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EXISTENCE OF SOLUTIONS OF
STRONGLY NONLINEAR ELLIPTIC
EQUATIONS IN RY

A. BENKIRANE and M. KBIRI ALAOUI

Abstract

The paper is dedicated to the existence of local solutions of
strongly nonlinear equations in RV and the Orlicz spaces frame-
work is used.

1 Introduction

Let A be the Leray-Lions operator given by A(u) = - diva(.,u, Vu)
where p €]1, NJ, %—i—% =1 and where a : RV x R xRN - RV is a

Carathéodory function satisfying for a.e. z € RY, for all s € R, §,£* €
RY with & # ¢* :

| a(x,5,€) |< Ble(z) +b(x)| s [P +d(x)] £ [P), (1.1)
la(z, s, &) a(z,s,£)][EET] >0, (1.2)
v[ £ P < alz,s,8)E, (1.3)

where ¢(z) € Li” (RN), ¢ > 0;b(z),d(z) are locally bounded func-
tions, # € Rt and v > 0. On the other hand, g : R¥ x R — R is a
Carathéodory function such that for a certain constant § > 0 :

g(z, s)signs > | s |°, (1.4)
holds for all s € R, a.e z € RY. Moreover, for every ¢t > 0,

sup | g(.,8) | € Ljpe(RY) (1.5)

[s|<t
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ae. v € RV .
We consider the following nonlinear equation

A(u) +g(.,u) = fin RN, fe Ll (RM). (1.6)

We say that u is a weak solution of (1.6) if it satisfies:

u € WZOC RN),a(.,u, Vu) € LE (RM),g(.,u) € L} (RN) (1.7)
Afw) + g u) = f in D'(RV) '
By combining [10] and [11], we can deduce the existence of weak solu-

tions u for (1.6), with the following regularity:

u € Wl (RN) for every ¢ < g = 225 if § > p—land py = 2— & <
p<N.
u € VVlo’cq(RN) for every ¢ < q1 = % if 5> 7 and po < p < N or
dp—1)>1and 1< p < pp.

It is our purpose in this paper to prove the limiting regularity W, 7Q(RN)

and W, 0,;11 (RY) (which is not reached in general ) of weak solutions of

(1.6), when we replace the conditions (1.1) and (1.3) by the following:

| a(z,s,8) [< Ble(@) +b(x) | s [P~ log™(e+ | 5 ) (L1)
+d(x) | £ [P log®P(e+ | £ 1)) '
v[ & Plog™(e+ | £]) < a(x,s,)¢ (1.3)f

ae. € RV Vs € R and &, &* € RN, ¢ # ¢*. With ¢, b(x),d(z), 3, v as
above, 1<p§N,anda>%

It is to be noticed that our study covers the regularity VVZ})CN (RN).
We prove also that the condition o > 1/p is necessary to obtain the
limiting regularity Wl (RN ) for the solutions given by theorem 2.1.
The case g(., s)signs > 0 was studied in [8] with second member measure
and €2 bounded.

For other strongly nonlinear equations in Orlicz spaces see [7], [5],

(6], [15], [16]
2 Preliminaries

We list some well known results about Orlicz and Orlicz-Sobolev spaces.
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2.1. Let M : R™ — R™ be an N-function, i. e. M is continuous,
convex with M(t) > 0 for ¢ > O,MT('“‘) — 0ast — 0 and @ — 00 as
t — 00.

Equivalently, M admits the representation: M (¢ fo s) ds where
a: Rt — R is nondecreasing, right continuous, W1th a(0) = O ,a(t) >0
for t > 0 and a(t) — oo as t — oo.

The N-function M conjugate to M is defined by M (¢ fo a(s)ds,a:
R™ — R is given by a(t) = sup{s : a(s) < t} (see [1 ] [17])

The N-function is said to satisfy the As condition if, for some k& > O:
(2.1) M(2t) < kM(t) vt >0,
when holds only for ¢ > tg > 0 then M is said to satisfy the Ay condition
near infinity .

We will extend these N -functions into even functions on all R .

2.2. Let Q be an open subset of RY . The Orlicz class K7(€2) (resp.the
Orlicz space Ljs(€2) )is defined as the set of (equivalences classes of )real
valued measurable functions u on 2 such that:

Jo M (u(x)) de < 400 (resp. [ M )) dr < 400 for some A >0 ).

L M(Q) is a Banach space under the norm:

lullaro = inf{A > 0 : /QM(U(;)) dw < 1)

and K /() is a convex subset of Ly(Q) .

The closure in Lys(€2) of the set of bounded measurable functions
with compact support in € is denoted by Ej(Q) .

