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ABSTRACT

We consider the inverse problem of determining point wave sources in hetere-
geneous trees, extensions of one-dimensional stratified sets. We show that the
Neumann boundary observation on a part of the lateral boundary determines
uniquely the point sources if the time of observation is large enough. We further
establish a conditional stability and give a reconstructing scheme.
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1. Introduction

Various models of multiple-link flexible structures, consisting of finitely many inter-
connected flexible elements, like strings, beams, plates, shells or combinations of them,
have been described recently in [22, 16, 24, 25, 13, 12]. The problem of controllability
or stabilization of such structures is an expanding field. For control results, let us
quote the works of Lagnese-Leugering-Schmidt [34, 23, 24] and of Dager-Zuazua [18]
for 1-d. networks; the works of Puel-Zuazua [33], Lagnese [21] and the first author
[30, 31, 32] for multidimensional structures. For stabilization results, we may cite the
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results of Chen and coauthors [13, 14, 15], of Conrad [17] and of Lagnese-Leugering-
Schmidt [23].

To our knowledge inverse problems related to the above control problems on such
structures are not considered at all, contrary to the case of homogeneous structures
(like one string, one beam, one membrane, one plate, etc...) for which such problems
have been recently developed by Yamamoto and Bruckner [36, 10, 11, 37]. Therefore
the goal of this paper is first to consider the simplest multi-dimensional problem:
namely the wave equation on one-dimensional trees with some point sources (linear
combination of delta functions, see below for the details) and secondly to extend the
results from [9, 10] obtained for the real interval |0, 1] to this system. In the case of
serially connected strings this problem may be seen as a simplification of a model of
earthquakes [1].

The questions in such problems are to determine the number of point sources, the
location of these points and their intensity from boundary measurements. As usual the
three main steps are the uniqueness (unique solvability of the problem), the stability
(small perturbations of the boundary measurements give rise to small perturbations
of the sources) and finally the reconstruction (build appropriate processes in order
to find a good approximation of the unknowns). We answer to these questions by
adapting some results from [9, 10, 36] to our system. The main ingredients are the
spectral analysis of the Laplace equation on networks (see [2, 4, 5, 8, 24, 27, 28] and
the references cited there), some controllability results on such structures [34, 24] and
finally appropriate properties of some integral operators [36, 10]. Since the eigenvalues
and eigenvectors of the Laplace equation on networks are not explicitly known, our
reconstruction process is different from the one in [10] and is more close to the one in
[36].

In [11] the authors consider an interior observation for the determination of the
point sources in ]0,1[. The extension of this kind of considerations to 1-d. trees
seems to be unrealistic since the point 1 of observation in [11] is assumed to be an
irrational algebraic number. This assumption guarantees that n is never a zero of any
eigenvector of the Laplace operator on ]0, 1] with Dirichlet boundary conditions. For
1-d. trees such a point is difficult to determine in practice.

The determination of L?-source functions from boundary measurements on 1-d.
trees may be obtained using the method developed in [35, 36] and the arguments used
below.

The paper is organized as follows: In section 2 we recall some notations and
definitions concerning 1-d. networks and introduce the (spatial) operator, namely
a second order operator on each edge with some transmision conditions at interior
nodes and Dirichlet boundary conditions at exterior nodes. We further show the well-
posedness of the wave equation with point sources. Some observability estimates and
hidden regularities are obtained in section 3 and are actually based on an identity
with multiplier and its consequences namely the direct and inverse inequalities for the
wave equation in a tree. Section 4 is devoted to the proof of the uniqueness result and
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is based on the previous observability estimates and some properties of an integral
operator between different Sobolev spaces. The stability is deduced in section 5 and
finally the reconstruction is detailed in section 6.
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2. Preliminaries

We first recall the notion of C'”-networks, v € N, which is simply those of [6], we refer
to [2, 4, 5, 7, 8] for more details.

All graphs considered here are non empty, finite and simple. Let I" be a connected
topological graph imbedded in R™, m € N*, with n vertices E = {E; : 1 <i < n} and
N edges K = {k; : 1 < j < N}. Each edge k; is a Jordan curve in R™ and is assumed
to be parametrized by its arc length parameter x;, such that the parametrizations

Tyt [O,ZJ] — kj HE T 7Tj($j)

is v-times differentiable, i.e., 7; € C¥([0,(;],R™) for all 1 < j < N.
We now define the C”-network G associated with I' as the union

G = U} k.

The valency of each vertex E; is denoted by v(E;). We distinguish two types of
vertices: ramified (or interior) vertices int £ = {E; € E : v(E;) > 1} and boundary
(or exterior) vertices OF = {E; € E : 7v(E;) = 1}. For shortness, we later on denote
by L.t = {i € {1,---,n} : v(E;) = 1} and Ly = {1,---,n} \ Les. For each vertex
E;, we also denote by N; = {j € {1,...,N} : E; € k;} the set of edges adjacent to
E;. Note that if E; € OF then N; is a singleton that we write {j;}. For each vertex
E; and j € E;, we further denote by

the normal vector in k; at Ej;.
For a function v : G — R, we set u; = uwom; : [0,1;] = R, its “restriction” to the
edge k;. We further use the abbreviations:

wi(E) = uj(ry(Ey)),
du;
! _ J —1
uj(E;) = dz, (m; " (),
d?u,;
2 (E — ‘] '71 E)).
u;” (E;) dz‘j (771 (E4))
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Finally, differentiations are carried out on each edge k; with respect to the arc length
parameter ;.

