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ABSTRACT

We present algorithms and their implementation in the computer algebra system
SINGULAR 2.0 for the computation of equations for moduli spaces for semiquasi-
homogeneous singularities w.r.t. right equivalence. In addition, we describe the
structure of the stabilizer group of Brieskorn-Pham singularities.
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1. Introduction

One of the important achievements of singularity theory was the classification of some
“generic” classes of hypersurface singularities via normal forms by V.I. Arnold, cf.
Ch.15 in [2]. For more complicated classes of singularities the classification by normal
forms seems to be impossible. In 1997 Greuel, Hertling, and Pfister came up with a
geometric classification of semiquasihomogeneous hypersurface singularities with fixed
part w.r.t. right- and contact equivalence by geometric methods, i.e., by providing
a construction of moduli spaces for such singularities with some invariants fixed, cf.
[9]. The moduli spaces w.r.t. right equivalence (and fixed principal part) turn out to
be quotients of affine varieties by finite groups, which are again algebraic varieties.
We describe algorithms and their implementation in the computer-algebra system
SINGULAR 2.0 (cf. [10]) for computing equations of these moduli spaces given the
principal part. In addition, we provide a structure theorem for the isometry groups of
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Brieskorn-Pham polynomials and its application to the computation of moduli spaces
(cf. Ch. 4 in [3]).

The objects to classify are singularities defined by semiquasihomogeneous power
series with principal part fo w.r.t. right equivalence, where f; is a quasihomogeneous
polynomial which has an isolated singularity at 0. Right equivalence leads to an alge-
braic group action of the isometry group of the polynomial fo (leaving the polynomial
fixed) on the vector space spanned by the upper monomials of the Milnor algebra of
fo. The quotient M, of the linearization of this action, which is an affine variety, is
the desired coarse moduli space for semiquasihomogeneous singularities with principal
part fo w.r.t. right equivalence.

We present the algorithms ARNOLDACTION, LINEARIZEACTION and MODEQN
which are the essential parts of the SINGULAR 2.0 libraries rinvar.1lib and ghmoduli.
lib. Together with the zeroset.1lib they provide constructive means to compute
equations for My, given the principal part fo. The design and implementation of
these three libraries is part of the author’s diploma thesis, cf. [3].
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2. Basic notation

In this section we provide necessary definitions from singularity theory and introduce
unfoldings of power series. We do not introduce moduli spaces ! since the existence
of a moduli space is proved in [9] and technical details of the proof are not important
for the computation of the equations.

In the sequel we denote the ring of convergent power series over C by
C{zy,x2,...,2,}. Let 0 # f € C{zy1,22,...,2,} be s.t. f(0) = 0. The power

series f has a singularity at 0 if g—zl(O) = g—zfz(O) =...= %(0) = 0. The Jacobi

ideal of f is j(f) := <88—zfi :1<i< n> and the Milnor algebra of f is defined by
My = C{z1,22,...,2,}/j(f). The Milnor number py of f is py := dimg My. If
there exists a neighborhood U C C™ of 0 s.t. 0 is the only singular point of f in U
then 0 is called an isolated singularity of f. Note that the Milnor number gives an
important characterization of isolated singularities, namely py < oo iff 0 is an isolated
singularity of f.

I'We refer to Ch. 1 of [12] for a description or to, e.g., [9] for a definition.
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In the sequel we fix a weight vector w = (wy,ws,...,w,) € N}. A monomial
x* = [, 2 is quasihomogeneous of type (d;w) if deg,, (x*) = [x%|w =
Yo wia. A polynomial f is quasihomogeneous of type (d;w)

if all of its monomials are quasihomogeneous of type (d;w). For a power series
0# f e C{z1,22,...,x,} we define ordw (f) = min{|x|,, : x*} and ordw(0) := —1.
The power series f is called semiquasihomogeneous of type (d; w) with princi-
pal part f; if fo is a quasihomogeneous polynomial of type (d; w) with an isolated
singularity at 0 and f = fo or ordw(f — fo) > d.

By Aut(C{zy,z2,...,z,}) we denote the group of local C—algebra automor-
phisms. Two power series f,g € C{z1,z2,...,z,} are right equivalent, denoted by
f ~r g, if there exists a ¢ € Aut(C{z1,z2,...,2,) s.t. f = p(g). The power series
f € C{x1,22,...,2p} is k—determined w.rt. ~, if for g € C{z1,22,...,2,} we
have f®) = g(¥) < f ~, g where f(¥), g(¥) denote the k—jet (f, g truncated at degree
k) respectively.

Theorem 1. Let f € C{zy1,2z2,...,z,} be a power series with an isolated singularity
at 0. Then f is (uy + 1)—determined.

Proof. We refer to Section 6.3 of [2] (p. 121ff). |
For the construction of a moduli space we need the notion of families of un-
foldings of negative weight. Let f € C{z1,x2,...,2,} be semiquasihomogeneous

with principal part fy. The power series f can be considered as a function germ
f:(C"0) — (C,0) which can be deformed as follows. An unfolding of f over
a germ (7,¢) is a map F : (C™,0) x (T,t) — (C,0) s.t. the following diagram
commutes,

(C™,0) <= (C™0)x(T,t)

Vf 1¢
(C,0) = (C,0)x(T,t)

{ {

0 — (T,¢)

where ¢(z,t) = (F(x,t),t), and F(z,t) = f(z) + g(z,t) for some g € C"{x,t}
with g(x,0) = 0. Two unfoldings F,F' of f are right equivalent if there ex-
ists an isomorphism ¥ : (C",0) x (7,0) — (C",0) x (T,0),¥(x,t) = (Y(x,t),t)
st. F(y(z,t),t) = F'(z,t). A morphism ¢ : (S,s) = (T,t) induces an unfold-
ing o*F : (C",0) x (S,s) = (C,0)of f by ¢*F(z,s") = F(x,p(s")) for s’ € (S,s)
(base change). The unfolding F' is semiuniversal if for each unfolding G of f over
some base space there exist a base space (S, s) and a morphism ¢ : (S,s) — (T,t)
s.t. the unfolding G is right equivalent to the induced unfolding ¢*F and the dif-
ferential dp is unique. F is called an unfolding of negative weight over (7,0) if
F ~, f'(z) + g(z,t) for some semiquasihomogeneous power series f' with g(z,0) =0
and deg,(g) > d. If the germ (7,t) is replaced by a base space T' then the map
F :(C"0) xT — (C,0) is called a family of unfoldings of negative weight
over S. Hence ¢(z,t) = (F(x,t),t) = (Fi(x),t) and for each t € T the germ
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F . (C"0) x (T,t) — (C,0) is an unfolding of negative weight of F; over (T,t).
If, in addition, for any t € T, F; : (C",0) x (T,t) — (C,0) is right equivalent to a
semiquasihomogeneous power series with principal part fy then F' is called a fam-
ily of unfoldings of negative weight with principal part fy or a family of
fo  —unfoldings for short. For families of unfoldings right equivalence, base change
and semiuniversality are defined as for unfoldings.

For B a monomial basis of the Milnor algebra of fo (|B| < oo since pf, < o0) we
define the set of upper monomials B = {mj,my,...,mi} = {m € B :deg, (m) >
d} of My, and the space T_ = C*. Given f, we define the family of f; — unfoldings

F : C'xT_— C",

k
F(z,t) = folz)+ Y tim;
=1

and call it the semiuniversal family of unfoldings of negative weight of semi-
quasihomogeneous power series with principal part fy. This name is justified
by Proposition 3.4.5 and Theorem 3.2.3 below.