The equality Ep(©2) = Lp(2) holds if and only if M satisfies the
Ay condition, for all ¢ or for ¢ large according to whether 2 has infinite
measure or not .

The dual of Epr(§2) can be identified with L37(£2) by means of pairing
Jo u(z)v(z) dr and the dual norm on Ly7(€2) is equivalently to ||ul|5z, ©2

The space Ly (Q) is reflevive if and only if M and M satisfy the
Ay condition, for all ¢ or for ¢ large according to whether 2 has infinite
measure or not .

2.3. We now turn to the Orlicz-Sobolev space.W 'Ly () (resp.
WIE(Q)) is the space of all functions such that u and its distribu-
tional derivatives up to order 1 lie in Lps(€2) (resp. Epr(Q) ).

507 REVISTA MATEMATICA COMPLUTENSE
(2001) vol. XIV, num. 2, 505-521



A. BENKIRANE AND M. KBIRI ALAOUI = EXISTENCE OF SOLUTIONS OF STRONGLY ...

It is a Banach space under the norm :

lullare = 1D are.
|l <1

Thus, WLy (Q) and WLE)(Q) can be identified with subspaces of the
product of
N + 1 copies of Ly;(€2). Denoting this product by [[ Las, we will use

the weak topologies o([] Las, [[ £57) and o([] Lo, [T L7z)-

The space W} Epr(€2) is defined as the (norm) closure of the Schwartz
space D(2) in W' Ep/(€2) and the space W L (92) as the o ([T Las, [ E47)
closure of D(Q2) in WL ().

Let W-'L17(Q) (vesp. W—'E57() )denote the space of distributions
on §) which can be written as sums of derivatives of order < 1 of functions
in L37(2)(resp. E77(€2)). It is a Banach space under the usual quotient
norm.

If the open set Q has the segment property, then the space D(Q)
is dense in WLy (Q) for the modular convergence and thus for the
topology o([] L, [[ L37) (cf. [13], [14]). Consequently, the action of a
distribution in W—'L17(Q) on an element of W L (€2) is well defined.

The following abstract lemma will be applied in the following.

Lemma 2.1. (see [6]) Let F' : R — R be uniformly lipschitzian, with
F(0) = 0. Let M be an N- function and let w € WLy () (resp.
Wi Ean(€2)).

Then F(u) € WELa () (respWEEwN () ). Moreover, if the set of
discontinuity points of F' is finite, then:

0 B F’(u)%‘i a.e. inf{xeQ:ulx)¢gD}
8x1F(u) N { 0 ’ a.e. in{x e Q:u(x)e D}

3 Main results

Theorem 3.1. Under the hypotheses (1.1)°, (1.2), (1.83)’, (1.4), (1.5)
feLl RN),6>p—1,po<p<N anda > %, there exists at least one

loc

weak solution u € W-4(RN) for (1.7).

loc
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In the following, we put M (t) = tPlog™?(e + t), where p €]1, N] and
a> ;.
Recall that the N-function M and M satisfy the Ay condition on R*
(see [17]).

Proof of Theorem.

Forn > 1, weset f, = inf(| f |,n)sign(f), B, = {x € RV,| z |< n}.
Consider the approximate problem :

{ Aun) + (., un) = fn (3.1)
Un € W()lLM(Bn)vg(.,un) S Ll(Bn)aung('vun) € Ll(Bn)' ‘

The problem (1.3) has a solution by theorem 6 of [15].

Estimation

Case p=N

Step 1. In the following, all constants C, C; and C! depends only on
the data.

We follow the same argument as in lemma 2.1 of [11].

Let K be the N-function defined by K(t) = expt™'_1. We recall that
WUN(B,) — Lg(B,)

Let r > 0,n > 2r, we claim there exists a constants C' which does not
depend on n such that:

unlls.B, < llg(.;un)ll1,B, < C. (3.2)
M(| Vu
/ UMD < Clunlics,
B (1 + Ln)log (e + Ln)
(3.3) if ||lunllk,B, > 1, then
where L,, = 7”uiﬁ;;| o

In the following, we omit the index n for simplicity.
Let ¢ : R — R the function defined by :

s dt .
é(s) = { 70 (1+D)log™ (e+D) ifs20
—¢(—s) if s<0
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Let ¢ € D(By),0< ¢ <1,{(=11in B, and | V{ |< 2.