Let us now fix a C%-network G which is a tree (since for such networks the direct
and inverse inequalities hold, see below and for instance [34, 24]). For each edge k;,
we also fix mechanical constants m; > 0 (the mass density of the string k;) and d; > 0
(the diffusion coefficient of k;). We now consider the following wave equation:

ﬁujh (xj,t) = AMt)a;(z;) in Q;r,Vji=1,---,N,

Ofuj(wj,t) — 5
u(-,t) = 0 is continuous on G for all t €]0,T7,

Yien, djg—fjj(Ei,t) =0,Vi € Iint,Vt €]0,T], (1)
wj, (Ei,t) = 0,Vi € Ly, Vt €]0,T],

wj(z;,0) = dpuj(z;,0) = 0in ]0,4;[,¥j = 1,---, N,

\
where Q7 :=]0,1;[x]0,T[ and %(Ei, t) = vj(E;)uj;(E;, t) means the exterior normal
derivative of u;(-,t) at E;. Above and below A € C*([0,T]) is a given function
satisfying

A(0) #0. 2)

For all j =1,---, N the datum a; € (H'(0,1;))" is assumed to be in the form

K;
aj(x;) =Y ajrd(z; — i), (3)
k=1

for some positive integer K, some real numbers «jj different from zero and some
(different) points & in ]0,;[, or more precisely

K;

<aj,0>=Y ajpd(i), Yo € H'(0,1;).

k=1

Above and below H?(0, ;) is the standard Sobolev space of order p € N on the interval
]07 lj [

Our goal is to identify the datum « in the above form (i.e. the location of the
point sources &;i, the weight aj;, and the number K;) from boundary measurements,
namely the value of u (E;,t), for 0 <t < T and all external vertices E; except one.

In order to analyse the system (1) we introduce the following operator A on the
Hilbert space H = 1'I§\’:1L2 (0,1;), endowed with the inner product

N P
(u,v)g = ij/o uj(z)vj(z) de.
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D(A) ={u € H : uj € H*(0,1;) satisfying (5) to (7) hereafter},

Vu € D(A) : Au= (w5 )
u is continuous on G. (5)
> dj%(Ei) =0,Vi € Lint, (6)
h 61/j
JEN;
Uj; (Ez) =0,Vi € Ioy:. (7)

Remark that A is a negative selfadjoint operator with a compact resolvant since
A is the Friedrichs extension of the triple (H,V,a) defined by

V={ue Hévzl H'(0,1;) satisfying (5) and (7)},

which is a Hilbert space with the inner product

N l;
1,1
(U,U)V:E / ujv; dwj,
j=179

and
N

L
atw0) =Y d; [ ui(a,) vifa) day. ®

The spectrum of this operator A was studied in details in [2, 3, 4, 5, 8, 7, 24, 27,
28, 29]. For our future uses we recall the following Weyl’s formula: if {\;}{2, denotes
the set of eigenvalues of the operator —A in increasing order and repeated according
to their multiplicity, then

—2

Ak 2 Z \/Tlej . (9)

Let us further prove that the eigenvectors are uniformly bounded:

Lemma 2.1. For all positive integer k let ¢y, be the eigenvector of A associated with
—Ai. Then denoting by ¢r ; the restriction of ¢y, to the edge j, for k large enough,

we have Y
22/
|pk,j(25)] < W\{:,Vwa‘ € [0,4;]. (10)

Proof. Since ¢y ; satisfies

d;
L 7 = —\ . 0.1,
m; Pk, j Pk, on 10,151,
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there exist real numbers ¢, ; and dj, ; such that

m;Ag . miA
br,j () = cp,j cos( (Ji L2;) + dij sin( —le La;),Vz; €[0,1].
J

Consequently by integrating the square of this expression in [0,1;] and writing for

shortness L; Vils we obtain
IRV

my [ 2 _ o2 4L Sm(Q\/_L) 2 Sin(%/ELj)
\/%/0 kg (@) dej = {5+ BV v }-|—d7j{ N }

cos(2v/Ar Lj)
ck.jdr,{ - 2
2\/)\k VOV

By (9) for k large enough we get

+

1 cos(2v/ArL;)
2V 2V v

Inserting these estimates in the previous identity we arrive at

m; b 2 2 2 L;
7 (0w, ()P dzj > (e +di; — lewjdiil) =
J 0

L
,j)?:

Lj SiH(Q\/ Aij) Lj
R —" L e L
2 4/ Ak - 4
Lj  sin(2v/AcLy) L;
2 4/ Ak - 47
L
1

> (Ci,j +di

for k large enough. We conclude by noting that

lJ B B
m; / (605 )2 day < Nl |3 = 1.
[ ]

We are now ready to prove that our wave equation (1) is uniquely solvable and to
give regularity of its solution:

Theorem 2.2. The wave equation (1) has a unique (weak) solution u satisfying

u € C([0,T];V) N CH([0,T); H).
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Proof. We remark that the system (1) is equivalently written
0?u = Au+ A(t)a in 10, T7,
{ u(0) = 0,0,u(0) =0,
where a € V' is defined by

K;

N
<a,¢>yiov=y my Yy ajudi(Ei), Vo V. (12)

j=1 k=1

The solution of that system is explicitly given by (using spectral expansions)
o) 1 /t .
u(t) = —— | sin((t — s)V Ax)A(s) ds < a, o, > O,
(t) kz;: 7, ((t = $)V/ Ak)A(s)

or equivalently, by integration by parts in the above integral:

o0

u) =y 4y, (13)

where ay, is given by

t
0

ar(t) =< a, g > (A(t) — A(0) cos(ty/Ag) — / cos((t — s)vV/ Ar)N (s) ds).
We now remark that Lemma 2.1, the form of a and the smoothness of A allow to
conclude the existence of a constant M (depending on 7" but not on k) such that