Example 1. The polynomial fo = 2%y + 2%z + y® — 2° is semiquasihomogeneous
of type (5;2,1,1). The Milnor number equals py, = 24, hence fy has an isolated
singularity at 0. Upper monomials are given by B_ = {y®z%, 2%y?, 2%y*} and the
family of fj —unfoldings is

F(z,y,2,t1,ts,t3) = 2%y + 22 + y° — 2° + t1y°2° + th2”y® + t32°y°.

3. Existence of a coarse moduli space

We briefly describe the construction of a coarse moduli space for semiquasihomoge-
neous power series with principal part fo given by Greuel, Hertling and Pfister in [9].
The building blocks are a Theorem of Greuel, Hertling and Pfister on the order of
quasihomogeneous maps and a Theorem of Arnold on semiquasihomogeneous power
series, which states that each semiquasihomogeneous power series with principal part
fo is right equivalent to some F; for ¢t € T_. By [9] we only need to consider isomor-
phisms of order > 0, hence we can construct, by comparing coefficients, the isometry
group of fo and its induced action on 7_, the base space of the semiuniversal unfold-
ing F', which turns out to be a finite group action. [9] proved that the quotient of this
action is a coarse moduli space for semiquasihomogeneous power series with principal
part fo w.r.t. right equivalence.

We only provide those proofs, which are important for the algorithms of Section
4 or which are not given in [9].
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3.1. The order of maps

Let R = C{z1,z2,...,2,} be the ring of convergent power series, let Aut(R) be the
group of local C—algebra automorphisms of R and let w = (wq,ws,...,w,) € N" be
weights. By Ry we denote the ideal generated by all power series of weighted order
greater or equal to d.

Definition 1. (a) Let id # ¢ : R — R be a ring homomorphism. The weighted
order of p, denoted by ordw(p), is the mazimal integer d s.t. ordw(p(x;) —x;) >
w; +d for 1 <i<mn.

(b) For d >0 we define Aut>q(R) := {p € Aut(R):ordw(p) > d} U {id} and
Aut>d(R) = Aut2d+1(R).

If f is semiquasihomogeneous of type (d;w) and ¢ is an automorphism of
C{z1,22,...,2,} of order 0 then ¢(f) is semiquasihomogeneous of type (d; w). The
converse, due to Greuel, Hertling and Pfister (cf. Theorem 2.1 in [9]), is by no means
trivial and plays an important role for the construction of the moduli space.

Theorem 2. [9] Let f and g be semiquasihomogeneous power series of type (d;w)
and let ¢ € Aut(C{x1,22,...,x,}). Then

f=¢lg) = ordw(p) 2 0.

Proof. We refer to [9], Theorem 2.1. [ |

Hence it suffices to consider only automorphisms ¢ € Aut(R) which satisfy
ordw(y) > 0. For the subgroups Aut>; we have the following result.

Proposition 1. For g > p >0 Aut>,(R) C Aut>,(R) is a normal subgroup.
Proof. We refer to Proposition 12.4.2 in [2] (p. 203). [ |

Note that if f is semiquasihomogeneous with principal part fy then right equiva-
lence need not preserve the principal part.

3.2. Arnold’s Theorem on semiquasihomogeneous power series

In this section we present a result of V.I. Arnold, cf. [1] (or Ch. 12.6, in [2], p.209),
which says that any semiquasihomogeneous power series with principal part fj is right
equivalent to fo + ) ,cp_cax® for some complex numbers c¢,. Unfortunately, they
are not unique in general.

The proof of Arnold’s Theorem provides a construction of a morphism of weighted
order > 0 which maps a given semiquasihomogeneous power series (with terms of
arbitrarily high degree) with principal part fo to some F(x,c),c € T_, where F
is the semiuniversal family of f;”— unfoldings. This construction is of fundamental
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importance for the existence of an induced action of the stabilizer G‘]’c‘(’) of foon T_.
We follow the presentation in Ch. 12.5 and 12.6 of [2] (p. 206ff).

In the sequel let fo € Clz1, 22, ..., zy] be a quasihomogeneous polynomial of type
(d; w) with an isolated singularity at 0. The following Lemma will be needed to prove
Arnold’s Theorem.

Lemma 1. (a) Let f be a power series of weighted order d and ¢ be an automorphism
of the form o(x) =x — v of order 6 > 0,v = (v1,v2,...,v,). Then

@(f)Zf—Zg—ivrl-r

for some r s.t. ordw(r) > d+ 4.

(b) Any semiquasihomogeneous power series fo+ fi with fived part fo and ordw (f1) >
d and d' > d can be transformed by a polynomial diffeomorphism of order > 0 to fo+ f|
s.t. the terms of degree less than d' of fi and f{ coincide, and the terms of f] of degree
d' reduce to ZaeB,7\a\w=d' caX® for some cq € C.

Proof. (a) We refer to the Lemma in Ch. 12.5 in [2] (p.207).

(b) Let g1 denote the sum of all terms of degree d' in fi, let g] denote the terms of
f1 of degree < d' and set g = f1 — g1 — ¢}. Since {x* : a@ € B_,|alw = d'} is a basis
of monomials of My, of degree d' we can write g; as

g1 = Z %W + Z CaX®

=1 v aeB_7|a‘w:d’

for some ¢, € C. Since g; is quasihomogeneous, v1,vs,...,v, can be chosen to be
quasihomogeneous of degree d' — d + wy,d — d + ws,,...,d — d + w, respectively.
Consider the morphism ¢ defined by ¢(xz;) = x; — v;. We have ordw (p(z;) — ;) =
ordw(v;)) = w; + d — d, so the order of ¢ equals d' —d > 0. By applying (a) to
f = fo+ fi we obtain

a€B_ ,|a|w=d’

+ (ro +r =Y 8_acl-vi +r1>
i=1 "

where the (weighted) order of the terms in the bracket is greater than d'. [ |

Theorem 3. [1] Let f be a semiquasihomogeneous power series with principal part
fo. Then

forfot Y cax™

acB_
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for some ¢, € C.

Proof. Let d' > d be the minimal degree of a term in f not appearing in fy and
set d' := max{|a|,, : € B_}. We use Lemma 3.2.1(a) to obtain a diffeomorphism
w1 8.t ordw(p1) > d —d and p1(f) = fo + ZaeB,7\a\w<d/+1 cax® + fi where
ordy(fi1) > d'. We successively apply Lemma 3.2.1(b) and obtain in the k—th step

Pk opr—10...001(f) = fo+ > caX® + fi
a€B_|al,<d +k

where ordyw (fr) > d' + k. Note that ¢ does not change the coefficients ¢, where
lalw < d + k. If d +k > d"” then no new terms of the form c,x%*, o € B_, are
introduced. Since f has an isolated singularity at the origin we have u(f) < oo by
Theorem 2.1. Note that the Milnor numbers of f and fy coincide, hence there exists
N > 0s.t. ord(fn) > p(fo) (not the weighted order) and therefore

Jo+ > CaX® ~p N o pN_1 0. 0pi(f) ~r f
a€B_,|al,<d'+k

via some map ¢ € Aut(C{x}). [ |

In the next section, Arnold’s Theorem will be used to construct a group action
on T, where the order of the morphism, constructed in the proof above, is of funda-
mental importance.

Remark 1. (a) Arnold’s Theorem provides a correspondence between semiquasiho-
mogeneous power series with principal part fo and points of 7_. Unfortunately, this
correspondence is not unique which can be seen, e.g., by applying the C*—action
(which is of order 0) of fy to F. For maps of order > 0 the correspondence is unique,
as shown in Proposition 2.3 in [9].

