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Abstract

The purpose of this paper is to study a model coupling an
incompressible viscous fluid with an elastic structure in a bounded
container. We prove the existence of weak solutions “a la Leray”
as long as no collisions occur.

1 Introduction

Because of its many applications to industrial [9], [11], [15] and
biological problems [17], [18, 19], fluid-structure interaction models have
been extensively studied over the past few years. Roughly speaking, the
problem is to describe the evolution of an incompressible or compressible
fluid coupled with a rigid or elastic structure located inside the fluid
or on the domain’s boundary. The purpose of this work is to prove
theoretical results for the interaction between an incompressible viscous
fluid governed by the Navier-Stokes equations and an elastic structure
whose deformation is given by a linear combination of a finite number
of modes. The case of a finite number of rigid structures embedded
in a fluid was treated in [6], dealing with the incompressible Navier-
Stokes equations as well as the compressible Navier-Stokes equations for
isentropic fluids (see also [1] [5] [8] [12] [13] [20]). Following a similar
approach, we intend here to prove existence of weak solutions “a la
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Leray” for such a fluid-elastic model. The container 2 is a C*! bounded
open subset of R? (d = 2 or 3), in which an incompressible fluid of
density pr > 0 and viscosity p > 0 evolves according to the Navier-
Stokes equations

ﬁF(atV—‘rdiV (V®V>) :dngF—i-ﬁFfF, in QF(t), (1)
divv =0 in Qp(t), and v;—o = vo in Qr(0), (2)

where g, = 2uD(u) —pland D(u);; = (0;u;+0ju;)/2. Here, fr denotes
bulk forces, p the pressure, and v the Eulerian velocity field.

On the other hand, the elastic structure is described in terms of
its displacement {(¢,x) = X(¢,0,x) — x, where X(t,s,x) denotes the
Lagrangian flow, i.e. the position at time t of the particle located at
x at time s. We consider a linearized elasticity model, which writes as
follows

7,(€) = Mr(e) 1+ 2ue, where £(¢) = J(VE+VE).  (3)

T, denotes the first Piola tensor, and A, p the Lamé constants of the
elastic media satisfying A+2u > 0. Denoting pg(0) the initial density of
the structure, the free dynamics would be given by pg(0)97¢ = div 7 (§)
in the absence of fluid. We now introduce the elastic modes in the initial
elastic C*! domain Qg(0)

—divr (§,) = Ai§; in Qg(0) and 7 (§,) nr =0 on 9s(0), (4)
where n, denotes the outward normal to 9Qs(0), {£, }ien is an orthonor-
mal basis of L?(s(0)) and {\;}ien is a non negative non decreasing
sequence of eigenvalues. The regularity of the domain Qg(0) provides
us with H? regularity for §Z Let us also observe that the eigenvalue
Ai = 0 corresponds to Lagrangian rigid motions {(x) = a+ b X x, where
ac RYand b € R?3, Given N > 1, we assume that the structure
displacement is determined in terms of the first NV eigenmodes

N
§(t,x) =& (t,%) =Y _ ai(t)¢ (x), where a(t) = {oi(t) h<icn € RY.
=1

The corresponding Lagrangian flow x — X, (¢,

t,0,x
to be a diffeomorphism from Qg(0) onto Qg(t)
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that all what follows will hold as long as det Fo(t,x) # 0 on Q4(0)
(where F,(t,x) := VX, (t,0,%)), and X, is one-to-one on ,(0). Thus,
we define X, (0,¢,x) by X,(0,¢,.) = X, (t,0,.)7! and X_(t,s,%x) :=
X (t,0,X,(0,s,x)). Moreover, since we consider incompressible fluid
models, the fluid domain Qp(t) has constant volume, so that the
volume of Qg(t) = Q\ Qp(¢) also has to be independent of ¢, which
yields the following nonlinear constraint on « :

/ det Fo(t,x)dx = |Qs5(0)], 0 <t <T. (6)
Q5(0)

Notice that for small enough T, there are functions « satisfying (6) for
N sufficiently large. Indeed, in this case, one can find 1 < ¢ < N such
that |, 95(0) §,-nds # 0, under which the implicit function theorem can
be applied.

