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GLOBAL EXISTENCE AND DECAY OF
SOLUTIONS OF A COUPLED SYSTEM OF
BBM-BURGERS EQUATIONS

Jardel MORAIS PEREIRA*

Abstract

The global well-posedness of the initial-value problem associ-
ated to the coupled system of BBM-Burgers equations

Up — Uget — Q3Vgzt + UPUL + 1 VPV, + a2 (UPV)r — E1Uze =0
bivy — Vpzt — 0203 Uzzt + VPUL + baasuPu, + baay (wv?P),
—E9Uzz =0 (%)

in the classical Sobolev spaces H*(R) x H*(R) for s > 2 is studied.
Furthermore we find decay estimates of the solutions of (*) in the
norm LI(R) x LY(R), 2 < g < oo for general initial data provided
that aZb; < 1 and p > 3. Model (*) is motivated by a work due
to Gear and Grimshaw [10] who considered strong interaction of
weakly nonlinear long waves governed by a coupled system of KdV
equations.

1 Introduction

We consider the initial value problem for a coupled system of BBM-
Burgers equations

Ut — Uggt — Q3Vzgt + UPUL + @10V + a2 (UPV), — €1Uz, =0

b1vt — Vzgr — baag Uyt + VPV, + baaauPu, + boay (uv?), — €2ty =0 (1.1)
with initial conditions
u(z,0) = p1(z),  v(z,0) = pa(z) (1.2)
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where v = u(z,t), v = v(z,t) are real functions of the real variables
—00 <z < 00,t>0. All coefficients in (1.1) are real constants with b, ,
bz, €1, €2 positive and the power p is an integer bigger than or equal to
one.

'To motivate our study let us mention some works related with (1.1).
The following coupled system

Ut + Uggz + 3 Vzze + uPUz + a1 vPuy + ag(uPv)y — €Uz =0
bive + Tuz + Varg + b2 03 Uzzg + VPVL + by ag uPuy + baay (uvP),
—€vgz =0 (13)

was originally derived in the case p = 1 and € = 0 by J. A. Gear and
R. Grimshaw in 1984 [10] as a model to describe the strong interaction
of weakly nonlinear, long waves. The Cauchy problem for (1.3) with
P =1 and ¢ = 0 was studied by Bona, Ponce, Saut and Tom (8], and by
Marshall Ash, Cohen and Wang [12].

The asymptotic behaviour in time of solutions of (1.3) was studied
by E. Bisognin, V. Bisognin and G. Perla Menzala in [3]. In particular,
for € > 0, they obtained the following decay estimate

1-g
(s Ol + (- t)lle SCt 3, ast— oo

for any 2 < g < o0, provided that the initial data are sufficiently small,
p>4andalby < 1.

Concerning model (1.1), V. Bisognin [5] proved global existence and
the asymptotic behaviour of solutions when ¢ = e = 0 and b, = 1,
where, under suitable smallness assumptions on the initial data and
p > 4 the following L decay estimates are obtained

lu(-, Ollzse S CL+ 873, o(-, )]z < C(1+1)73 as t — oo,

Observe that if we consider a; = a2 = a3 = 0 in (1.1) and (1.3) we
obtain, respectively, BBM-Burgers and KdV-Burgers type equations,
which are well known model equations for long waves in nonlinear dis-
persive media where dissipative effects are considered. The existence
and decay of solutions for these (and related) equations has been inten-
sively studied by several authors in recent years (see [1], [2], [6], [7] for
example and the references therein).
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In this paper we study the global well-posedness and decay of solu-
tions of the initial-value problem associated to the system (1.1) in the
case €1 > 0, 2 > 0. We rewrite (1.1)-(1.2) as follows

b1 Uy — AUzt + F(U)y = BUy, (1.4)
U(z,0) = o(z) (1.5)
where
=) =)
v w2
bl b1a3 €1b1 0
= B = 1.6
A [bzag, 1]’ ,: 0 €9 J ( )
and the components of F(U) are given by
RU) = p+1 2L qptl +b102u”v+ vp'H
(1.7)
F(U) = 'uﬂ”Jrl + baa; uvP + o verl

A local solution of (1.4)—(1.5) with initial data in H*(R) x H*(R)
for s > 2 and a3b2 < 1 can easily be obtained by inverting the operator

= b1 — A—g in (1.4) and applying Banach Fixed Point Theorem
to the integral equation associated with (1.4)-(1.5). Here I denotes the
2 x 2 identity matrix. To extend the local solution to a global solution
we use the regularization property of the operator M~ 6 ~ together
with an H' x H! a priori estimate (energy estimate). See sectlons 2 and
3.