By Parseval’s identity we have
00 .
- ‘ Jax (1)
a1 ~ @) arrey ~ 5
k=1

and consequently by the estimate (14) we conclude that

=1
lu(®)]]f < MQZE <C,Vte[0,T),
k=1

for some positive constant C' (depending on T') since the asymptotic behaviour of the
eigenvalues guarantees the convergence of the series ) ;2 )}—k This means that the
series > o, “’;\it) ¢r is convergent in L>°([0,T]; V) and then proves that

uwe C([0, T V),
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as limit of elements from C([0,T]; V) (the truncated series).
Similarly by direct calculations we have

. Orag( 1
ooy =3 e <0y

k=1

for some positive constant C' (depending on T'), and we conclude as before that
u e CH[0,T]; H). [ ]

3. Some observability estimates

In this section we first recall the (standard) direct and inverse inequalities for the
wave equation in a tree, obtained in [34, 24] for general hyperbolic systems using the
multiplier method or the method of characteristics and that easily follows in our case
using the multiplier method. Some hidden regularity for our system (1) and some
observability estimates for an associated one are secondly deduced. We then consider
the wave equation

{ at2¢_A¢:fin ]OaT[a (15)

u(0) = ¢o, Oru(0) = ¢1 ,
where (¢o, ¢1) belongs to V x H and f € L'(]0,T[; H). It is well known that this
system has a unique solution ¢ € C([0,T];V) N C*([0,T]; H). We now state the

so-called identity with multiplier which is the key identity for the direct and inverse
inequalities.

Lemma 3.1. Let T > 0 and let ¢ : G — R be a multiplier with the regularity q; €
CY([0,4;]), for all j=1,---,N. Then for all (¢o,$1) €V x H and f € L*'(]0,T[; H),
the solution ¢ € C([0,T];V)NC([0,T]; H) of (15) satisfies

5 / 160, (Ee, )Py, (Bow, (By) dt (16)
Zelewt

TEDS Z/ (4310} (Bus DI + ms101 65 (B, )5 (i) vy ()
iEImtJEN

= _Z/ 1 (m;10u051* + dj|¢|?) dajdt — ij/ fia; ¢} da;jdt

J T
+ E mj/ atgqujqﬁ; dltj‘o.
i=1 0

Proof. This identity is obtained as follows: first multiply the restriction of the first
equation of (15) to the edge j by m;q;¢’;, secondly apply some integrations by part
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in space and time as in Lemma 1.3.7 of [26] for instance and thirdly take the sum on
j from 1 to N. [ ]

This lemma allows to obtain the direct estimate which proves the so-called hidden
regularity of 9,¢ on the external boundary.

Lemma 3.2. Let T > 0, then there ewxists a positive constant ¢ such that for all
(b0, 1) € V x H the solution ¢ € C([0,T];V) N CL([0,T); H) of (15) with f = 0

satisfies
T

> [l R de < o+ 0 a7

1€1eat

where Eg = E(0) is the energy of the system at time t = 0 and we recall that

B(#) = S110:6(0)] [} +a(6(2), 6(0))

Proof. In the identity (16) we restrict ourselves to ¢ identically equal to zero near
the interior nodes and such that

a;; (Ei)vj; (Ei) = 1,Vi € Leay,
which is always possible. Using the boundedness of g; and q;. we obtain

1 Z/ d; |0}, (Bs, ) dt < 2L Z/ (m;|0:e; | + dj|¢)|2) da;di(18)

iEIemt
+ clzmg [ 006e1,0063 5,01 + 10023, 710} T s,

for some positive constant C (independent of T"). By the conservation of energy we
have

l\')b—‘

N
52 [ (0 ¢ e e =T
j=17 QT

On the other hand by Cauchy-Schwarz’s inequality, for ¢ € [0,T] we may estimate

ng / 100y, )6, (1) diry < CoB(t) = CyE(0),

for some positive constant Cy (independent of 7). Consequently we have

ij/ (10e¢j(x5,0)5 (25, 0)| + (10¢pj (, T) ¢} (w;, T)|) dwj < 2C2Ep.  (19)
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2003, 16; Ntm. 1, 151-178



Serge Nicaise and Ouahiba Zair Identifiability, stability and reconstruction. ..

The above identity and the estimate (19) in (18) yield the conclusion. [ |
Let us now pass to the inverse estimate.

Lemma 3.3. Let T > 0 and fiz one exterior vertex E;, of G (called the root of G).
Then there exist a positive constant ¢’ and a positive time Ty which depend only on
l;, mj, d; and on the algebraic structure of G such that for all (¢po, 1) € V x H the
solution ¢ € C([0,T); V)N CL([0,T); H) of (15) with f = 0 satisfies

T
T -T)Ee < / (B ) dt. (20)
i€Lear\{io} 70

Proof. In the identity (16) we restrict ourselves to a multiplier ¢ such that in the
left-hand side of (16) the contribution of the interior nodes is nonpositive and the
contribution of the node E;, is zero. So we look for g satisfying g;, (Ei,) = 0 and for
all ¢ € L

Y mig;(Eivi(Eq) <0, (21)
JEN;
> dig;(E)v; (E)IB;I* <0, (22)
JEN;

for all (3;)jen, such that
> djvi(Ei)B; = 0.
JEN;

The first condition comes from the fact that

T ) T )
Z/O mj|3t¢j(Eiat)|2‘Jj(Ei)Vj(Ei)dt:/0 |0:p(Ei, t)|* dt Y mq;(Eiv; (B,

JEN; JEN;

since ¢(+,t) is continuous at E;. The second condition comes from the fact that

T . T )
Z/O dj|¢;-(E,~,t)|2qj(El-)z/j(E,~)dt:/0 > diq; (Ei)v;(E;)|¢)(Ei, )| dt,

JEN; JEN;

and recalling that ¢ satisfies (6).