(b) By Proposition 2.3 of [9], the map ¢ constructed in the proof of Arnold’s Theorem
has order > 0.

(¢) In the proof of Arnold’s Theorem it suffices to compute the morphisms ¢j, for
1< k<d'"—d +1 because we are only interested in the coefficients ¢, and

@d”—d’—&-l 0...0 (pl (f) = fO -|_ Z CaXa + fd”—d'+1
a€B_ Jal,,

and ordw (far—a+1) > d"”. The application of ¢y for £ > d"’ — d’' + 1 increases the

weighted order of f/_; and does not change fo + EaeBﬂlalw CaX®.

Example 2. For fy = 2?2 + 2%y — 2° + 3> we have to apply Arnold’s Theorem

to f = fo + 2?2% because x2z is no upper monomial, i.e., f(x) # F(x,to) for

all to. From z?2° = F(wz? — wyz + myQ)(%) — 22y® we obtain the map p(z) =
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r — 3 (222 — zyz + zy?),¢(y) = y,p(z) = 2. Application yields

o(f) = fo—ay’
325,39 4 3923, 1y3s 144 155
4;1:z+4a:yz 4;1:yz+4a:yz 4;1:yz+4a:y
1;1:2z7 . —;v2yz6 + §x2y2z5 _ 1x2y3z4 + 1x2y4z3
4 2 4 2 4

Since the terms of the last two lines have degree > 7 = max{deg,, (m) : m € B_} we
obtain f ~, fo — x?y® by Theorem 3.2.3 and Remark 3.2.1(c).

3.3. The induced group action

Any morphism o € Aut(C{x}) which leaves fy invariant induces a map O(o) : T_ —
T_ by Arnold’s Theorem. [9] proved that © induces an algebraic group action on
T_ when applied to F' and that morphisms of order > 0 preserve uniqueness (cf. the
proposition below). For the construction of the moduli space we may therefore restrict
ourselves to the factor group Aut>o(C{x})/Aut~o(C{x}) which is isomorphic to the
group of quasihomogeneous morphisms of C{x}. Additionally, [9] showed that the
group action induced by © on 7T_ is finite.

Proposition 2. [9] For any semiquasihomogeneous power series f with principal part
fo there exists an automorphism ¢ € Autso(C{x}) and a to € T_ s.t. Y(f) = Fy,. If
Y' € Autso(C{x}) and ¢'(Fy,) = Fy, for some ty € T then tg = tg.

Proof. We refer to Proposition 2.3 in [9]. |

Hence only a morphism of order 0 may send a semiquasihomogeneous power series
with principal part fo to a different point of 7_ (e.g., the C*— action of fy). Note
that morphisms of Arnold’s Theorem have order > 0. Therefore we are interested in
the following group.

Definition 2. A morphism o € Aut(C{x}) is called quasihomogeneous (w.r.t.
w ) iff o maps quasihomogeneous elements to quasihomogeneous elements of the same
degree. Set GV = {o € Aut(C{x}) : 0 is quasihomogeneous w.r.t.w}.

If o is quasihomogeneous then o(z;) is quasihomogeneous of degree wy, i.e., the
components o; are quasihomogeneous polynomials. By considering the nat-
ural inclusion ¢ : GV < Aut>o(C{x}) and the projection = : Aut>o(C{x}) —
Aut>o(C{x})/Aut>o(C{x}) one obtains the following result.

Proposition 3. The set GV is an algebraic group, in particular,

Aut>o(C{x})/Aut~o(C{x}) = G".
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Proof. We refer to Proposition 2 in Ch. 12.4 (p. 203) in [2]. [ |
Definition 3. The stabilizer group of fo is G¥, = {oc € GY :0(fo) = fo}.

Note that G} is an algebraic group since it is a closed subgroup of G*. Combining
Theorem 3.1.2., Theorem 3.2.3 and the results above one can define a group action
of G} on T_ as follows.

Proposition 4. [9] (a) For any o € G}, andt € T_ there exists a unique s = ©(o)(t)
and an automorphism ¢ € Autso(C{x}) s.t. poo(F;) = F.

(b) The function © : G} — Aut(1-) is a group homomorphism.

(¢) The components of ©(c)(t;) are quasihomogeneous polynomials of degree deg., (m;)—
d. In particular, the group @(G‘J’c‘g) acts algebraically on T_ and this action commutes
with a C*—action on T_.

Proof. We refer to Proposition 2.4 of [9] [ |

The induced group action of G} on T = C3, where fo = 2%z + 2%y — 2° + 9°,
is given in Example 4.1.4. For the construction of the moduli space we are interested
in the image of the stabilizer G}/ under ©.

Definition 4. The group Ey, := O(GY)) is the subgroup of Aut(1_) which is induced
by the action of G, on T_ provided by Arnold’s Theorem.

[9] proved that the quotient T_/Ey, is a coarse moduli space for semiquasihomo-
geneous power series with fixed principal part.

Remark 2. (a) Unfortunately (for computational purposes) the map ¢ of Proposi-
tion 3.3.2 cannot be omitted.

(b) It follows from (a) that, in general, Ey, does not act linearly on T, even if
GY C GLy(C). In order to compute the equations of 1 /Ey, one has to linearize
the action of Ey, on T_ which is the main topic in Section 4.4.2.

The construction of the quotient T_/Ey, is considerably simplified by the fact
that Ey, is finite, hence reductive, so Hilbert’s Finiteness Theorem implies that the
quotient is an algebraic variety.

Theorem 4. [9] Let fy € Clz1,z2,...,2,] be a quasihomogeneous polynomial of type
(d;w) with an isolated singularity at 0 and set w; := “5.
(a) The group G, is finite if W1 < s Wno1 < §,W, < 4.
(b) The group Ey, is finite.

Proof. We refer to Proposition 2.7 in [9], or for a more detailed treatment, to
Theorem 2.3.56 in [3] (p. 36ff). [ |

Remark 3. Under the above hypotheses it is tempting, but wrong, to conclude that
GY C GL,(C) or that @gzlc% isa Gy —module.? Consider the quasihomogeneous

2For G C GF N GL,(C) Orlik and Wagreich proved that it is a G—module, cf. Lemma 5.3 or
[15].
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polynomial fo = 2? — zy® + y* of type (4;2,1) which has an isolated singularity at
0 (nf,(0) = 3). Its stabilizer group GY has order 8 and is generated by the two
automorphisms o, 7, where

0'(.17) = —.Z'+y2,
oly) = v,

and 7(z) = —x,7(y) = iy. It is obvious that G}/ ¢ G'L»(C). Moreover, C% @ C%—’;’
is not a G‘]’c‘(’) —module since o1 o % = 2y% + %. Nonetheless, this is true for
Brieskorn-Pham polynomials as we will show in Section 5.

3.4. Existence of the moduli space

We present the construction of coarse moduli spaces for semiquasihomogeneous sin-
gularities with principal part fy w.r.t. right equivalence given by Greuel, Hertling
and Pfister (cf. Section 1 in [9]), whereas we do not introduce the notion of a moduli
functor or moduli space. We just mention that the points of a moduli space arein 1:1
correspondence with the isomorphism classes of semiquasihomogeneous singularities
with principal part fy.

Recall that the family F of f; —unfoldings has been called the semiuniversal family
of unfoldings of negative weight of semiquasihomogeneous power series with principal
part fo. This name is justified by the proposition below.

Proposition 5. [9] Let f be a semiquasihomogeneous power series with principal
part fo.