Due to the dissipative terms €juz;, €9vy; the energy associated to
the linear system, that is (1.1) without the nonlinear terms, decays to
zero as t — oo, so that we could expect the same behaviour for the
solutions of (1.1)-(1.2) (or equivalently (1.4)-(1.5)). In section 4 we
prove that this in fact happens provided p > 3 . More precisely, if
¢ € H*(R) x H*(R) with s > 2, aby < 1 and p > 3, then using our
previous analysis on the linear part studied in section 2 we obtain the
following decay estimates for the solution of (1.4)~(1.5):

() MU, llzeoxpe < COA+ )7 |0l

(i) U llzaxze < OO+ )20 (gl + foll )
for all 2 < g < co, where in (ii) we also assume that p € L!(R) x L1(R).
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We remark that the above results are proved without any restriction
on smallness of the initial data. However the technique used in this paper
to obtain (i)-(ii) does not apply to the case of 1 < p < 3. Recently,
for the case p = 1, the decay in time of space-periodic solutions of a
generalization of system (1.1) was studied by E. Bisognin, V. Bisognin
and G. Perla Menzala in [4].

Some notations used in this paper are as follows. In general, for X
and Y Banach spaces, the norm of f in X will be denoted by |[|f||x
and in the product X x Y we always consider the norm [|(f, g)[|%y =
1f1I% + llgll2 . For 1 < p < oo we denote by L? = LP(R) the Banach
space of real-valued functions defined on R whose p-th power is Lebesgue
integrable (essentially bounded in the case p = oo) with the usual norm.
In the particular case p = 2 we will denote by ( , );2 the inner product
of L2. We denote by f the Fourier transform of a function f-Iffe
L?(R) then f € L%(R) and the Fourier transform can be extended to an
isomorphism from L%(R) onto itself. For any real number s, H* = H*(R)
denotes the Sobolev space of order s. We will denote by C a generic
constant which value can be vary from line to line.

2 Linear estimates
We consider the linear system

Ut — Ugpt — A3 Vggt — €1 Ugy = 0

(2.1)
by vy — b2a3 Ugzt — Vggt — €2 Vg7 =0
with initial conditions
u(z,0) = ¢1(z), v(z,0) = pa(z). (2.2)

Our aim in this section is to study some decay estimates of the solu-
tions of (2.1)-(2.2) and prove some facts which will be used in the next
sections.

With the notation of the introduction we rewrite (2.1)-(2.2) as

by Uy — AUy = BUy,, U(z,0) = ¢(z) (2.3)

where A and B are as in (1.6), and ¢ = (g;)
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Let us consider equation (2.3) in the Sobolev space H® x H® for s > 2.
Recall that M denotes the operator M = b1 — A ai;g .

Lemma 2.1. Let a%bz < 1 and s > 2. Then the operator M: H* x H* —
H*=2x H*"? is invertible and its inverse M ™! is given by M~ g = K *g,
where K = (kj¢), with kj; € L'NL*®, j,£=1,2 and * denotes spatial
convolution.