To build such a g we classify the edges of G into generations: The first generation
is ji,, the second generation is the edges (different from j;,) which have a node in
common with j;,, and by iteration the (i + 1)®* generation is the edges which do
not belong to the " generation and have a node in common with an edge of the
i'" generation. On each edge j of the i'" generation with i > 1, we now use the
parametrization 7; such that m;(0) is a node belonging to the (i — 1)!* generation if
i>2and m;(0) = Ey if i = 1.
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With these notation we first take

43, (iIJ) =7,

which is nonnegative and clearly satisfies g;, (Ej,) = 0. We now build g > 0 iteratively
(from generation to generation) in order to satisfy the conditions (21) and (22). But
we remark that these conditions are equivalent to the following ones: for all node E;
between an edge k of the i" generation (which is unique) and the (i +1)** generation,
we require

mege(B) <Y myg;(E;) (23)
JEN;,j#k
drar(ED|BP — Y digs(E)|B;° <0, (24)
JEN;,j#k

for all (3;)jen, such that
dpBr = Z d;B;.

JEN:,j#k
This last condition (24) may be then equivalently written as
2
d:
drgr(Ed) | ) d—Jﬂj — Y dig(E)|B;P <0, (25)
JEN#k " JEN ik

for all (8;);jen;\{k}- To eliminate these parameters 3;, we use the estimate

d; 2 d? 2
Z d—ﬂj <C Z d_Qﬂja

JEN.j#k F JENGj#k K

which holds for a positive constant C' which normally depends on the cardinal of the
set N; \ {k} and that we then estimate from above by a constant independent of that
cardinal and which depends on the number of edges of G.

Therefore (25) holds if we have

AN )

Car(Ei) = < djq;(E;),Vj € Ni\ {k},

ST

or equivalently

ch(Ei)j—;' < g;(E), Vi € Ni\ {k}. (26)

In summary we are looking for ¢ satisfying (23) and (26) at all nodes E; between
an edge k of the i*" generation and the (i + 1) generation. For that purpose we take

g;(x) = alz +1),Vj € Ni \ {k},
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for some a > 0 which depends on E; and that will be fixed below. With this choice
we see that (since ¢;(E;) = a) (23) and (26) are respectively equivalent to

m
k ar(E;) < a

EjENiJ?ék m;

c qk(Ei)ﬂ <a.
dy,
Since we assume that g is known (by inductive hypothesis) we see that the two above
conditions yield a finite number of lower bounds to « and therefore such a a always
exists.
By induction we have built g.
Taking such a ¢ in the identity with multiplier we have

N N s

1 . . j T
320 o g e Yo, [ 00,0 an, @7
j=17Qjr

j=1
T
d;.
> [

i€l \{io}

<

¢9i (Ei7 t)|2qji (Ei)’/ji (Ez) dt.

N =

We conclude by the estimate (19) and the fact that ¢} are uniformly bounded from
below. ]

Using the direct and inverse estimates and the arguments of Theorem 1.6.3 of [26],
we obtain the next (weak) observability estimates:

Lemma 3.4. Fora € V' there exists a unique solution v € C([0,T]; H)NC([0,T]; V')
of

{ 20— Av=0in]0,T7], 28)

v(0) =0,0:v(0) =a .
Moreover for T > Ty with Ty from Lemma 3.3, there exist two positive constants Cy

and Co depending on T such that

Cillallve < > W5, (B, )la-10,1) < Callallv, (29)
€Izt \{i0}
where, as usual, H=1(0,T) is the dual space of H}(0,T).

Let us also give a consequence of the identity with multiplier to the solution u of
problem (1), namely the hidden regularity of d,u on the external boundary:

Lemma 3.5. Let u € C([0,T];V) N C([0,T]; H) be the unique solution of (1) with
datum a; in the form (3) or more precisely solution of (11) with datum a in the form
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(12). Then for all T > 0 and all i € I.qt, u},(Ei,-) belongs to L*(0,T) with the
estimate

>, (Biy izzo,ry < Clllulloqo.mvy + lullerqo.11:m); (30)
1€ 1cwt
for some positive constant C depending on T' and a;.

Proof. We approximate a by a sequence of a,, € V' such that
a, > a €V asn — oo. (31)

Namely for n large enough, we take a,, in the form

N Kj
ap = E E ajk‘;bjk:n:

j=1k=1

where

Pjkn () = ng(n(z — &r)), Vo € [0,1],
with a fixed nonnegative function ¢ € D(R) with a support in [—1,1] and such that
f_ll ¢(z)dr = 1. The above convergence property follows from the easily checked
property:

1
— £ dr — . < — ||y
| nétnte = (@) do = x(60)] < T2z,
valid for n large enough.
We further remark that for all eigenvectors ¢y, we may write

< an_a7¢k’ > = (ana(zbk’)H_ < a7¢k’ >
N K; l;
= ij Zajk (/ Gjkn (x) P j(x)dw — ¢k'j(€jk)>
j=1 k=1 0
N K; 1
= oY [ o) (e + D) = ows(60) du.
=1 k=1 -

Therefore by Lemma 2.1 we conclude that there exists a positive constant M (inde-
pendent of k') such that

| <an—a,ép >| < MVE =1,--- 0c0. (32)

Let u, be the solution of (11) with datum a,, which, by spectral expansions,

satisfies
up € C*([0,T]; H) N ([0, T); V) N C([0,T]; D(A)). (33)

163 Revista Matemdtica Complutense
2003, 16; Ntm. 1, 151-178



Serge Nicaise and Ouahiba Zair Identifiability, stability and reconstruction. ..