(a) For each t € T_ the restriction of F to the germ (T—,t) is a semiuniversal un-
folding of F; of negative weight.

(b) T_ does not contain trivial subfamilies.

(c) If fo is neither simple nor simple elliptic then there exist t,t' € T_ arbitrary close
to 0 s.t. Fy ~,. Fy (that is, the unfolding F' is not universal in any neighborhood of

0).
Proof. We refer to [9], Remark 1.1, Lemma 1.2 and Remark 1.4. |

If the singularity of f; is simple or simple elliptic, K. Saito proved that 7 = {0},
i.e., all power series with principal part fo are right equivalent to fo (cf. [17]).

The functor for our moduli problem is defined as follows where 7 = alg if S denotes
the category of algebraic spaces and 7 = hol if S denotes the category of complex
spaces.

Unfp,. @ 8 —(sets),
S € 0bj(S)— {[QS]NT : ¢ a family of f;” — unfoldings over S} ,
T5S € Mor(T,S)— ([¢].. — [¢"dl..)-
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Proposition 6. For the reduced point {pt} € S we obtain

Unf, -({pt}) = {[f]NT : f semiquasihomogeneous with principal part fo} .

Proof. By definition, a family ¢ of negative weight with principal part fo over {pt}
is a quasihomogeneous power series with principal part fo. [ |

By Theorem 3.2.3 a quasihomogeneous power series f is right equivalent to F; for
some ¢t € T_. Hence Unf; _({pt}) is the desired set of equivalence classes classifying
semiquasihomogeneous hypersurface singularities with principal part fo w.r.t. right
equivalence.Greuel, Hertling and Pfister solved the geometric classification problem
by providing a coarse moduli space for Unfﬁw.

Theorem 5. [9]. Let fo € Clzy1,xa,...,x,] be a quasihomogeneous polynomial with
an isolated singularity at 0. The quotient

Myo,r :=T_/Ey,

is a coarse moduli space for the functor Unff_(m where 7 = alg/hol.
Proof. We refer to Theorem 1.3 and Remark 1.5 in [9]. |

Note that the quotient My, a1y is an affine variety since Ey, is finite and acts
algebraically on 7.

Example 3. The moduli space My, a1y for quasihomogeneous power series w.r.t.
right equivalence with fy = 2* + zy® (Wi7) is given by the variety in C®, defined by
the equations

Vi = YaYs, Y3Y) — VoY5, YoV — V1V5, Yy — V1Y5,YoY3 — V1Vy, Y5 — V1Ys.

The computation of such equations is our main concern in the following section.
We conclude this section by some remarks on the properties of the moduli space

Mfoﬂlg'

Remark 4. (a) Since the action of G‘J’c‘[’) on T_ is given by quasihomogeneous poly-
nomials, the quotient 7 /Ey, admits a C*—action. It turns out that this action is
preserved by the linearization, i.e., the linearized action of Ej, commutes with the
C*—action, too.

(b) Since Ey, is finite, it is reductive, so My, o1 is an affine variety by Hilbert’s
Finiteness Theorem. Finiteness of Fy, implies that M, 14 is even a geometric quo-
tient. As an affine variety, the moduli space M, 414 is reduced, irreducible, has the
Cohen-Macaulay property, and admits a C*—action.

(c) A fine moduli space for Un [7,.+ does not exist even if § is the category of complex
germs (cf. [9]). Suppose M is a fine moduli space. Then M is also a coarse moduli
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space, so M ~ T /E; . There exists a universal unfolding over the germ (T_/E,,0)
which can be induced from the semiuniversal unfolding F' over the germ (7_,0) and
vice versa. Since T_ does not contain trivial subfamilies, the semiuniversal family F
over (T_,0) would be universal, which contradicts Proposition 3.4.5(c).

4. Algorithmic construction of the moduli space

We present the main algorithm for computing equations of moduli spaces for semi-
quasihomogeneous power series with fixed principal part w.r.t. right equivalence,
subroutines for computing the induced action of G¥ on 7" by Arnold’s Theorem
and for a linearization of this action, and an implementation in the computer algebra
system SINGULAR 2.0 ([10]). All other subroutines are either well known algorithms
in commutative algebra (cf., e.g., [19]) or are easy to implement. For a more detailed
description we refer to Chapter 3 of [3].

Procedure names typed in typewriter denote built-in SINGULAR 2.0 commands,
e.g., std denotes the Standard bases algorithm of SINGULAR 2.0.

4.1. The action of G‘]’c‘(’)

For a quasihomogeneous polynomial fy € Clz1,22,...,z,] we obtain a group action
of G} on T_ by Proposition 3.3.4, namely

XTI — T
(o,t) +— O(0)(t) =s

where s € T_ is s.t. poo(F;) = F; for some ¢ € Autso(C{x}). We provide the
algorithm ARNOLDACTION for the computation of the algebraic action of G} on T_
which is an implementation of the proof of Arnold’s Theorem (Theorem 3.2.3). The
algorithm computes the morphism ¢ of order > 0 s.t.

p(o(F1)) = Fs +r(x)

where ordy (r) > d" := max{|a|w : @ € B_}. By Remark 3.2.1 we may omit r(x),
ie., p(F;) = F;. Since ordy(p) > 0 Proposition 3.3.2 implies that s € T_ is uniquely
determined by the morphism ¢. It remains to compute the action t; — p;(s,t) by
setting p;(s,t) := coefficient of m; in @(F}) where mq,ms,...,m; denote all upper
monomials of fj.

Algorithm ARNOLDACTION(fo,GY,B_)
In: quasihomogeneous polynomial fo € Kz, o, ..., z,] with an isolated sin-
gularity at 0, equations for the defining ideal of G‘]’c‘(’) in K[s1,s2,...,5,], upper

monomials B_ = {my,ma,...,my}.
Out: (pi(s,t),pa(s,t),...,pr(s,t)) polynomials defining the action of GY on
T_ =K".
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Note: Dbasering has parameters si,ss,...,Sp,t1,t2,...,t and variables
L1yL2yeveyLp.
begin

Ib := min (|m]|,, : m € B_);
ub :=max (|m|, : m € B_);
F .= fo + Zle timi;
for d :=1b to ub do

g := sum of all monomials in F' of weighted degree d;

g1 := reduce(g,std(jacob(fy)));

v = lift(jacob(fo),9 — 91); // 9 — o1 = 1y 322ui;

e(xi) == x; — vi(x);

Fi= o(F);

reduce F' w.r.t. the ideal of G} (consider s1, 89, ...,s, as variables)
end;
for i :=1to k do

p; = coefficient of m; in F;
end;
return({p1,pe2,...,pr});
end.

Example 4. For fy = 2%z +a% — 2> +3° the ideal of the stabilizer G'\""

equals  (s7s3 — s3, 8283, 750 + 5753 — 1,55 — s§ + 57,51 + 53 — 53,55 — s7s3) where

chi’Ll) acts via the map (z,y,2) — (s1x,s3y + s22, 82y + s3z), both computed

by STABEQN?. The action a of the group chi’Ll) on T_ = C3 is computed by

ARNOLDACTION and is given by the following polynomials.

a*tl = pl(syt17t27t3) = (83 _32)t17

Oé*tz = pg(S,tl,t27t3) = (Sé — Sé) tz + 2S%t§,

'ty = pa(s,ti,ta,t3) = (s2 4+ s3) 13
where s = (s1, 82, 53) and the ideal of chz’l’l) is contained in CJ[s]. In this case, the
action of chi’Ll) is not linear.