Proof. The hypothesis a2b; < 1 implies that the matrix A has two pos-
itive eigenvalues A;, Ao . Let P a nonsingular matrix such that P~! AP
isequal to D = [31 /\(2)]. Given g € H*~2 x H*? consider the equation
bV — DV, = P7lg. Using the Fourier transform we see that this
equation has a unique solution V' € H® x H?® for s > 2, which is given

L 1
v=|"1 0 x*P7lg  where Lj(z)=—— b exp | — |z b ,
0 Ly J J

Jj = 1,2. Consequently, U = PV is the unique solution of MU = g. This
shows that M is invertible. To find M1, let P = (p;s), P! = (gje),
U= (%) and g = (%). From U = PV we obtain

u2 g2

uj = pj1 L1 * (q1191 + q1292) + pj2 L2 * (g2191 + g2292)
= (pj1q11L1 + pjaga1L2) * g1 + (pj1912L1 + pjagaaLa) * g2,

j = 1,2. This shows that M~1g = K x g, with K = (kj;,), where
kie = pj1q1eln + pjegaeLs are all in LN L™,

n
Corollary 2.2. For any g € H® x H® with s > 0, there ezists a positive
constant Cy such that ||M ™1 g||ger1y s+ < Collgl| pre=1x prs-1 -
Proof. The components of the vector M~! g are

ki1 * g1 + kj2 * g2 = pj1qu1 L1 * g1 + pjaga1La * o1
+pj1q12L1 * g2 + pjogeale x g2, j=1,2

where g = (g;) Thus,

2

M gl rerisreer <D |k * g1+ Kjo * gall o
=1
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2
= Z llpjigiiLly * g1 + pjogarLa * g1 + pjigialy * go
J=1

+pj2q22L2 * g2l gsvr < Collg|| rs-1xprs-1 5

where
1

min(bl, Al) ’ min(bl, )\2)

Co = max{ }IIPII Dl

2
with [Pl = >~ |pjq
Jrb=1
n

Using Lemma 2.1 we can write (2.3) in the space H® x H® with s > 2

as
U= LU, U(-,0) =g, (2.4)

where L = M~'B 6%27. The initial value problem (2.4) has a unique solu-
tion U € C([0, 00); H® x H?), which is given by U(-,t) = E(t)p, where
E(t) denotes the semigroup of linear operators on H® x H* generated
by L. Therefore, the components u, v of U are the unique functions in
CY([0, 0); H®) satisfying (2.1)-(2.2).

Next we will find explicit formulas for » and v which will allow us to
derive some decay estimates.
Taking the Fourier transform of (2.1) and (2.2) we obtain

Uiz, t) + A()U(2,8) =0,  T(2,0) = ¢(2)
where U = (%), ¢= (%)) and
2 2 _ 2
A(z) = z (b1 + 2 )261 a32z
O’(Z) —boazez (1 + z )62

with o(2) = by + (1 + b1)2% + (1 — a2by)2* > 0.
Therefore R
U(z.t) = exp ( ~ tA(2))p(2). (2.5)

The eigenvalues of the matrix A(z) are given by

22
Al = Al (Z) = 20’(3) ((bl + 22)51 + (1 + 22)52 + (5(2))
2
2 =2(2) = g7 (0 + er 4 1 e - o))
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where
1/2
i(z) = {[(b1 + 2%)e; — (1+ z2)52]2 + 4a§b2516224} .

Computing the matrix exp(—t(A(z)) and using (2.5) we find

ﬁ(z,t) = a'll(za t)gbl(z) +a12(z,t)(,52(z) (2 6)
B(z,1) = a2 (2, 1)P1(2) + a2z, t)Pa(2) '
where
all(z,t) = (/\1 — /\2)_1 [(/\1 - d) exp(—t/\l) — (A2 - d) exp(-—t/\2)]
alg(z,t) = (Al b /\2)_10_1(/\1 — d)()\g - d)[exp(—t)q) - exp(——tz\z)]
as1 (Z, t) = (/\1 - Az)_lc[exp(—t/\g) - exp(—t)\l)]
agg(z,t) = (/\1 bt /\2)_1 [()\1 - d) exp(—t/\g) bt ()\2 - d) exp(~t)\1)]

(2.7)

and
4 2

C = —b2a3£1 Z—, d= (1 + 22)52 U(Z) .

a(2)

Using the inverse of the Fourier transform in (2.6) we obtain

u(z,t) = _1\/2=7r /_o;[au(z,t)gbl(z) + a12(2,t)P2(2)] exp(izz)dz (2.8)

v(z,t) = % /—oo [a21(2,t)p1(2) + az2(z,t)P2(2)] exp(izz)dz (2.9)

We also obtain from (2.7) the following inequalities

2
laij(z,t)ISaexp(Hj—ﬁﬂt), hj=12 (210
where ) .
a ma. 1 E9 2 1 b2€1 z
= X _ —_ ——
’ b2€1 ’ 2 3}
and

B = 8162{ max [b1€1 + &9, €1 +€2+ 2'(13'(()26162)1/2]}—1.