Thus, the evolution of « is given by

/ (s ¢, —ps(O)Es)g, +1,(6,) - VE,) da
25(0)

:/ (0. -m)(§,0X,(t,x,0))ds, forall i=1,....N (7)
2s(t) B

fs denoting the bulk forces in Lagrangian coordinates. In order to give a
more complete description of the model, we have to precise the bound-
ary conditions. First, because of the viscosity, the fluid sticks to the
boundary: v(t,x) = 0 on 0Qp(t) N0, and v(t,x) = € (¢, X,(0,¢,%))
on 0Qp(t) NONg(t). Finally, note that in (7) the N-mode projection of
the normal stress is assumed to be continuous on 9Qg(t) N INE(t):

/893(15) ((gF _gs) -n) ) (é‘oxa(tvxao)) ds=0,i=1...N,

where o p denotes the Cauchy stress tensor of the structure:

g -y
046X, (10, = el T ®

The aim of this paper is to define a weak formulation of the above
problem (section 2) and to prove the existence of weak solutions under
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appropriate assumptions (section 4). In section 3, we describe how to
represent a global Eulerian velocity compatible with (5) in terms of
functions defined in fixed reference domains. Section 6 is devoted to the
proof of stability for weak solutions, whereas in section 5, we construct
approximate solutions of the fluid—structure interaction problem.

Let us end the introduction with some perspectives on future work:
we have by now treated the case of rigid or slightly elastic bodies embed-
ded in a compressible or incompressible fluid. In forthcoming works, we
intend to consider the case of a 2-D or 3-D elastic structure containing a
3-D viscous fluid. The aforementioned situation is somehow connected
to blood flow modelling [18, 19] which has retained more and more at-
tention over the last few years (see! for numerical simulations). Other
boundary conditions and solid bodies attached to the internal walls are
also among the situations that we would like to tackle.

2 Mathematical formulation

As in [5] [6], we introduce the globally defined Eulerian velocity u given
by u(t,x) = v(t,x) in Qp(t) and u(t,x) = %€ (¢, X,(0,¢,%)) in Qs(t),
and the corresponding Lagrangian flow X

0 X(t,s,x) =u(t,X(t,s,%x)), X(t,8,x) =x€ Q. 9)

We also need to introduce the fluid density pr(t,x) = prlo,. ) (x) and
the total density p which are solutions of

Opr +div(ppu) =0 in (0,7) x Q, PF|t=0 = ﬁFlQF(O) in Q, (10)

Op+div (pu) =0 in (0,7) x Q, py—o = prlap(o) + Ps(0)lage) in Q.
(11)
Notice that the incompressibility in the fluid domain Qp(¢) can be writ-

ten globally as
prdivau=0 in (0,7) x Q. (12)

In order to formulate a weak formulation for the above model, we
introduce the space of test functions given by

! http://dmawww.epfl.ch/Quarteroni-Chaire/Simulations,/ index.html
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V= {9 e HY((0,T)x )%, o(t,.) € HL Q) for t € [0,T], ppdive =0,

in(0,7) x Q, 6(t, X(£,0,%)) = X/, Bi(1)E, (%)

forerS(o),geHQ(o,T)N} (13)

Note that for any ¢ € V, the corresponding (3 satisfies

/ (Fy— 1) : Fy ' det Fy dx = 0.
2s(0) N

Let Qr(0) and 25(0) = 2\ Q2x(0) be given smooth domains representing
the initial fluid and elastic domain. We assume that o = d(€2s(0), 02) >
0, which means that there is no contact between the structure and the
container at the initial time. Let vy € L?(227(0))? such that

vo-n=0 on 0, divvg=0 in Qp(0). (14)

Given &g € RY satisfying the compatibility condition

N
Z/ O'éi70€.'1’l:0,
= J995(0)n9Qr(0) -

we define ug € L%(Q)? by

N
up(x) = vp(x) in Qp(0) and up(x) = Zdi70§i(x) in Qg(0). (15)
i=1

The initial density pg(0) in the elastic domain is taken in L*°(Q2g(0)) N
H?(Q25(0)) for some positive s, € (0,1), so that in particular p;_q €
L> ().