4.2, Linearization of a group action

As noted above, the algebraic action of G}/ on T_ need not be linear, but this fact
is irrelevant for the existence proof of the moduli space. Nonetheless, the equations
of the moduli space are computed from generators of the invariant ring of the action
of G} and the corresponding algorithms only work for linear actions. Therefore we

3We refer to Section 4.3 or Ch. 3.4 of [3] for a description.
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need an algorithm for linearizing the action of G} on T'. Linearizations of algebraic
actions over algebraically closed fields always exist and the construction is well known
(we follow Ch. 1.6. in [4]).

Let G be an algebraic group which acts algebraically on the affine variety X (both
defined over an algebraically closed field K of characteristic 0) via

a:GxX — X
(0,2) +— oo, .

A linearization of a consists of a closed morphism p : G — GL,(K) and a closed
embedding ¢ : X — K" s.t.

¢(0 0o t) = p(0) - (1)

where “” is the usual action of GL,(K). On the coordinate ring of X we obtain the
morphism A\, (f)(z) := f(a(c™t,z)) = a*(f)(c 1, z) foroc € G, f € K[X]and 7 € X,
which is called left-translation.

Lemma 2. Let G be an algebraic group acting algebraically on a variety X. Any
finite dimensional vector subspace V' of K[X] can be extended to a finite dimensional
vector subspace W of K[ X] s.t. Ge, W C W. Moreover a necessary and sufficient
condition that W is invariant under left translation is

oW C K[G] @ W.

Proof. Firstly, we assume dimk (V) = 1 and construct a G—invariant vectorspace
W D V. The general case follows by constructing G—invariant vectorspaces for each
basis element of V' and taking the sum of these vectorspaces.

Choose a decomposition

a(f) = Zgi ® h; € K[G] @ K[X]

s.t. r is minimal. Applying left translation to f yields A, f(z) = oa*(f)(c 1, z) =
> gilo™ ) h(x) for all ¢ € G and « € X. Hence

Ao (f) = Zgi(a*)hi

80 hy, ha, ..., h, span a K—vectorspace W DV s.t. A, (f) € W for all o € G. To see
that W is G—invariant take 0,7 € G and choose ¢, ¢, ...,¢, € K sit. A,—1, (f) =
Z:Zl Clhi We have /\-,— (f) = )\00—17. (f) = /\J(Zgzl Clhi) = Z:Zl ci)\a (hz), SO /\-,—(f)
is contained in the K—vectorspace W, spanned by A, (h1), Ay (h2), ...; Ay (hy). Since
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r is minimal and dimk (W,) = r we have W N W, = W, therefore \,(h;) € W for
ceGand1<i<r,

Now let W C K[X] be a finite-dimensional subspace and {f;} U {h;} be a basis for
K[X] s.t. {f;} spans W. For f € W and 0 € G we have \,(f) = Y ri(c™)fi +
Y sj(c7 )h;, where a*f =Y r; @ fi+ Y. s;@hj,s00-f € Wiff s;(¢7!) =0 for all
o0 € G. Varying 0 € G and f € W we see that A\,(W) CW iff o'W CK[G]@ . R

Theorem 6. (Ezistence of equivariant embeddings) Let G be an algebraic group
acting algebraically on a variety X. There exists a finite dimensional vectorspace V,
a closed embedding ¢ : X <= V and a morphism p: G — GL(V) s.t.

P(0 @0 x) = p(o) - §(x)
forallo € G and x € X.

Proof. By Lemma 4.2.2 we may assume that fi, fo,..., f;n € K[X] are algebra
generators for K[X] which span a G—invariant K—vectorspace V s.t. a*V C K[G] ®
V. Hence there exist m;; € K[G] s.t. o*fi = 3°7°, m;; ® f; which define a map
p:G — GLy(K),0 — (my(c7t)). Note that the m;;’s are unique and that the map

p is a closed morphism of algebraic groups. For each 0 € G and z € X we have
m
filoeax) =Y miy(o™") f;(x). (1)
j=1

Define ¢ : X -V =K™byy; := fi(z) forz € X, where y1, ya, . . ., y., are coordinates
on V. Obviously, the map ¢ is a morphism and, by definition, we have ¢*(y;) = fi,
i.e. ¢* is surjective, hence ¢ is a closed embedding of X. Now we can write (1) as

9(0 00 2) = pl0) - (a).
| ]

In order to construct a linearization of a = (p1,p2,...,p,) we start with B =
{t1,t2,...,tn},V = (B) and apply Lemma 4.2.2 to each t;. If some h; of a minimal
decomposition is not contained in V' we add h; to B. Each such h; gives rise to a new
component py, of the linearized action of a. From a linearization ¢ : X — K™ of «
and from the projection 7 : K™ — K™ /G C K" given by generators of the invariant
ring of the linearized action of G we obtain equations for the quotient of X/G by
computing the image of the composition 7 o ¢

X—>K"—K"/G—K"

Since ¢ is injective and the fibers of 7 are finite (provided that G is finite which is
true for G = Ey,), the map 7 o ¢ is finite and therefore it is closed. Note that this
implies that the quotient X/G is geometric, cf., e.g., Ch. I1.3.2 in [13] (p. 96).
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The algorithm MINIMALDECOMPOSITION(p;) returns a list {g(¥, h()} s.t. p; =
2;1:1 g](l) ® hg-l) € K[s1,52,...,5m| @K]Jt1,t2,...,t] is a minimal decomposition. For
a description we refer to Chapter 3.6 of [3].

Algorithm LINEARIZEACTION(G, {p1,p2,-.-,Dk})
In: Ideal of G in K[s1, s2,. .., s;], polynomials p; (s, t), p2(s, t), ..., pr (s, t) defin-
ing an action of G on K*.
Out: {p|(s,t),p)(s,t),...,p|(s,t)}, defining a linear action of G on K/,
{Bi(t), Ba(t),...,Bi(t)} an equivariant embedding K¥ — K.
begin
B = {t1,ta,...,tx}; L :=k;
(D), Phs s P}) = P1, D25, P
fori:=1to k do
{g® )} :=MINIMALDECOMPOSITION(p;);
for j:=1to n; do
if b\ ¢ (B)y then begin
B:=BU {hy)}; Il =1+1; // extend basis
p) = hg-l) (p1,p2,--.,Pk); // new component of the action
(4)

replace h;” in py,ps, ..., p; by the new variable #;
end if
end
end
return({p}, p, ...}, B):
end.

We continue with our running example in order to illustrate the algorithm.

Example 5. Let fo = 2%z + 2%y — 2° + y°. We have to extend the C—vectorspace
V, spanned by (t1,t2,13), to a GY, — invariant vectorspace W. The decomposition
of the nonlinear component py = (s — s3)ts + 2s3t% of a = (p1, p2, p3) equals

a*tz :p2(81,82,83,t1,t2,t3) = (Sg — Sg) R t2 + 283 ®t§.

Therefore we consider the vectorspace W := (t1,t2,13,13) and we set t4 = t3 and
deg(t4) = 2. The new component of the action is given by

'ty = a2 = (59 +53) 12 = (3 4 28083 + 53) ta = (53 + 53) ta

since sos3 is in the ideal of G‘]’c‘(’). Hence W is the desired G‘]’c‘(’) —invariant vectorspace.
The closed embedding ¢ : T_ < C* is given by

(t17t27t3) — (t17t27t37t§)
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and the representation p : G} — G'L4(C) by

S§3 — 82 0 0 0

0 s2 — 83 0 252

(51,8, 83) — 0 0 sy+ss O
0 0 0 s34 s2

The ideal of the variety ¢(7_) is generated by t4 —t2 and the generator is quasihomo-
geneous of type (2;1,2,1,2). The group G¥ acts linearly but not faithfully on o(T-).
The ideal of the group E} := p(GY)) computed by IMAGEGROUP* is

y 5 2 3 3
I(Efo) = <55 — 1,87 — S5,53 + S45; — S5,52 + S3 — S5,51 — 35>

and may be simplified® to Z(E} ) = (si° — 1) so the linear action on ¢(7_) (and
C%)is given by

(84,t1, o, ts,ta) — (SSt1, sits — sity + sita, sats, s3ts) -
Note that |GY | = 20 and |E} | = 10.
The algorithm LINEARIZEACTION preserves C*— actions.