Let n > 0 and 0 < € < 3 (the choice of € and n will be fixed in the

2
following).
We take v = ¢(u)(" as test function in (3.1) (see lemma 2.1), we have

/a(.,u,Vu)(;S’(u)VuC” + /g(.,u)¢(u)(”§/f¢(u)dx+%/B c(z) dx

2r

+2ﬂc / | Vi [N Mog®™ (e+ | Vu [)(u)C

2
”c/mN Hog®™ (e | u [)d(u)¢m !
in the other hand, we have
| Vu [N Mog®N (e+ | Vu )¢t =

| Vu |N71 g W19 (e | Vau Dog® = (e+ | Vu [)¢7 1
< Cla, €)| Vo |V log® W =149 (o4 | T )¢ 1

Let h > 0,1 = 714_6, by Young inequality with exponents [,1’ = NZ\;
we obtain
| Va [V og®N (e | Vu )¢ (3.4)
< Ofae, N)¢h——— U Ve )
(14 [ u)og™™ (e+ [ u |)
/_ ! ’ O
F )Y D1og™ D e u o T0E),
Hence, by (1.3)’
v [ M(9u)g ¢+ [ gl wste
2n /
<+ 2on [ m( vu g/
2?70 ’_ @ ’_ _q
+ 20 [ 1 ) DMog™ D e g7
2n N-1y _aN n—1
200 [ Mg (e [ o e,
where C' = C'(a, €, N, 7).
We shall fix € > 0 such that " — 1 <5andn>l’ﬁ .
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We choose p, such that N —1 < pu <6, and I’ — 1 < pu < 6, then

v [Mvans@erar + [ o wswe
<o+ Cgh/M(\ Vu )¢/ (u)C" dz
+C [ (@ u o aa,

since the logarithm function is less than any power function small enough
near infinity.
A convenient h gives:

v / M(| Vu )¢ ()¢ dz + / 9( W) ()¢ d < (3.5)
<O+ <O / (14 | u )P da

with v/ > 0.
Let now A > 0. By using the Young inequality, with exponents % and

(%)’, we have

/ )\ n — _j_6
U Lt < 22T (g ) S
0 ON—n

n is chosen such that, n > I’ ﬁ, hence

: 20\ u¢” 200uC" S =y b
(L ) < S S S s
—p

We choose A small such that 26% < 1.

We introduce (3.6) in (3.5) and we use the fact that | s |° < g(., s) zgfg +1,
we obtain

Y / M(| Vu )¢/ (u)(" di + C / 9( W ()¢ da < Cs
B, B,
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Then, we deduce (3.2), and

/B. M(| Vau )¢/ (u)c" dz < C. (3.3)"

In order to obtain (3.3), we proceed as follow:

In (3.1) we take v = ¢g(u) as test function, where ¢o(u) =
||U||K,Br¢(m) and we suppose |lul| kB, > 1.

We follow the same way as before, we have then in place of (3.5), the
inequality

v [ 2 vu N6 (A yen g 1 [ stusntweras < s,

lullx, B,

+Chlullx., / (14 | u DA do

since ||u|k.B, > 1

We now combine (1.5), (3.2) and (3.6) to get

u
v [ 309 ) L e ar < e, + Gl

Then (3.3) follows.

Step 2. In this step, we give an estimate of the solution u in W1V (B,).
Let H(t) = tlog™ (e + t), B(t) = tlog(e + t).

Let 0 <e< %,1+6<N’ andlogaN(e—l—t) < %, for all ¢t > 1.

W e suppose L > 1, then :
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N
IR Y S b LY SS— iy ) WO
2 2(1+ L)log™ (e+ L)
N
< | Vu | )+ F(eLlog™ (¢ + L))
(14 L)log™ (e+ L)
MAVul) | oy g
(1+ L)log™ (e+ L)
M(V
Ve L oy k)
(14 L)log™ (e+ L)
since H(t) < B(t) and 1 +¢ < N'.
Thus M
vu|N <C UVul) o4 o)

(1+ L)log™N (e + L)

In the other case, where L < 1, we obtain a similar inequality.

If [Jul

K,B, > 1, the first step gives

/VwngCMM&+C
B,

If ||Jul|k,B, <1, then by a similair argument as before, we have

M(| Vu )
(1+ [ u )og®™ (e+ | u )

| vu |V <C +C+CK(|ul).