We shall say that (pr,,u) is a weak solution of the above model
on (0,7) if

(i) pru € L°(0,T;L*(Q)? , u € L*0,T;HE(Q)?, divu €
L>((0,T) x Q),
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(ii) There exists o € WH2(0,T)V, a(0) = 0, &(0) = &y, satisfying
condition (6), and such that the Di Perna-Lions flow X of u satisfies
for a.e. x € Qg5(0)

X(t,0,x) =x+¢ (t,x) forall t€(0,7).
(797) (10), (11), and (12) hold in the sense of distributions in (0,7") x €.
(iv) for all ¢ € V, we have

pru - ¢(t, x) dx + - Mg - ﬁ(t)

t
0 Q
—2p(pp/pr)D(u) : D(¢) + ppfr - @)
" K-B-'a-M ~B>ds
e :

t
_/0 ds/nsm) dx ps(0)fs - € :/QPF(O)UO'%dXth%'MS'ﬁ'O- (16)

Here, K = diag(\1,...,An), and Mg denotes the symmetric nonnega-
tive inertia matrix

(M) i= [ ps(0)€,(0) - ¢, (x)
Q5(0)

J

Notice that Mg is positive definite as soon as pg(0) is positive and
bounded away from zero, which is an assumption that we make from
now on.

Taking ¢ = u as a test function in (16), we obtain the a priori energy

estimate:
2 ts . LA [ .
{/ u - Mg - o a- K-« } ()

/ds/dx (2u D(u) : D(u)>
//prF udxds+/ /QS 0)fs - €, dxds
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u? ty - Mg - &
+/pF0dx—|—OSO. (17)
o2 2

Thus, as soon as ug € L2(Q)4, £ € L2((0,T) x Q)%, we have ,/pru €
L>®(0,T; L2(2)4, a € Wh(0,T)N and u € L2(0,T; HL(2))<.

3 Representation of velocities

In this section, we introduce an appropriate representation for admissi-
ble velocities u, which will allow to build approximate solutions for (i)
and (i7) , and to regularize velocity fields in a suitable way. The goal
here is to represent any global Eulerian velocity u such that uiq () is
incompressible and ujq ) is given by (5) by functions defined in fixed
reference domains. This allows to use a fixed point approach without
directly dealing with the domain variation. Let to be the set

{ﬁeLOO(O,T;LQ(QF(O)))dOLQ(O,T;H&(QF(O)))d, divii = 0 in QF(O)} ,

endowed with the natural associated norm | - |y,. The elastic domain
configurations are represented by

Yi =< ae Wh(0,T)V, / det Fo (t,x) dx = |Q2s(0)] p ,
Q25(0)

endowed with the corresponding ambiant norm. The natural norm on
the product space Yjo7) = Yo x Y7 is then given by [[(W, a)|ly,,; =
luly, + |a|y,. As noted in section 1, Y7 # 0 if N is sufficiently large.

Let u € Yj be given. Extending u by 0 outside Qx(0), we deduce
from Di Perna-Lions theory [7] the existence of a unique generalized flow
X € L*>®((0,T) x Q) such that

e For all 8 € C%(R;R), we have
9,B(X) = u(t,X(t, s,x)) - DB(X), in D'((0,T) x Q).

e For a.e. x € Qp(0), for all (t1,t2,t3) € (0,7)3,

X(t1,t2,x) = X(t1,t3, X(t3, t2, %)),

529 REVISTA MATEMATICA COMPLUTENSE
(2001) vol. XIV, num. 2, 523-538



B. DESJARDINS ET AL. WEAK SOLUTIONS FOR A FLUID-ELASTIC. ..

e Denoting \° the Lebesgue measure on 25(0), we have

Ao X(t,s,.) =

A natural extension of X to the whole domain € is given by X(t, $,X) =X
for x € Qg(0), (t,s) € (0,7)%
Given a € Y7, we build Xz defined on (0,7)? x 25(0) by

N

Xp(t,0,x) =x+£ (t,x) :x—i—Zai(t)gi(x), (18)
i=1

X5(0,t,.) = Xp(t,0,.)7 " and Xp(t,s,x) = Xp(t,0,X5(0,s,%)),

which is smooth in x and Lipschitz in ¢t and s. Assuming that
d(Qs(t),00) > 61 > 0 on (0,7"), where Qg(t) = Xp(¢,0,05(0)), we
want to build an extension X, of X5 in (0,T)2 x € which preserves the
Lebesgue measure on Qp(0). First, we define the Eulerian velocity ug
of Xp by ug(t,x) = 0 Xg(t,0,Xg(0,t,x)) for x € Qg(t). Next, for a
fixed time ¢t € (0,7), we extend it on ) with ug defined by solving a
Stokes problem

—pAug + Vpp =0, divug =0, in Qp(t),

urg =0 on 9N ﬂa@F(t), Ug = ug on GQF(t) N 895(t>. (19)

We claim that the corresponding vector field Ug extended by ug on
Qg(t) belongs to L>°(0,T; WH>(02))4. Indeed, this is a consequence of
the regularity properties of up combined with classical results for the
Stokes problem. The associated Lagrangian flow Xy thus belongs to
WL ((0,T) x Q).

