Kobm+Kyaufu)t

Note that K5 < Co = K (1 + e(1T#0)) Thus, we need only prove the estimate

(0+ Ko, + Kia,8,)t <log2, 0<t<T.
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In fact, we have by (3.24)

log 2
(0 + Ko, + Kra,8,) < (6 + (;iT + 2K1K5CO> =

=6+ lgiTQ 260 K { (K38 +6) (14 ) | =

log 2

= (1+2K,K56) + 2K1K;3K5 6)6* + a7

<
log2 log2 log2 log2
-3 3T 3 T

by the definition of § given in (2.5).
Thus we obtain

(0 + Ko, + Kia,8,)t < log2

or
6(5+K00”+K1a#ﬁ#)t S 2
and
zu(t) <2Cy forall 0<¢t<T
which proves Lemma 3.2. ]

It follows that there exists a constant C; > 0 independent p € N such that

o), ®)]]* + |Av, (6> < Cy, for all p € N and all ¢ € [0,7] (3.25)

Estimate (2)

Set w = vy, (t) in (3.1) observing Remark 2.2 and the estimate (3.25) we obtain

W ()2 < = (K + 92 +mo) VCr | F ()

%
with
Ko = [|M]]| o\
CCE)
Consequently
T
/ |1)Z(t)|2 dt <Cy forall peN, (3.26)
0

what is the Estimate (2). [ |

Now, from the estimates (3.25), (3.26) and Newton-Leibniz theorem of calculus,
we obtain

low(® = vu(Il < V1t =sl, o, (1) = v ()] < VCalt = s]'/2,
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for all ¢,s € [0,T7.

Thus, by (3.25), (3.26) and the equicontinuity above for (v,)uen and (v,)uen,
we obtain, by Ascoli’s theorem, vector version, see Royden[25], Lions [15], that there
exists a function

v € C([0,T]; Hy(0,1)) N C*([0,77; L*(0,1))
and a subsequence (v, ) of (v,) such that

vy, = v strongly Hg(0,1), uniformly on [0, 7]
v, —v' strongly L*(0,1), uniformly on [0, T].

These convergences are sufficient to pass to the limits in the linear terms of the
approximate scheme. To obtain the limits of the nonlinear term of the approximate
scheme we need the proposition we prove below. Observe that the nonlinear term
depends of v, _1.

Proposition 3.1. We have

ILm [|Vug1(t) —vu(t)]] =0, uniformly on [0, T]. (3.27)
[— 00

Proof. For all u € N set v, 41(t) — v, (t) = w,(t) and define
1 , 1 (41 1 )
0ut) = gl F + 5 [ =5 M (3t Tl 2 01 ) -

—(a +7’y)2] (%(%ﬂ)z dy.

By hypothesis M (y,t,A) > mg > 0, then

i/l o1 (5t o 01F) = @ +992] (2%,0) dy > 270 o)
72 0 yJ 772 'U,ufl « ’Yy ay y7 y_ 16'}/2(T) w,u Y

because (o +v'y)? < T_((j) , by hypothesis (H2).
Thus we obtain

l|lwu(t)||* < Cypy(t) for all t € [0,T] and p € N.
Then, to prove Proposition 3.1 it is sufficient to prove that

lim ¢,(¢t) =0 uniformly on [0, T].

[—00
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We take the derivative of ¢ what gives

1y 1 ow, Ow'

, _ ~ M 4 2 _ ! 1. \2 1 M

v = [ 2 |M (w0 ) - @ + 2| G Sy

1 1drl1 1 ) v 2] [Ow ’
w3 [ 4|2 (0 (Sl 0I?) = @+ 02) | (G wn) ave
1d U 2

(3.28)

d ‘
Now we obtain — |wL(t)|2 by means of the approximate scheme. In fact, we

evaluate (3.1) at 4+ 1 and p. Then we sum and subtract

31 (31t o1 - 52| A0,

and observing that w, = v,41 — vy, we have, with w = w,, () in (3.1),

N | =

. ! 1 ) m
@ = [ 5 31 (.t 201 ) = 52| vt

[ ( 71 o, (¢ >||2) - M (y,t, 7—12||vp1(t)||2>} Aoy (g, 00, (9, )dy-+

Ll
’Y
ow' a w
|: _ll - 8_y(y7t) aayH (yat) - a(yat)AwN(y7t):| wii(y’t)dy_

i
dt
of
of
/ 1) = Futast) = £0000)| . 0.
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1d
Substituting 3% |wi, ()|” given above in (3.28) we obtain

0= [ 5 [ (Bl - @+ 70%)] At 0000+
# [ 5 [ (oets o) =1 (vt o2 01 ) S0, 0,0

+ [ e oras [ (50 - c0) GEeue0d

1 1 v ow!
— M . 2\ ! 1,\2 I o
+ [ 2 [ (0 S0P - @+ 0] S0

1 [td (1 1 A 2
[ =S My t, = lv ) = (@ ++'y)?| ¢ | ZE(y,t
w3 [ M (vt Ztoo?) - @ 2| (GEwo) +
1
4 [ s (020) = £l 0) w0 )
0
By the estimates obtained for the solution v, (y,t), we select a constant C5 > 0,

independent of p € N and ¢t € [0,7] such that from the expression above for v, (t)
gives