Also

/ | Vu | dz < Cllul|g.5, + C.
By
In the both cases, we obtain
IVull¥.5, < Cllullx,s, + C. (3.7)

In the other hand, we have |[u_tu,| kB, < C|Vul||n B, (see [12]), where

— _ 1
Ur = 1577 fBrudz

Then )
|ullk.B, < ClIVullnp, + 5 | Ur|.
T T K*l ( |B,,,| )
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Holder inequality gives

B 1
| u, |< WHUHN’,BT-
N
T

We suppose ||u|| kB, > 1 (the other case is obvious by (3.7)), then
N/
lullz, 5, < Cllullk.s,-

Indeed:
If N > 2, then N' <2 < ¢ and |Jul|n'.B, < Cllullsp, <C, hence

N/
lully,p, < Cllullk,z,

If N =2, [ [ul*<|ulss,lulys <Clulks,

By (3.2) and since L (B,) < LY (B,) (see [1])

Then, [[ullr 5, < Cllullx.5,. so

1
K—l( =

| Br|

1
lullk,B, < Cllullk 5,

1B [l HKBT

B, |
We deduce then

lullx.5, < C, also |[Vulyp, < C.

hence
lg(-sun)ll1,B, < C.

[unllwins,) < C.

Case pg <p < N.

As the same proof as in step 1, we have (3.2) and (3.3)" by taking

l= ﬁ with an appropriate e.
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. —% L
We have with ¢* = o7

Bon{un|<|Vaun|} (1+ | un |)1og™ (e | Vuy, |)

i / | Vun I”‘l)z(/ (1 [ )75

T T

<

< C+ C(/ Ly [T)7
B,

by (3.3)" and since ||Vuy||p—1,8, < C (lemma 2.2 of [11]).
Then, we continue the proof as in lemma 2.2 ([11] part i)) to have the
boundedness of (u,) in Wh4(B,.).

Passage to the limit.

By the estimation’s step we have, u,, is bounded in W14(B,), then there
exists a subsequence noted (uy) such that:

u, — u  weakly in Wh(B,),
up, — u  strongly in LI(B,).
By the same technique as in lemma 1 of [10], we deduce that:

Vu, — Vu in measure and also a.e.

We have g(.,un) — g(.,u) a.e. and (g(.,un))n>0 C L} (RY), then

loc

g(-sun) — g(.,u) strongly in L} (RM). (see [11])
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We combine the fact that a is a Carathéodory function, the bounded-
ness of (u,) in W f(RN) and the simple inequality: log(e 4 t) < C’t
for t > 1,€ €]0, 1[ we deduce the existence for some 3 > 1 such that:

a(., upn, Vuy) — a(.,u, Vu) strongly in LZOC(RN).

By passage to the limit, we obtain that u is a weak solution of (1.6) and
uwe WhEIRN)Y .

loc

In the following, we suppose a (resp. g ) satisfies (1.1)’, (1.2), (1.3)
(resp. (1.4), (1.5) ).

Remark 3.1. In the last theorem, if f is nonnegative, so is u (see [7]).

Remark 3.2. The theorem 3.1 can be formulated as follow:

Under the hypotheses (1.1)’, (1.2), (1.3)", (1.4), (1.5), f € LlOC(RN) J >
—lLa> ; there exists at least one weak solution u € Wlo’cq(RN ) for

(1.6) satlsfymg, for every r > 0

{ | ullk,B, <
| Vullg,z, <
Remark 3.3. The condition o« > % is necessary to obtain the regularity
WEYRN) for the solutions satisfying (H).

loc

+ C( in the case p = N)

+C ()

Counterexample. We suppose p = N = 2,0 < a < % and for every

f €Ll (RY), the problem (1.7) has a solution u € I/Vllo’g(RN) satisfying
(H).

Let u € My(RN), A(u) = —div(Vulog?*(e+ | Vu |), g(.,5) = |s]° 5,0 >
1and K (t) = expt?¥’ — 1.

Consider the problem :

(RY), g u) € Lj, (RY)

loc loc loc

Aw) + g(.ou) = p in D'(RY)

Let (fn,) € W-1L+ (B r) N LY(By,) such that || full1 < |1l ag,(B,,) and
fn — pin D/(Bgr), or every r > 0. There exists a solution u, €

{ueW’q(R ),a(.,Vu) € (3.8)
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1,4 e .
W, I(RY) satisfying (H) solution of the problem:

loc loc

{ up € WHIRN), a(., Vuy,) € LL (RY), g(,,u,) € LL (RN)
A(uyn) + g(.,up) = fn in D'(RN)

(up) is bounded in Lk (B,) and (|Vuy|) is bounded in L(B,), so
(up) is in WH4(B,).
A subsequence (uy,) and u € Wh4(B,) exist such that:

up — u in WH(B,.), weakly and a.e. in B,
g(.,un) — g(.,u) a.e in B;.