Proposition 7. Let a be an action of G on C* which commutes with a C*—action
and let w be s.t. the defining polynomials of a are quasihomogeneous w.r.t. w,
where t1,ts, ...ty are coordinates on C* and the variables s1, s, ..., s, of C[G] have
weight 0. The linearized action, constructed by LINEARIZEACTION, commutes with
a C*—action, i.e., the polynomials p1(s,t),p2(s,t), ..., pi(s,t) are quasihomogeneous
w.r.t. to the extended weight w' where degy, (t;) = degy(t;) if i > k and t; comes
from the decomposition of a*t;. In particular, the ideal of $(T—) is quasihomogeneous
w.r.t. the weights of t1,ts,...,1;.

Proof. We refer to Proposition 3.6.69 of [3] (p. 56). [ |

4.3. Computation of equations for the moduli space

Given a semiquasihomogeneous polynomial fy of type (d; w) we compute equations
for a coarse moduli space of semiquasihomogeneous power series with principal part
fo as follows. Firstly, we compute equations for the stabilizer G} by means of
STABEQN and upper monomials for My, with UPPERMONOMIALS (see below). Then
ARNOLDACTION yields an algebraic action a of G on T_ which is linearized by
(¢, p), obtained from LINEARIZEACTION (note that an action yields a representa-
tion). Equations for E’ , the image of G‘J’c‘[’) under p, are computed and QUOTIEN-
TEQUATIONS (based on Derksen’s Algorithm, cf. [5], and IMAGEVARIETY) provides

4The resulting equations may contain more variables than the equations of the input.
5Since the simplification is done by elimpart (cf. [8]) and by hand, it is not contained in the
current version of ghmoduli.lib.
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equations for an embedding of the moduli space. Below we give a brief description of
the algorithms UPPERMONOMIALS, STABEQN, IMAGEVARIETY, IMAGEGROUP and
QUOTIENTEQUATIONS. For a thorough description we refer to Chapter 3 in [3].

1. UppERMONOMIALS: Computes the set {my,ma,...,my} of upper monomials
of a monomial basis of the Milnor algebra C{z1,x2,...,z,}/i(fo) of fo. This
requires a standard basis computation in a local ring.

2. STABEQN: Computes equations of the stabilizer group G¥ C G C Aut(C{x})
of fo by comparing coefficients of fy and o(fy) where the elements o € GV satisfy
0(2i) = D (w.a)ymw; Si,aX" det(%;;")) # 0 and s; o are new indeterminates. The
equations are simplified by using the command elimpart from the SINGULAR
2.0 library presolve.lib, cf. [8]. Since fo has an isolated singularity at O the

zeroset of the resulting ideal is a group. This step needs the command radical.

3. IMAGEVARIETY and IMAGEGROUP: Computes the ideal I of the image of T_
under the morphism

®:7_— C' - C'/E} < C™

given by ®*(y;) = h;. Since hy, ha, ..., h,, are quasihomogeneous (Cl/E}0 ad-
mits a C*—action) we apply the Hilbert-driven standard bases algorithm
(stdhilb), which proves to be much more efficient in our application (cf. [18]).
The coarse moduli space for Un ff_0 is given by the variety V(I), defined by the
ideal I. In particular, as sets we have

V(I) = Unfy ({pt})-

IMAGEGROUP computes equations of E}O from the equations of G‘J’c‘g and the lin-
earized polynomials p!, ph, ..., p; of the action of G¥ . May introduce additional
variables.

4. QUOTIENTEQUATIONS: Given equations of an algebraic group G, of a variety
X, and polynomials defining a linear action of G on X, QUOTIENTEQUATIONS
computes equations of an embedding of the quotient X/G. Generators of the
invariant ring C[t1, ta, . . ., ;] are computed by Derksen’s algorithm ([5]), which
requires equations for G and polynomials defining the action. In general, one
has to apply the Reynolds operator, in which case G must be finite. In the
implementation one can choose to use equations for G¥ or E}O to compute the
invariant ring w.r.t. the linearized action (running times may be different).

In the algorithm the group GY is described by its defining ideal and the action of
GY onT_ is represented by polynomials p (s,t),...,pr(s,t) where s = (s1, 82,..., ),
t = (t1,t2,...,t;). The linearized action is represented by the polynomials
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pi(s,t'),...,pi(s,t') where I > k and t' = (¢1,12,...,%), which also encode the repre-
sentation p. From a theoretical point of view, the computation of E}O is not necessary,
but this may simplify the computation of the Reynolds operator since |E} | < [GY |.
The change of the basering, which occurs at several occasions in the SINGULAR 2.0
implementation, is omitted.

Algorithm MoDEQN(fo)
In: quasihomogeneous polynomial fy with an isolated singularity at O
Out: equations fi, fa,..., f; of the moduli space of Unf;).
begin
m :=UPPERMONOMIALS(fo); //
k :=size(m);
Gy, :=STABEQN(fy); // variables s1, sa,..., s,
// variables are sq,S2,...,8p,t1,t2, ... b, T1, T2, ..., Ty
Fy = fo+ Y5 timli];
{p1(s,t), ... pk(s, t)} :=ARNOLDACTION(GY' , F});
({pi(s,t"),...,pi(s, t)}, 0) == LINEARIZEACTION(G}‘(’), {p1,p2, -0k });
// variables are s1,S2,...,8p,t1, 82, .y tpy bhg1yes by
E}O = IMAGEGROUP(G‘J’% D1 Dby -y DL
{917927 cee 7gl} = {(;bl(tl; v 7tk)7 ¢2(t17 v 7tk)7 ey ¢l(t1, cee 7tk)};
// variables are s1,S9,...,8p, 81,0, ..yt thg1s ey i
{giaglb tee 7gll’} = IMAGEVARIETY({0}7 {917927 ey gl})7
// IMAGEVARIETY provides the ideal of the embedding of T_
{f1, . [} = QUOTIENTEQUATIONS (E} , {p}, P, -- -, 0}, {ghs - 000 });
return({fh f27 EEEE fq}):

end;

4.4. SINGULAR 2.0 Implementation

All algorithms from the previous section are implemented in the SINGULAR 2.0 li-
braries ghmoduli.lib,rinvar.1lib and zeroset.lib. A short description is given
below, a full description for all algorithms and their options is contained in [3].

1. ghmoduli.1lib: Contains the main algorithms for computing equations for mod-
uli spaces for semiquasihomogeneous power series with fixed principal part (e.g.,
MoDEQN, ARNOLDACTION and STABEQN).

2. rinvar.lib: Contains algorithms for computing invariant rings of reductive
groups which are given by equations and algebraic actions (i.e., defined by poly-
nomials). The computation of the invariant ring is based on Derksen’s algorithm
(NULLCONE), cf. [5]. Note that the Reynolds operator is implemented for finite
groups only.
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3. zeroset.lib: Contains algorithms for computing the zeroset of a zero-dimensional
ideal (ZEROSET) and factorization of univariate polynomials (FACTOR) over fi-
nite extensions of Q.