Ui(0) < Cs [lun 1 @I + 10, OF + a0 +
3 a1 (0= FuOF < Cs et +6) + 5 s (0 = u(OF-

Integrating this differential inequality we get

T t
B(t) < 5T [wu(owl / i (8) = fu(®)? dt | + CreCT / s (3)ds.
0 0

2
Set
1 (T )
Ly = ¢u(0) + 5 o |fu+1(t) - fu(t)| dt,
we obtain
MIL)H;O r,=0.
Let be

Cs = Max {C5T,C5e“*”, Ess Sup ¢1 (1)},

what implies

t
1 (t) < Co and ¥, (t) < CoT'y + 06/ b1 (s)ds, for p=2,3,...
0
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As a consequence of the above recurrence inequality we obtain

<CZC€t T, .,

forall t € [0,7] and p=2,3,....
o) v
Note that lim I'y =0 and ) @ = T,
JL—>00 — V.
This implies that

lim ¢,(t) =0 uniformly on [0,T],

[—00

which proves Proposition 3.1. [ |

Convergence of the Nonlinear Term
From the Proposition 3.1 it follows that

. 2 _ 2
Jim o, 1 (O = [fo(®)]]"

We employ the identity ||al* — [b*] < Cla — b] and wy, (t) = vu,—1 — vy, () is a

subsequence of the sequence wy,(t) = v,4+1(t) — v, (t). Then we employ Proposition

3.1. ]
Now consider

1 1
\M (y,t, anu.,_l(t)n?) Y (y,t,?nv(tm?)\ -

‘/‘ Sllvw 1O gp7

T (g, t, A)dA
lo(e)][2 O

< C{llop -1 I = (O] -

Here we employ the notation ¢(y,t,\) = ¢(t, A)(y). Thus
1 2 1 2
M t, —llop, 1] ) -0 =M (&, = [[v@)|] ) -v
v v L2(0,1)

' 1 2 1 2 2_ 2
= [ (3 Sl 200 ) = 01 (ot 11 ) | - ot <
< Ol 1 (O1F = oI o(t) >

Then
1 . 1 . . .
M (t,?nvm_l(t)nZ) o M (t,?nv(tw) Coin L2(0,1),
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It follows that we can pass to the limit in the approximate scheme and conclude
that v is a solution claimed in the Theorem 2.1 that is

Lu(t) = f(t) in L*(0,1), for all t € [0,T].

To complete the proof we need to show the uniqueness.
In fact, let v, ¥ be two solutions of Theorem 2.1 and set w = v — ¢. Then w is
solution of the equation

mo

w"(y,t) — % (M (y,t,7—12||v(t)||2> - 16) Aw(y, t)+
w2z o1 (vt S0 ) = (1t 10001?) - 22| Aty 01+

ow'’ Oa ow
+b(y, 1) By (y,t) — a—y(y,t)a—y(y,t) —a(y,t)Aw(y, t)+

ow
+C(y, t)a_y(ya t) = O:

with initial conditions w(y,0) = w'(y,0) =0, for y € (0,1).
To prove that w(y,t) = 0 in @ we employ the argument of the proof of the
Proposition 3.1. In fact, we consider the function

o) = Lol + 5 [ 1 (ne L) - @ 2] (Zwn) d
- 2 272 o y7 7’}/2 '7y ay y7 y
and we prove that

llw(t)||* < Cp(t), forall te(0,T].

Then, to obtain uniqueness, it is sufficient to prove that ¢(¢) = 0 in [0,T]. As in the
proof of the Proposition 3.1 we obtain a constant Cs > 0 such that

P'(t) < Csp(t) for t€[0,T]
what implies that ¢ (¢) = 0 for all ¢ € [0,T]. [

Proof of Theorem 2.2. Suppose J/\/[\, Uug, U1 fgiven as in Theorem 2.2. We consider
the mapping

»:Q — Q
such that
oe,t) = (y,t) with y="""",
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We set
vo(y) = uo(o + Yo0y)
v1(y) = u1(ao + Y0y)
fy,t) = fla(t) + (), 1)
and

—~

M(y,t,A) = M(a(t) +7(t)y,t,A).
Then, M (y,t,\), vo, v1, f satisfies the condition of Theorem 2.1. Furthermore
llvoll* = olluollg,  1Avol* = v5]1Auolg s [loal* = yolluallf

and ||f(®)|> = v@)||f®)|?. It follows from (2.12) that we obtain (2.7). Thus, by
Theorem 2.1, there exists a unique function v = v(y, t) solution of the problem (2.4).
T —Q

By defining u(z,t) = v ,t> and after some computations we can see that

u = u(x,t) is the unique solution of the problem (2.1). [ ]

Acknowledgements. We wish to acknowledge the Referee of the “Revista Matematica
Complutense”, for his constructive remarks and corrections in the manuscript.
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