(uy,) is bounded in Ly (B,), so (|u,|® 'uy,) is bounded in Ly (B,), with
’ )

K(t) = expt — 1 and K'(t) = expt™ — 1. Then the subsequence

(g9(.,un)) is equiintegrable on B, so

g(., un) — g(.,u) strongly in L(B,).
Then, we deduce A(u) = p—g(.,u) = p—v in D'(B,) and u € W,-1(RV).

loc
v is a Radon measure associated to g(.,u) which does not charge the sets
of zero C n,, where C} v, is the N, - capacity defined in [3].

Let r € R small enough (0 <7 < 1/2), f(z) = |« |, then:

(3.9) f € Ly, (By), Nu(t) = t*log®(e + t).
(3.10) G1xf(0) = 400, Gy is the Bessel potential.

Indeed, it is clear that f € Ly, (By), since r is small.

G1xf(0) > [y GrW)f () dy = C [y |-~ dy = +oo, where [ is
small enough, since G is equivalent to | y ]*l near zero.
By (3.9), (3.10) and theorem 3 of [3], we have

Ci.n. {0} = 0.

We have also A(u) € W-'Ly—~(B,) and J(Na,2) > 1 (where J(Ng, 2) is
the well known Donaldson-Trudinger’s indice defined in [1] chap.8)
Indeed:

Na(t) < Ct?log**(e

Nao +t) (see [17]), hence
No(| a(,Vu) [) < C |

Vu |2 log*®(e+ | Vu |)log?®(et+ | Vu |
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log®*(e+ | Vu |)) < C | Vu 2.
On the other hand, since N;!(t) > Ct2 log—2%(e+t), then [

+00 (because a < 3 ).

Then, we conclude : Cy n,{0} = 0,A(u) € W*lLNfa(Br)ﬂMb(Br) and
J(Na,2) > 1.

By lemma 2 of [4] (see also [2]), A(u) defines a bounded measure which
is absolutely continuous with respect to Cj n,, then if we take 1 = dg
we deduce the result.

No'(8) gy —

-
1
tit2

Remark 3.4. In the case p = N,a > +,9(.,s) = | s °1s and § >
N — 1, (3.8) has a weak solution u € W;-4(RY).

loc
Indeed:
Let r, fn,un as in the counterexample. The subsequence (g(.,uy)) is
equiintegrable on B,., so
g(,un) — g(.,u) strongly in LY(B,).
We then conclude the result.

Theorem 3.2. Let 1 < p<pg,d(p—1) > 1, and a > I%. Then, for every
f € Ll (RN), there exists at least a weak solution u of (1.6), which

loc

belongs to VV&)’QI(RN).

C

Proof. We take the same constructions of the solutions wu,, as in theo-
rem 3.1.

By the same technique as in step 1 (theorem 3.1), we have (3.2), (3.3)’,
which we combine with lemma 2.3 of [11], Young inequality and using
the decomposition:

B, = ({|un| < |Vu,|}NB,)U({|un||Vu,|}NB,), we obtain

/ | Vuy, |™ dz

IN

p
/ de—i—C (14 | uy, |)° dz
Br 1+ ‘ Un ’ By

—h TR

1+ | up |)log® (e+ | un |)

+ / Vun|p_1—|—C'/ iy P da < C
B, B,

518 REVISTA MATEMATICA COMPLUTENSE
(2001) vol. XIV, num. 2, 505-521



A. BENKIRANE AND M. KBIRI ALAOUI = EXISTENCE OF SOLUTIONS OF STRONGLY ...

Since 0 > p — 1, we have ¢; < 9, then |luyl/q,.B, < C.
Then, we deduce:

u, — u weakly in W19 (B,)
uy, — u strongly in L9 (B,)
g(,un) — g(.,u) strongly in L} (RY) (as in theorem 3,[11]).

loc

Following the same way as the third step (theorem 3.1), we conclude the
result.

Theorem 3.3. Let f € Li, (RY), and assume that: py < p < N,§ > G*
and o > %, then the solution constructed in theorem 3.1 satisfies | Vu | €

L3 (RN)

loc

Proof. As in theorem 3.1, we obtain

B, B, (14 [ un [)log™ (et | Vuy, |)

+ / \Vun]p_l—l—C/ | up |° da+ C
B, B,

Combining (3.2), (3.3)’, lemma 2.2 of [11] and using the same decompo-
sition of B,, as in theorem 3.2, we conclude the result.

Remark 3.5. It is to be noticed that the results in the last theorems can
be proved in the case where we replace RY by a bounded open subset
Q. The proof is the same as in [11]. In this case, our existence result in
theorem 3.1 is in some sense the "dual” of the following one (due to L.
Boccardo and T. Gallouet in [10]): If the right hand side belongs to the
Orlicz space LLogL(f2), then the solutions belong to VVO1 Q).
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