4.4.1. The example fy = 222 + 2%y — 25 + °

We show how to compute the moduli space of semiquasihomogeneous hypersurface
singularities w.r.t. the fixed part fo = 2?2z + 2%y — 2° + 3° by means of the SINGULAR
2.0 library ghmoduli.lib.

> LIB ’’ghmoduli.lib’’;

ring R = 0,(x,y,2),1s;

poly f = -zb+yb+x2z+x2y;

list stab = StabEqn(f); > def R1 = stab[l]; setring R1;
stabid;

stabid[1]=s(2) *s(3)

stabid[2]=s(1) "2*s(2)+s (1) "2*s(3)-1

stabid [3]=s(1) "2*s(3) "2-s(3)
stabid[4]=5s(2)"4-s(3)"4+s(1)"2

stabid[5]=s(1) "4+s(2)"3-s(3) "3
stabid[6]=s(3) "5-s(1) "2*s(3)

> vdim(stabid); 20

> setring R;

> StabOrder(f);

20

> ideal B = UpperMonomials(f);

> B;

B[1]=y3z3

B[2]=x2y3

B[3]=x2y2

> def R2 = ArnoldAction(f,stab,B);

> setring R2;

>
>
>
>

> actionid;

actionid[1]=-s(2)*t (1) +s(3)*t (1)
actionid[2]=-s(2) "2*%t (2)+2*s(2) "2*t(3) "2 +s(3) 2%t (2)
actionid[3]=s(2)*t(3)+s(3)*t(3)

> nvars(stab[1]);

3

> def R3 = LinearizeAction(stabid, actionid,nvars(stab[1]));
> setring R3;

> actionid;

actionid[1]=-s(2)*t(1)+s(3)*t (1)

actionid[2]=-s(2) "2*t (2) +2%s (2) "2%t (4) +s(3) "2*t (2)
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actionid[3]=s(2)*t(3)+s(3)*t(3)
actionid[4]=s(2) "2*t (4)+s(3) 2%t (4)

// ’ImageGroup’ is not necessary

> def S = ImageGroup(groupid, actionid)®;
> setring S;

> groupid;

groupid[1]=s(2)+s(3)-s(5)
groupid[2]=s(4)~2-s(5)
groupid[3]=s(1)*s(5)+s(3)*s(4)-s(4)*s(5)
groupid[4]=s(1)*s(4)+s(3)-s(5)
groupid[5]=s(3)"2-2*s(3)*s(5)
groupid[6]=s(1)*s(3)-s(1)*s(5)+s(4)*s(5)
groupid[7]=s(1) "2+s(4) "2-2*s(5)
groupid[8]=-s(1)+s(5)"3
groupid[9]=s(3)*s(5) "2+s(4)-s(5) "3
groupid[10]=s(1)*s(5)"2-1

> ideal G = groupid,t(1),t(2),t(3),t(4);
> vdim(std(G));

10

// continue

setring R3;

> def R4 = QuotientEquations(groupid,actionid,embedid) ;
> setring R4;

> size(std(imageid)); // elimpart is not used !
72

> dim(std(imageid)); 3

// short version

> def T = ModEqn(f); setring T;

> size(modid); // ’elimpart’ is used !
56

> dim(std(modid));

3

4.4.2. Performance

We provide 6 examples with increasing complexity and runtime.

The first table

contains information about the singularity, the group action and the invariant ring
together with the embedding of the moduli space while the second table contains a

profile of the computation. We consider the following examples

6Recall that the algorithm may introduce additional variables to those contained in groupid.
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1. | Eig | 29" + 2° 4. | 2Py + 22z +9y° - 2°
2. | Vid [ 2Py +ytz+2t | 5 | 2y —ayd
3. | Zos |yt + 23y 6. | 2% + 1daty? + 48

where examples 1,2, 3 are taken from [20]. Note that stabilizers of Example 3,4,5 con-
tain matrices with more than one entry per row. A “?” denotes that the computation
was aborted due to time or memory constraints (more than 12h or 700MB). For more
examples we refer to Chapter 4.2 in [3] (p. 70ff).

Nr. | p | t- | |GV | |EY | l| #1 | #E | udb
1] 19 2 21 21 2 8 21 | 21
2119 3 32 16 3| 22] 191 | 16
3123 3 33 33 3| 35| 673 | 33
4| 24 3 20 10 4| 21 56 | 10
5125 3 144 ? 3 ? 77
6149 | 10 192 71 >10 ? 7007

Here i denotes the Milnor number, ¢t_ the dimension of 7_, [ is the dimension of the
ambient space of the embedding of T via ¢,#I,#FE are the numbers of generators
for the invariant ring C[ty,to,... ,tl]ElfO respectively ideal of the quotient (deg-lex.
Grobuer basis) and ub denotes highest degree occurring in the basis of the invariant
ring. Note that dim7_ =1 implies ¢ = id.

In the table below we provide running times (measured in seconds) for these exam-
ples computed in Singular-2-0-0 running under Linux on a 1GHz Athlon with 768 MB
RAM. Here we denote by G the time for STABEQN, by © the time for ARNOLDAC-
TION, by p the time for LINEARIZEACTION, by E}O the time for IMAGEGROUP, by NC
the time for NULLCONE, by R1, R2 the timer for computing the Reynolds operator,
resp. applying the operator to all non-invariant generators, and by Eq the time for
IMAGEIDEAL. In the last column we provide the running time of MODEQN.

Nr. | G¥ C) p| EyY | NC| Rl | R2 Eq. tot.
1] 0.02 0.02 | 0.00 | 0.01 | 0.02 0 0 0.07 0.13
21 0.03 0.05 | 0.00 | 0.01 | 0.06 0 0| 1546 | 15.60
31 0.02 0.04 | 0.01 | 0.15 | 0.00 0 0 | 829.35 | 829.56
4 |0.05 0.15 | 0.04 | 0.01 | 0.16 | 0.90 | 0.00 4.80 5.10
5 | 0.03 0.37 | 0.01 ? ? ? ? ? ?
6 | 0.04 | 6910.00 ? ? ? ? ? ? ?

5. Brieskorn-Pham singularities

A polynomial fy € C[z1,z2,...,x,] is called a Brieskorn-Pham polynomial if fy =
Yo, ad for a,as,...,a, € N. Brieskorn-Pham polynomials appeared, e.g., in the
study of exotic spheres pursued by Milnor, Brieskorn and others in the 1960’s. For
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semiquasihomogeneous power series with principal part a Brieskorn-Pham polynomial
the computation of the moduli space may be much simpler because of the following
two facts :

e Generators for G} can be written down without computation.

e The image of © is contained in GLj(C), i.e., the induced group action of G/
on T_ is linear.

Hence one may compute all elements of G‘]’c‘(’) or Fy,, which are needed to compute
the Reynolds operator, by matrix multiplication instead of computing the zeroset of
a 0—dim. ideal (the ideal of GY or E4,). In general, the Reynolds operator must
be used since De“I:ksen’s algorithm computes generators for the ideal generated by

Clty,ta, .. .,tm]ff °  which are not necessarily invariant. This might be a significant
improvement in the computation, cf., e.g., Example 5.7.

In order to prove the structure theorem on G¥ we need the following Lemma,
which was published (without proof ) in 1991 by Orlik and Wagreich.

Lemma 3. [15] Let f € Cla1,22,...,3,] be quasihomogeneous and G = GY N

GL,(C). Then
@ C o
i Omi

is a G—module.