Furthermore by the property (31), the estimate (32) and Lebesgue’s bounded conver-
gence Theorem, we have (see Theorem 2.2)

un, — u in C([0,T];V)NCH([0,T); H) as n — oc. (34)

Due to the regularity (33) we can apply the identity with multiplier (16) from
Lemma 3.1 to u, to get

5 Z / up; (Eiy )12 g5 (Ei)vj, (Bi) dt

iEIemt

+ 5 Z Z / (d; |¢1 B 1) |2-|-m]|8tum(Ez,t)| )a;j (Ei)v;(E;) di

zelmt JEN;

= _Z/ m]|6tun]| +d; |un]| ) dxjdt — ij At)anjqjuy,; dojdt

j=1 QjT

i T

!
+ E mj/ 8tunjqjunjdacj‘
=1 o 0

Choosing g; identically equal to zero in a neighbourhood of the points {;; for all
J, k, identically equal to zero in a neighbourhood of the interior vertices and such that

1
qj: (Ei)vj, (E;i) = d—,,\ﬂ € Ly,
.

i

the above identity becomes

= Z / (B, ) dt

ZEIewt

= —Z/ mj|8tun]| +d; |un]| ) d;dt

i T

!
=+ E mj/ 8tunjqjunjdwj ,
=1 o 0

for n large enough. By Cauchy-Schwarz’s inequality we arrive at

T

> / ;. (Bsy ) dt < Clltml 2010, + |2 0,700
1€1cqt

for some positive constant C' depending on T" and ¢; (and then on aj).
We conclude by passing to the limit in n owing to the property (34) and Theorem
2.2. ]
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4. Uniqueness

We first recall Duhamel’s principle (see for instance [36, 10]) which gives the relation-
ship between v solution of (28) and u solution of (1).

Lemma 4.1. Let u € C([0,T];V) N C*([0,T]; H) be the unique solution of (1) with
datum a; in the form (3) or more precisely solution of (11) with datum a in the form
(12) and let v € C([0,T]; H)NCL([0,T]; V') be the unique solution of (28) with initial
speed a. Then

u(t) = (Kv)(1), ¥t €0, T, (35)

where K is defined by

(K0)®) = [ At = s)(s) ds. v €0.7), (36)

and is a bounded operator from L*(0,T) into itself.

Proof. As in Lemma 3.5 we approximate a by a sequence of a,, € V satistying (31)
and consider the solution w,, of (11) with datum a,, satisfying (33) and (34).
Similarly the unique solution v, of (28) with initial speed a,, satisfies

vn € C*([0,T]; H) n C*([0,T]; V) N C([0, T]; D(4)),
and by Lemma 3.4
v, = v in C([0,T]; H)NCH[0,T); V') as n — oo.
For u,, and v,,, we clearly have
un(t) = (Kv,)(t),Vt €]0,T7, (37)

since we simply check that the right-hand side of this identity satisfies the same
problem than the left-hand side.

We conclude by passing to the limit in (37) using the continuity of K from L?(0,T)
into itself and the above convergence of u,, (resp. vy,) to u (resp. v). [ |

For further uses, as in [10] we need to extend the above operator K to the space
H_1(0,T) defined as the dual space of

°HY0,T) = {v e H0,T) : v(T) = 0},

which is a Hilbert space with the norm

T 1/2
lvllo gt 0,1y = (/ |8tv(t)|2dt> .
0
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As the identity mapping from Hg(0,T) to °H*(0,T) is clearly continuous, its
adjoint operator Id* from H_1(0,T) into H1(0,T') is continous (but not injective).
In other words, for h € H_1(0,T'), we have

<Id*h, ¢ >0 -mt 0.1y =<, >u i 0,1)-0m1(0,7), Y9 € H;(0,T),

and moreover ||[Id*h||g—1(0,1) < [|hlla_,(0,7)- Note that Id*h is simply the restriction
of h to H}(0,T).
We can now recall the following result (mainly) proved in [10]:

Lemma 4.2. If A € C1([0,T)) satisfies (2) then the bounded operator K from L?(0,T)
into itself defined by (36) can be extended to a bounded operator from H_1(0,T) onto
L?(0,T) and satisfying

CrlIEl 20,1y < Crlldllaz, 1) < Call Kl 20,1y, Vo € H1(0,T),  (38)

for some positive constants Cy,Cs.

Proof. The extension property of K and the estimates in (38) are proved in Lemma
2 of [10] and are based on the identity

(K9, &) 20,1 = — (¥, F&) 12(0,1)5 (39)
valid for all ¢y € L?(0,T) and all £ € °H*(0,T), where the operator F is defined by

T
(FE)(t) = MO)E(H) + /t N(s— D)E(s)ds,0 < t < T,

and is an isomorphism from °H(0,T) onto itself.

The surjectivity property of K comes from the fact that the assumption (2) guar-
antees that the range of K as operator from L*(0,T) into itself is equal to (owing to
the identity (6.3) of [36] and the change of variable # = T' — ¢, see also section 7 of

[11])
{ve H0,T) : v(0) = 0}.