Finally, we introduce X defined for a.e. x in (0,7)? x 2 by

X(t,0,x) = Xp(t,0,X(t,0,x)). (20)

In some sense, XE is a renormalization of X depending smoothly on
t. Moreover, if A C Qp(0), |X(t,0,A)| = [A] and X(t,0,A) C Qp(0).
Hence, |X(t,0,X(¢,0,4))| = |X(t,0,A)| = |A|. It follows that X pre-
serves the volume of subsets of (0). Note also that X(t,0,-) coincides
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with Xz (¢,0,-) in Qg(0). Notice that the Eulerian velocity associated
with X is divergence—free in Qp(t). In conclusion, given (@, ) € Y| 1)
we construct a velocity u satisfying (i) and (¢7) (and reciprocally).

Finally, let us call u = ©(u, «) the Eulerian velocity associated with
X. Notice that this representation procedure allows us to regularize
Eulerian velocities satisfying (¢) and (7i), by first regularizing separately
the two components of ©~!(u), i and «, and then constructing a new
regularized velocity by taking the image by © of the regularized u and
Q.

4 Main result

The aim of this paper is to prove existence of weak solutions “a la
Leray”, i.e. solutions satisfying the bounds associated with the en-
ergy inequality (17). Let us mention at this point the limitations of
our result, which as in [5] [6] [1] (in the rigid case) holds away from
collisions. In the elastic case, we are not only limited to times ¢ such
that 6(t) = d(Qs(t),00) > 0, but also by the fact that x — X (¢, 0,x)
has to be a diffeomorphism from Qg(0) onto Qg(#), which constrains the
choice of the elastic model. Hence we have to restrict ourselves to times
t such that y(t) = infxem |det Fo(t,x)] > 0, and x — X (¢,0,%) in
one-to-one on Qg(0). Also, we have to ensure that Y; is non empty,
which writes as

k(t) = min

21
1<i<N >0 (21)

/ det Fo (Fy'-n) - & ds
05(0) B

Theorem 4.1. Under assumption (14) on the initial data, and if §(0) >
0, k(0) > 0, ps(0) > co > 0 in Qg(0) for some cy, there exists T* €
(0, 0]

T* =sup {t>0, I(t)y(t)k(t) >0, Xg(t,0,-) is one-to-one on QS(O)} ,
(22)
and a weak solution (p, pp,u) to the above system such that the energy
inequality (17) holds for a.e. t € (0,T7).
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In order to prove Theorem 4.1, we consider a sequence (p", p'h, u™)
of approximate solutions — which we will actually build in section 5 —
corresponding to regularized data ug converging strongly to the limit
ones. Then, using uniform energy bounds with respect to n, we prove
that up to the extraction of a subsequence, p™ and p't converge strongly
in C([0,T]; LP(2)) for all p < oo to some p and pp, and u™ converge
to u in L2((0,T) x Q)%. Finally, we have to check that (16) holds for
any given ¢ € V, which is done by approximating ¢ by Qn € V,, test-
functions adapted to p% and u”. Let us emphasize that this methodology
was originated in the work of Tartar [22] for conservation laws, and later
by Di Perna and Lions for transport equations [7].

5 Construction of approximate solutions

In order to prove Theorem 4.1, we proceed along the lines of [6] to obtain
existence results for suitable approximate problems (P.). These prob-
lems are easier to deal with than the original one, because the involved
convecting velocities are suitably regularized. Given T' > 0 small enough
to ensure

min(§(t),v(¢),x(t)) > a9 >0 on (0,7),

which can be achieved using the space and time Lipschitz a priori bounds
on the solid dynamics (see (17)), we introduce

T
B(T) = <|uoiz<m - f|%2<mds) 7

which controls the energy in the interval (0,7") in view of the a priori
bound (17).