Proof. For ¢ € G} N GL,(C) we have fo = fo oo (composition of functions)
and therefore g—g’:‘z(m) = agjﬁ(w) = i ngg(a : w)g%(ac) Since ¢ € GL,(C)
the terms %(w) are constants which we denote by A; € C. We obtain g—ﬁ:(m) =

(2;;1 )\ngf‘;) (o - z). Now

U@fo(m) - - i)\% (U.Z'): i)\% (0'_1(7-.%')
j=1

a.Z'z' J aiL'j

By using the previous lemma we obtain a theorem about the structure of the
stabilizer groups of Brieskorn-Pham polynomials.

Theorem 7. Let fy € C[zy,22,...,z,] be a Brieskorn-Pham polynomial.
(a) For fo =Y " ad the group GY. is generated by the diagonal matriz containing
precisely one d—th root of 1 and all n X n permutation matrices, provided that d > 2.
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(b) Let fo = >, fédi) where fédi) =) 1 .Z';l s.t. di,r; € N,0 < d; < dj for
1< jandrg=0,r; <riy1. The stabilizer of fo is

m
7= @
i=1

Proof. (a) Since all weights are equal (to 1) the only quasihomogeneous automor-
phisms are matrices, i.e., G} C GLp(C). Let M = b, Cg—f;‘:_ =CziteCai'te
.. ® Czd=! and assume w.lo.g. that A = (aiy) € G‘]’c‘g is s.t. a;; and ay2 are not
equal to 0. By Lemma 5.3 M is a G‘]’c‘(’) —module, but A~! -ac‘ffl contains terms like
a9 a19297 225, and is therefore not contained in M, a contradiction. Hence any ma-
trix in G‘J’c‘[’) contains precisely one nonzero entry per row, which must be a d—th root
of unity. Since fy is invariant under permutations the claim follows.

(b) By assumption we have deg,, (z1) = deg,, (z2) = ... = degy, (2,,) > degy, (Tr,+;)
and for r;_1 < k < r; each automorphism ¢ € G‘Jl‘; is of the form

Ti
plae) = Y Aay+ e By(@r1, Trga, o 20)

Jj=ri—1+1
for some Agj,cr € C and Ry € Clxp,41,Tri42,-..,Tpn] with deg, (Rr) = wy s.t.
det(g—;’;(O)) # 0. We show that ¢; = 0 and that the linear part of ¢ satisfies part (a)
for each block xp,_,41,%r,_,+42,-..,2y; of variables which proves the claim. Let ¢ be

minimal s.t. ¢(x;) is not as required for some r;_; < k < r; and define ¢'(z1) = zy,
for 1 <k <ri—1, @' (z) = Agjay for ri1 < k <r; and ¢'(2x) = (1) otherwise.
By assumption, ¢(z1),p(x2),...,o(xy_,) ouly affect x1,x2,...,x,_, which cannot
be changed by ¢(z,,_,+;) for j > 0 and @y, ,41,%p,_,42,-..,&,, are affected by

d; di (e d;
P(@r, 141, 9(@rri2)s- -, plar,). Note that o(f™) + 5% 44 )y = i) +
éd”l) +...+ fédm). Hence @’(fédi)) = fédi) + R'(%y;+1, Trs2,...,2,) and by part
(a) the coefficients A\g; in @(xy) have the desired form. Now suppose some ¢ # 0 for
some 7; < k < 7541 — 1. Then, for a monomial x® in Ry, the term (\gjz;)%~1x®

cannot be canceled from @(fédi) + féd“l) +...+ féd’“)), a contradiction to ¢ € G} .
Hence we obtain

J

j i-1 i-1
i i i dj)y _ i d;
> =y (Zfé“) = (Zfé“) + o) = 305"+ elh™),
i=1 i=1 i=1 i=1
hence fédj) = <p(fédj)) for 1 <j<r. [

Now we make use of the knowledge of the structure of G to show that the induced
group-action of G on T_ is linear.
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Theorem 8. If fo is a Brieskorn-Pham polynomial then Ey, C GLy(C), i.e., the
induced action of G} on T is linear.

Proof. By Theorem 5.7 G} C GL,(C) is generated by diagonal and permu-

tation matrices so we may assume that fo = Y., acfl For diagonal matrices
o =diag(o1,02,...,0y) it is clear that ©(c) € Ey, since
ol ex® = (0121)™ - (022)™ ... - (Opn)™"

induces a diagonal matrix in Ey, C Aut(T_). Now let B_ be the set of upper mono-
mials of the Milnor algebra My, = Clz1, 22, ... ,xn]/<m?i_1>. Since any permutation
is a product of transpositions it suffices to consider the transposition = = (ij). Note
that any monomial in B_ can be written as m = «§ 'z}’ - m', where m' does not
contain z; and z; and a; < d; —1,a; < d; — 1. The application of the transposition
m € G} to m yields

T
iag -m' € M_

-m') =z
since a;,a; < d; —1 = dj — 1 and induces a permutation matrix in Ey, C Aut(T-).
In both cases the map v from Theorem 3.2.3 is the identity. ]

Still the computation of moduli spaces for semiquasihomogeneous power series
with principal part a Brieskorn-Pham polynomial may fail due to the intrinsic com-
plexity of the invariant ring of Ey, and the quotient T_/Ef,. We illustrate the situ-
ation with 2 examples.

Example 6. Let fo = 2* + y® be a Brieskorn-Pham polynomial of type (8;2,1). The
semiuniversal family of negative weight is given by F(z,y,t1,t2) = z* +y8 + t12%y® +

taa?y®. We have iz, (0) = 21, |G3V| = |Ey,| = 32 and T— = C. The invariant

ring equals C[t1, b2, s, t4]%70 = C[t4, ¢34, 18] and the embedding of the moduli space
M =T_/Ey, in C? is given by the variety V(y1ys — y3).

Example 7. Let fy = 23+y®+2" be a Brieskorn-Pham polynomial of type (21;7,7, 3).
We have py, (0) = 24, |G(fz77’3)| = |Ef,| = 126 and T = C°. The invariant ring
Clt1,t2,t3,t4,t5]E% is generated by 162 homogeneous invariants hy, hy, ..., higz with
degrees ranging from 3 to 42. Among the 162 generators delivered by Derksen’s
algorithm, 107 are invariant. Even the computation of the zeroset of G%’m) takes
ca. 2h25 (without applying the Reynolds operator) but we can write down the
generators of G}/ and compute the induced action by hand (or SINGULAR 2.0). Then
all matrices of Ey, are computed (12.68sec) and the Reynolds operator is applied to
each non-invariant generator (1589.30sec). In order to compute the equations one has
to eliminate the variables t1,to, t3,t4,t5 in the ideal {y1 — h1,y2 — h2, ..., Y162 — N162)-
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6. Conclusion

We have described algorithms and their implementation in SINGULAR 2.0 for comput-
ing equations of moduli spaces of semiquasihomogeneous power series with principal
part fo w.r.t. right equivalence. The algorithms are contained in the SINGULAR 2.0
libraries ghmoduli.lib and rinvar.1lib and some auxiliary algorithms are contained
in zeroset.lib. The implementation is not restricted to specific classes of princi-
pal parts, but limitations arise from the intrinsic complexity of Grobner bases and
Arnold’s Theorem.

If one considers the coarser relation contact equivalence instead of right equiva-
lence, then a coarse moduli space still exists, but one has to fix more invariants and
the construction is much more involved. In particular, the corresponding group need
not be reductive! We refer to [9] for the existence proof. For a construction in the
case of space curve singularities we refer to [6].
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