Therefore the range of its extension is dense in L?(0,7") and then equal to L?(0,T)
by its closeness, consequence of the estimate (38). ]

Since the estimate (29) from Lemma 3.4 is only valid for the H~1(0,7")-norm of
v} (E;,-) we actually need to adapt the above Lemma to the space H'(0,T). For
that purpose we need to introduce the subspace of L?(0,7):

At ={ne L*0,T) : (A, n)L2(0,1) = 0},

which means that A~ is the closed subspace of L?(0,7) made of functions perpendic-
ular to \. We denote by P the orthogonal projection (in L2(0,7")) on A+. Now we
can state the
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Lemma 4.3. If A € C([0,T]) satisfies (2) then the bounded operator PK from
L?(0,T) into itself can be extended to a bounded operator from H~1(0,T) into L*(0,T)
and satisfying

CsllPEllc2(0,1) < 1Wlla-10,1) < CallPEY||L2(0,1), V9 € H(0,T), (40)

for some positive constants Cs, Cly.

Proof. Since H}(0,T) is a closed subspace of °H'(0,T), the restriction of the op-
erator F' to W = F~1(H}(0,T)) is an isomorphism from W into Hg(0,7). By the
characterization of H}(0,7') we clearly have

W ={¢eH*0,T) : (F¢&)(0) = 0}.

Thanks to the identity

T T
(F£)(0) = MO)E(0) + / N (s)€(s) ds = — / A(s)€(s) ds, Y€ € "H'(0,T),

we equivalently have

T
W= {¢ € °H'(0,T) : / A(s)€'(s) ds = 0}.
0
Now we introduce the differentiation operator
D :°HY0,T) = L*(0,T) : £ = ¢,

which is an isomorphism since for any n € L2(0,T), the function £ given by

clearly belongs to "H'(0,T') and satisfies D& = 1.
Therefore W can be characterized by

W ={¢ € H'0,T): D¢ € A}, (41)

Let us now come back to our extension property: Fix & € L?(0,T), then by the
usual embedding of L?(0,T) into H (0,7 we may write

_ |(1/’> ¢)L2(07T)|
Wl 10,7 = sup e e
oeH1(0,1),620 ||9'llL2(0,1)

As F is an isomorphism from W into H}(0,T) we then have

|(¢7F€)L2(07T)|
||¢||H*1(0,T) ~ sup -
EEW,E#0 1€ ||L2(0,T)
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By the identity (39) we obtain

[(K9, &) L2(0,1)]
||¢||H—1(O,T) ~ sup .
cewezo  |1€']L2(0,1)

By the characterization (41) and the isomorphic property of D, we arrive at

|(Kv¢,n)r2(0,7)]
ol a-r01) ~ sup ——
neAL n#£0 ||77||L2(0,T)

We conclude by the density of L?(0,7) into H=1(0,T). [ ]

Corollary 4.4. Let u € C([0,T];V) N CY([0,T); H) be the unique solution of (11)
with datum a in the form (12) and let v € C([0,T); H) N C1([0,T]; V') be the unique
solution of (28) with initial speed a. Then for all T > 0 and all i € I.,; we have

Puj,(E;,-) = PKv} (B, ) in L*(0,T). (42)

Proof. As in Lemma 4.1 let u,, (resp. v,) be the solution of (11) (resp. (28)) with
datum a,, (resp. with initial speed a,) with a,, € V satisfying (31).
For these solutions their regularity and Lemma 4.1 allow to write
u, (B, ) = Kl (E;,-) in L*(0,T).

nji nji
And therefore
Pu'

nji (Bi, ) = PKuy,; (E;,-) in L*(0,T).
We conclude by passing to the limit in n and using Lemmas 4.3, 3.4 and 3.5. ]
We are now ready to formulate the uniqueness result:

Theorem 4.5. Let u' (resp. u?) in C([0,T);V)NC([0,T]; H) be the unique solution
of (11) with datum a* (resp. a®) in the form

N K]
<d g >viy= my o alidi(€) Ve € Vil =1.2,
j=1 k=1

for some positive integers K;-, real numbers aé-k and points fé-k €]0,l;[. Fiz one
exterior vertex E;, of G and T > Ty with Ty > 0 from Lemma 3.5. If for all i €

Iezt \ {ZO}

as elements of L*(0,T), then a' = a®, or equivalently K} = K}, aj, = oF, and

1 _ ¢2
€ = &

(u)}, (B, t) = (u)j, (B, t),Vt € (0, 7),
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Proof. We remark that u = u! — u? satisfies (11) with datum a = a! — a® which is
still in the form (12). By the assumption we further have

w),(B;,-) = 0in L*(0,T),Vi € et \ {io}-
This implies that

Pu); (E;,-) = 0in L*(0,T),Vi € Lext \ {io}-
Therefore by Corollary 4.4 and Lemma 4.3 we get

0, (Bi,-) = 0in H'(0,T),Vi € Lot \ {0},

where v is the unique solution of (28) with initial speed a. The application of Lemma
3.4 allows to conclude that a = 0. [ |

5. Stability

For fixed positive integers Kj,j = 1,---, N, we denote by

2= (4= ((am Gui) s € B\ {0}, & €040}

The above uniqueness result implies that the mapping
N
. K]
ni T o (L0,T)DY s A= (g En)iy )

where u is the unique solution of (11) with datum a in the form (12), is injective.
The stability means that the inverse mapping ! : u' — A is continuous once ¥ is
equipped with the natural distance

=1 =’ = (uf, (B 1))ier.\{io}>

N Kj

d(A', A%) = (e, — a3l + 1€ — i),

j=1 k=1
when N
l._ 1 ol \Ki _
Al = ((aj,c,gjk)k:l)j:1 1=1,2

We actually will show a slightly weaker result than the continuity of this mapping
by only showing that the inverse of the restriction of 7 to the ball B(A,€) is locally
Lipschitz for some € > 0 small enough depending on A. Namely we take