In order to define (P:), we first introduce two smoothing operators
R! R? acting respectively on functions in Yy and Y; with values in the
space of analytic functions in time. Let & € Y;. Since R%(a) has to
satisfy (6), one first has to regularize N — 1 modes {«;};+;,, where jg is

such that
/ ¢ -nds #0.
895(0)

Then, the remaining mode is determined by the use of the implicit func-
tion theorem. Finally, we define R. := (R., R?).
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Let By (0 < T' < T) be the ball of Yjg 1/ centered in 0 of radius
Ry = 2E(T"). Let us now take w = (u,a) € Bp. For ¢ > 0 given,
we split (0,7") into M subintervals I, = [tg,tp+1), 0 < k < M — 1,
tp = kT /M such that

up V. X5 (0, 14,.) — Tl < 5. (23
tely,

X¢ denoting the Lagrangian flow associated with O(R.(w)). Notice
that M depends only on € and on Ryp.

Now, on the interval I; = (0,¢;) we build u. = F.(@, &) as the unique
solution of the linear problem in I; which is obtained by smoothing out
the initial velocity ug, by replacing u by v. := ©(R.(w)) in (10) and
(11). This yields density functions p% and p®, which define a set of test
functions V.. Then, u. will be the function solving (i) to (iv), with pp
replaced by p% in (i) and (iv); o replaced by R%(a) in (ii) and (iv), V
replaced by V; in (iv) and u® u by v. ® u in (16).

The procedure to show that such a v, exists is the same as that used
in [6] (Galerkin approximation method on the Lagrangian formulation).
Then we show that F; is compact by using classical parabolic regularity
results. We basically prove that \/p% u. belongs to L°(0, t1; H (Q¢(0)),
u. to L2(0,t1; H*(Qp(0))), dpue € L2((0,t1) xQp(0)), and . = R.(@) €
H?(0,t1)N. This yields the existence of a fixed point for F. in view of
Leray-Schauder Theorem. We proceed similarly on I, starting from
u(t1,.) € HY(Qp(0)) and using the energy a priori bound (17) from t;
to ta. This provides us with a sequence of approximate solutions on
(0,T) which as in [6] satisfy energy bounds uniform in e.

6 Compactness results

Let (p™,u") be a sequence of approximate solutions with initial data pg
and u§ converging to pp and up in L'(2) and L?(Q)? respectively, and
such that the energy bounds (17) hold uniformly in n. As a result, the
corresponding sequence o, is bounded in W*°(0,7)" uniformly in n.
Let us observe that

| Fa, (£, ) =Fa, (55 )| oo @s(0) < Clan(t)=an(s)] < Clam|wre o) lt=sl,
(24)
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IV Fa, | 0,1)x050) < Clanlreo,r) < CT, (25)

and recall that there exists ag and by such that if M € My(R) satisfies
||M||oo < ao, then det (I + M) > by > 0. Taking s = 0 in (24) and Ty
small enough with respect to ag, we deduce that

(t) >y >0 and 6,(t) > 01 >0 on [0,Tp], (26)

and x — X, (t,0,x) in oneto-one on Qg(0) fort € [0,Tyl.
Moreover, using the particular expression of u” in Qg(t), we deduce that
u” is bounded in L>(0, Tp; L2(2))% N L2(0, Ty; H} (2))%, and divu® is
bounded in L*°((0,7p) x ), uniformly in n.

First, using Ascoli’s theorem, we may assume, up to the extrac-
tion of a subsequence, that o, converges to some o € WH%°(0, TO)N in
C%([0,Tp))Y, and F,, converges to F, in C°([0,Tp] x Q5(0)), so that
det T, converges to det F, in C°([0, Ty] x 25(0)). Di Perna-Lions com-
pactness results [7] immediately yield the convergence of p} to some
pr in C([0,Tp]; LP(Q2)) for all p < oco. On the other hand, p™ converges
strongly to p in LP((0,Tp) x §2) for all p < oo; indeed, p& := p" — p'k is so-
lution of 9;p% + div (pgu™) =0, pg‘tZOZﬁS(O)lﬂs(o). Since ujg ) =up,

we remark that 0;p% + div (pgu’) = 0, where the vector field uj is
given by the Stokes’ extension (19). Since U is uniformly bounded
in L0, T; Wheo(Q))4, p% is bounded in L>(0,T; H*()) for some
S0 € (0,1) (see [3]).