Remark. In the above calculation we assumed that a3 # 0. In the case
a3 = 0 we have

22 22
aii(z,t) = exp ( - 1_’_—2261t>, aze(z,t) = exp ( - H—zg@t),
alg(z, t) = agl(z,t) = 0,
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and we can replace the values of @ and § in (2.10) by @ = 1 and 8 =

min { €1, E—2 without changes on the final results stated in the
min(1, ;)

next theorem.

Theorem 2.3. Let p € H® x H® for s > 2 and a3by < 1. Then we have
the following estimate for the solution of (2.1)-(2.2):

1, )l x oo < C(L+ ) llpll e (2.11)
Moreover, if also p € L' x L', then
|, v)l|peoxzee < CL+ )72 (ol mwen + lollnp)  (212)
and

1, v)llL2x2 < CL+ )7 (lollLoxre + lellLxz)- (2.13)
Proof. Taking the norm L* in (2.8) and using (2.10) we obtain

oo
lu(-,Bllim < A= [ lan( )l 161(2)] s
—00

o0
o [ lan(e 0116

o e} 1 222 1/2
< ﬂ[/_oo 11 22 &P ( T 1122 5t)] (leotllen + lle2llgn)-
(2.14)
Observe that

/ #exp ( - 2 ﬂt) dz < 28 /1 e~ PUFDZ? g,
IZISI 1 + 22 1 + 22 - 0 (215)

<efBTET()(1+1)

=

and

1 222 *®  dz
i _ < 9Bt < -1/2
/Iz{211+226xp< 1+zzﬂt>dz_26 /0 1+22_C(1—f—t) ,
(2.16)

for allt > 0, where in (2.15) I'(-) denotes the classical Gamma function.
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Substitution of (2.15) and (2.16) in (2.14) give us the estimate
llu(, Ollze < CA+O "V i@l gixpr, t20.  (2.17)

Similarly, using (2.9) and (2.10) we prove that (2.17) is also true for
v(-,t). This proves (2.11).
Now, observe that

+ /I o115
a Ji z2 P
< J—;/IZ}SICXP (* l—_l_zgﬁt)lsoj(z)!dz

1
<gedt( [ 10407 2 ) gy
15 o1 -3
“2= e TaT(5)(1+1) 72 lpjlln

IA

and

) ) d 20 0o g—2pt p z

— a1i(z,t)| |@i(2)|dz £ — —sdz i

[, et 652 < ([ =)l

<CePlpjllm <CU+ )72 lgillm, J=1,2
for allt > 0.
Substitution of these inequalities in (2.14) give us that

~1
lu(- )llee < CA+ )72 (ol +llollpixe), £20. (2.18)

A similar estimate can be proved for v(-,¢). This proves (2.12).
Finally, using Plancherel’s theorem and (2.6) we obtain

llu(-, 172 = lla(-, )7, < 2/00 la11(2,8) P11 (2)|? dz

-0

. (2.19)
+2 [ farale, 0 Ploaa) da

Estimating each integral in (2.19) as before we have

o ) o? _1..1 —1
2 [ Jaus(a 0P8 Pz < P50+ 0 sl

—00

— _1
+402 e [lpsl32 < COL+ 1) (sl + lloslBa), €20,
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Thus

—1
luC- s Dlle < CA+ )75 (l@llzexre + llollpixr), ¢ > 0.
A similar estimate is also true for v(-,¢). This proves (2.13). ]

Remark. Under the hypothesis of Theorem 2.3, using interpolation we
immediately obtain

11
1w, )l zexcze < CA+ 67280 (ol i + el )

for all 2 < g < co. We also easily obtain from (2.8)-(2.9) and (2.10) the
following estimate

IE@)ellmexns < V2allol|gsxms, t>0. (2.20)

3 Existence of solutions of the nonlinear system

In this section we shall prove that the initial value problem (1.4)-(1.5)
has a unique global solution U(-,t) in the class C1([0,00); H® x H?),
provided that s > 2, a%by < 1 and ¢ € H® x H® and that this solution
depends continuously on the initial data.