1 .
e < iﬁﬁg,ﬁm-éwh (43)
1
< —mi ; 44
¢ < gminel (44)
1 .
e < cmin | — 1l (45)
2 4k
<+ minlagyl (46)
—min (k|-
€ < 2 e ajk
169 Revista Matemdtica Complutense
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Under these assumptions we can prove the following conditional stability result:

Theorem 5.1. Fizx one exterior vertex E;, of G and T > Ty with To > 0 from

Ko \N
Lemma 3.3. Suppose that A% = ((a?k,ﬁik)kjj is in XN B(A,¢) with e > 0
=1/

satisfying the above constraints. Then there exists a constant C depending on T,
min; gzp |€ix — & | and min; g |oyg| such that

N K;
YD (age—afil+Hn=Er) <CA+Ve) D0 I, (Biyt) = (W), (Biy )| 20,1
j=1 k=1 i€lea:\{io}

Proof. The proof of Theorem 4.5 clearly shows that

la—ally <€ STl (Bit) — (@), (Boy Dllao,n)- (47)
1€Let \{i0}

Therefore it remains to estimate from below the norm of a« — a? in V'. For that
purpose we recall that

<a-—a%¢>
la —a||y = sup M)
$EV, 60 ll#llv

and use appropriate test functions ¢. First we take

89 = ou(EEE) on 0,1
oM = 0if j' £,
where ¢; is a fixed function defined by
( —-2(3/2+ ) if -3/2< & < -1,
$if —1< <0,
$1(2) = —zif0<z <1,
2(3/2—2)if 1 < & < 3/2,

L 0 else.
With this choice we have
<a—a’ ¢ > = augM(gr) - eGP (L)

e (099 (&r) — 6P (€51)),
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since pU¥) (¢;1) = 0. By the finite increment theorem and the fact that |&;5, — &l <
we then obtain

2
0 ik gy
| <a—d? ¢l > | = [l

s
€ |£jk ]k|

This estimate yields
|3 ll&n — il < el <a—a®, ¢ > | <ella—a®||v[|¢VM]]v,

and leads to
a1k — €5l < CVella—a®||v, (48)

for some positive constant C' since one readily checks that ||¢U*) ||y, = %

From the fourth assumption on €, we have
|ad| > m/2,

where m = min; ; |a;x|. These two estimates finally give

2C+/€
6 — &l < 250 @)y (19)
m
Now we take
. z; —&;
o7 @) = o) on o,

of" =0 i #1,

where § = %minj7k¢k/ |€jk — fjk’| and ¢, in the form

z+1if -1<z <0,

$2(2) = 1-zif0<z<1,
0 else.
With this choice we have

Qjk ¢(jk) (&k) — a?k ¢(jk) (5?/»)
= (ajr — a3 (&x) + a3 (699 (Er) — UM (E5,)),
= (a — afy) + afp (VY (Ex) — 0UV(€5,)).

Therefore by the finite increment theorem we obtain as before

<a—a? ¢uk) >

: 1
g — | < | <a—a? ¢ > |+ g|a§k||£jk — &l
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and by the estimate (48) we get
Cy/e

o — G| < | < a—a?, ¢U") > |+ THG—GZHV“

Since ||pUM) ||y = % for some C; > 0, we have obtained

Ci  Cyfe

2 2

v — | S(%'*‘ 5 Mla —a||ly:. (50)
The estimates (47), (49) and (50) lead to the conclusion. [ |

In the above theorem if like in [10] we are only interested in the stability of the
locations of the point sources, i.e. if we assume that a?k = aj, then we can obtain
a more accurate estimate under less assumptions on €, namely we have the

Theorem 5.2. Fiz one exterior vertex E;, of G and T > Ty with Ty > 0 from Lemma
3.8. Suppose that A? = ((Oéjk:f?k)
k=1

(43) to (45). Then there exists a constant C depending on T, min; psp &k — Err|
and min; y |ox| such that

K;

N
> is in X N B(A,€) with € > 0 satisfying
j=1

N K;
DDl — Gl SOVe D Il (Bit) = (), (Bis )l xo.r)-
j=1 k=1 i€leat \{i0}

Proof. It suffices to take
” z; — Ei
0 (@) = a(F—2) o]0, 1y
of" =0 i #1,
with the same ¢, as before and use the above arguments. ]

Remark 5.3. The constraints (44) and (45) could be suppressed but this requires
choices of more tricky test functions ¢(/*) and will modify the constants in the es-
timates of Theorems 5.1 and 5.2. We do not treat these cases for the sake of
simplicity. ]

6. Reconstruction

For the reconstruction of the point sources from boundary measurements we follow
the point of view of [36] which consists in using the following exact controllability
result:
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Lemma 6.1. Fiz one exterior vertex E;, of G and T > Ty with Ty > 0 from Lemma
3.3. Then for every ¢ € V, there exist unique controls vj, € H3(0,T), i € Loz \ {io},
such that the (weak) solution v € C([0,T]; H) N C([0,T); V') of

(

Bfwj(xj,t) — %¢j77(xj,t) =0 1n QjT,Vj =1,---,N,
(-, t) =0 is continuous on G for all t €]0,T7,
2jen: djg—z,/,);(Ei,t) =0,Vi € Ijn, Vt €]0,T7,

(51)
Q/in (Ei,t) = ’Uji,VZ' € Iog \ {io},vt E]O,T[,
1/)]‘1.0 (Eio,t) = O,Vt G]O,T[,
Yj(x;,0) = ¢;j(z;), 0bj(x;,0) = 0 in ]0,1;[,Vj = 1,---, N,
satisfies
1/J(;T) = 3#/}(;T) =0. (52)