T
1P5| Lo 0,110 () < Clps(0)]rs0(q2) €xXP (C/O |Vul, L°°(Q)d3> ,

where pg(0) is an extension of pg(0) in H®*(12). Classical compactness
results yield the claimed convergence.
Next, we claim that

Proposition 1. Let T > 0 such that 6(t) > 61 > 0 and y(t) > v1 > 0
fort € (0,T). Then, for all h > 0 small enough, we have

T
sup/ / Pt —u"|*dtdx < Cs, o, 1 h*, (27)
neNJQ Q

where a, = 2/(d+2) and g4(t,x) := g(t + h,x) for g € D'(t,%).
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Proof. as in [2], [6], we denote by A" the argument of the left hand
side of (27), and make the following splitting

T
A" < / /(pn + )’ —u"Fdtdx = A} + 243, (28)
0 Jo

T
where A7 = [ [/ (= ) (u" = ) e,

T
and Ay = / /(piuﬁ —p"u") - (uf} —u")dtdx.
0 JQ

A7 is handled using the transport equation satisfied by p”, (11). Indeed,
H,, being a smoothing kernel such that

||u — Hyul||r2 < Cn||Vul||L2 (see [4] for possible choices of H,),

we have:
An < / / (| Hyu"? — |Hyu't|?) dtdx
+n ‘P+ - pn‘LOO((O,T)xQ)‘Vun‘ZL2(07T+h;L2(Q))
< C’n2+
t+h . .
dt dxp ,x)uf(s,x) - (V' Hyull - Hyu', — V' Hyu"- Hyu™)
< Cn +

Chlp™u™| oo 0,74+ h:22()) |V Hyu™ [ L2((0,741) x ) W™ | oo ((0,74-1) x)
< Cn? + Chy~4/2.

In order to estimate A%, we will use the weak formulation (16) with
w" = u} —u” as a test function in [t,t + h]. However, w" has to
be slightly modified in order to be admissible. Observing that u" =
up + (u" —u%), and that uf := u"™ — U} vanishes in Qg(t) and thus is
incompressible in 2, we slightly modify u3 as follows: we first use the
fact that 6(t) > 61 > 0 and the fact that X, is one-to-one on Q,(0) to
split uj as in [6] into a velocity field uy; supported away from Qg(t),
and uy, supported away from the boundary. Then, we make a dilation
centered in Qg(t) of magnitude n >> h, so that “3,2,77 is supported

535 REVISTA MATEMATICA COMPLUTENSE
(2001) vol. XIV, num. 2, 523-538



B. DESJARDINS ET AL. WEAK SOLUTIONS FOR A FLUID-ELASTIC. ..

outside a n—neighborhood of Qg(t). Recalling that «,, is bounded in
WL (0, )N, Qg(t + h) is included in a h-neighborhood of Qg(t), so
that u,, also vanishes in Qg(t + h). Hence, we have modified uj into
ug , which is an admissible test function on [t,¢ + h] and satisfies

luy —uy 2 0,m)x0) < CNVU" L2001 x0)

VUS| 120,710 (0)) < Con™ "2V VU™ 120 ) x) -

The shifted velocity uy . is handled similarly. The estimates associated
to the test function wh are classical [2] [6]. We obtain

2

T
/ /(p’}rufL — p"u") - wh dtdx < Ch**, where a, = ——.
0 JO d+2

We finally have to take care of the elastic velocity w, := Uy p —up.

Using the fact that XZ is bounded in C%1([0,T] x ), we first remark
that

o~ —~ an

|u%(t7 X) - u%(tvxE(tv t+h, X))|L2((O,T)><Q) < Ch,

and that a similar estimate for U} p yields
T
/ /(piu’fF —p"u") - wh dtdx < Ch+
0 JQ

T
/dt</ pﬁu’l-aﬁ’%dx—/p"u"-qﬁ?dX)
0 Q Q

where the functions ¢, i = 1,2, are given by

I

S (t,x) = Wh(t + h, Xp(t + h,t,x)) — Wh(t, ),
SR (1, %) = Tt + hyx) — QL Xm(t, £+, x)).
In particular, we have
o1t Xp(t,0,%)) = ¢a(t, Xpp(t + h, 0,%)) = ¥ (£,%),
where

Ph(t,x) = Wp(t + b, Xp(t + h,0,%x)) — h(t, Xp(t,0,x)).
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Now, we can apply the weak formulation, and end the proof of Proposi-
tion 1. [ |

It is now easy to conclude using Kolmogorov compactness theorem
that u" converges strongly to u in L?((0,7) x Q)%

In order to prove that (p,u) is a weak solution, we consider a test
function ¢ € V, and prove that (16) holds. As in [5] [6], we approximate
® by ¢" € V,,, which converge to ¢ in strong topologies, then pass to the
limit in n. B
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