Proof. This is a direct consequence of Lemmas 3.2, 3.3 and 3.4 and of the Hilbert
Uniqueness Method of Lions [26, Th. 1.6.4] (see for instance [34, 24, 18] for such
applications to networks). Note that 1 is only a weak solution of the system (51)
with the final conditions (52) in the sense that ¢ is the unique solution of (using the
transposition method)

N
ij/Q Yifidedt = — < 3p(0),0 >vi-v (53)
j=1 i

- Z dj,vj, (Ei) < ¢}, (Ei,-),vj, > H-1(0,T)— HZ(0,T)>
€Izt \{i0}

for all f € LY(0,T;H), 0 € H,p1 € V', where p € C([0,T]; H)NC*([0,T); V') is the
unique solution of (whose existence follows from Lemma 3.4)
07 = Ap+ f in]0, T,
{ o(T) = o, 0p(T) = 1 .
|

In view of Lemma 6.1 we can define a bounded linear operator I : V' — H (0, T)M,
by
¢ — (Uji)ielemt\{io} )
where M is the cardinal of I, \ {i0} and vj; are the controls from the above Theorem
driving the system (51) to rest at time 7.
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We further use the adjoint K7. of the operator K as (bounded) operator from
L?(0,T) into itself and which is given by (see section 6 of [36])

T
(Ktam)(t) :/t (s — O)n(s)ds,0 < t < T,

for all n € L?(0,T). By the assumption (2) we even have (see section 6 of [36])
R(K}.) ="H'Y0,T).

Consequently for all v € °H'(0,T) there exists a unique € L?(0,T) solution of
(since ker K}, = R(K)* = {0})
Kzﬂ? = ’dja

equivalently, 7 is solution of the Volterra equation of the first kind

T
/ A(s=t)n(s)ds = ¢(t),0 <t < T.
t
We then define the mapping ® from °H'(0,T) to L*(0,7') by
Y ==Y,
when 7 is solution of the above integral equation. This means that
K}.® = Id on "H*(0,T). (54)

Now we can formulate our reconstruction result:

Theorem 6.2. Fiz one exterior vertex E;, of G and T > To with Ty > 0 from Lemma
3.3 Forallk=1,--,00 we define

9, = ®Ilgy,.

Letu € C([0,T);V)NC([0,T]; H) be the unique solution of (11) with datum a in the
form (12). Then for all k =1,---,00 we have

<a, QSk >=— Z dji Vi, (El)(u;l (Ei7 ')7 (ak)ji)LZ(QT): (55)
i€lcat\{io}

and then a may be reconstructed by

a=Y <ade>di=-3 | O d(B) (B ) 60 | o
k=1 k=1 \i€lez:\{io}
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Proof. Applying the identity (53) with ¢ = v, where v is the unique solution of (28)
with initial speed a we have:

<a,pp >=— Y. divi(B) <} (Bi,-),(ew)j, >g-r0.1)-mio1) - (56)
i€leat \{io}

To conclude we need to show that
<0 (B, ), (Ur)js > p-10,0)— 3 0,0)= (W, (i), (0k) ) L20,1)- (57)
Let us first prove that there exists hj;; € H_1(0,T") such that
u,’ji (Bi,-) = Khy;, (58)

and satisfying

!

<V}, (Biy ), X >m-1(0,1)—H1(0,1)=< Njis X >H_,(0,1)—0m1 (0.7), VX € Hg(0,T). (59)

Indeed the identity (58) clearly follows from Lemmas 3.5 and 4.2; moreover using
an approximation sequence of a, as usual, the corresponding u,, and v,, satisfy

vy (Ei,-) = hj, in H 1(0,T), as n — oo,

nji
due to Lemmas 3.5 and 4.2, while by Lemma 3.4 we have

oy (B, ) = 0 (Bi,+) in H71(0,T), as n — oo.

nji

The identity (59) then follows from the two above convergence properties and the
continuity of the mapping Id* from H ;(0,T) into H*(0,T).
Now by the definition of 6; and (54) we may write

K526y = K52 ®1lgy, = gy

Therefore using (59) and the above identity, the left-hand side of (57) may be trans-
formed as follows
<0} (Bi, ), Mew)js >m10,m)-mi0r) = <l ()i >u_y0.1) 0w o,1)

= <h, K72(0k)j: >H_,0.1)-9H1(0,1)>
and from the embeddings °H*(0,T) — L?(0,T) < H_1(0,T), we get
< hj, K720k)j: >m_s0,1)—0m0,1)= (Khji, (Ok)j:) 2 (0,7)-

This proves (57) since the above right-hand side coincides with the right-hand side of
(57) due to (58). [ |
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Remark 6.3. In [10] Bruckner and Yamamoto use another method for the recon-
struction of point sources in the real interval ]0, 1[. This method consists in solving a
finite system of nonlinear equations but it relies on the fact that the series

— i (2) P (€)
,; SV for z,¢ €]0,1]

is differentiable in = € [0, ], this differentiability property being proved by computing
explicitly the above series by Fourier analysis, which is possible since A\, = k*x? and
ér(z) = V2sin(krz). In our case the calculation of the above series as well as its
differentiability cannot be easily obtained since the eigenvalues and eigenvectors are
not explicitly known and since Ay behaves like k? (the series of the derivatives being
not absolutely convergent). For the real interval 0, 1[, our method gives an alternative
way to reconstruct the source a without any restriction on a, i.e., for any values of
the parameters in (12). The only drawback is that a is obtained as a Fourier series
which may converge slowly. ]
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