We begin observing that for all U, V in H® x H* the following in-
equalities are true

IF(U) = F(V)llgsxns

3.1
< CL1Ullrexcrs + V1) U = Viigexme, s>1 D

IM~10,[F(U) = F(V)]|| e x a1
< CoCi([|U| s =1 s prs— (3.2)
HIVilgs-1xms-)P U = V|| gs-1ggs-1, s >2

where F' is defined in (1.7) and Cy, Cy are positive constants with Cp
as in the Corollary 2.2.

The proof of (3.1) follows easily from the fact that when s > %,
H*(R) is a Banach algebra and (3.2) is an immediate consequence of

Corollary 2.2 and (3.1).

Theorem 3.1. (Local existence). Let s > 2, a%bg <land p€e H® x
H?. Then there exists T > 0 and a unique solution U € cY[0,T); H® x

H?) of (1.4)~(1.5).
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Proof. Using Lemma 2.1 we can write the integral equation associated
with (1.4)—(1.5):

t
U(- 1) = E(t)go—/o E(t—o)M™0, FU(-,0))do  (3.3)

where E(t) denotes the semigroup generated by £L = M~!B (—9‘2;7 . We
consider the space of functions

Yr = {U € C([0,T]; H® x H®) such that
sup_|[U(+,t) = E(t)llroxas < 1 and U(-,0) = g}
0<t<T

with the norm ||U||y, = sup ||U(-,t)||gsxgs, where s > 2.
0<t<T

Let us denote by P(U)( -, t) the right-hand side of (3.3). Using inequality
(3.1) we easily see that P:Yyr — Yr is a contraction if T is chosen
sufficiently small. (In fact it sufficient to take T as T = [2PC;v2a(1 +
V2a||o|| s xms)PT] 7L, where C and « are defined in (3.1) and (2.20)
respectively). By Banach Fixed Point Theorem it follows that there
exists a unique U € Y7 satisfying (3.3).

t
To calculate Uj let V(¢) = / E(t—o)M~18, F(U(-,0))do, 0 <t <T.
0

A direct calculation shows that
t
Vi(-,t) =L [/ E(t—o)M™ '8, F{U(-,0)) da] + Mo, F(U(-,t)).
0

Since U(-,t) = E(t)p — V(t), then we conclude that

U(+,t) =LU(-,t) — M~ 19, F(U(-,t)
= M71BUz(-,t) — M~10, F(U(-,t)),

for all 0 < ¢ < T. This proves, in view of Corollary 2.2 and inequal-
ity (3.1), that Uy € C([0,T]; H® x H*®) and that U(-,t) satisfies (1.4).
Obviously U(-,0) = .

To prove uniqueness observe that if U, V are any solutions of (1.4)~-
(1.5) in the class C!([0,T); H® x H®) with s > 2, then W = U — V is
also in the same class and satisfies

Wy = LW — M718,[F(U) - F(V)], W(-,0)=0. (3.4)
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Using (3.4) we have that
Bt = oW(-,0) = ~B(t ~ )M % [F(U(-,0)) ~ F(V(-,0)].

Integrating this equation from 0 to ¢t we obtain
t
W(et) == [ Bt = )M P (-0)) - FV (-, o)) do.
0

This equation with (2.20) and (3.2) imply that

W (O s xars
<V2aCoCy sup ([U(-, )]s xns+
0<t<T

t
nv<-,t)nH=st>P/ W (-, 0)larexre do
0

By Gronwall’s inequality we obtain W = 0.
]

Using well known techniques (see [13] for example) we obtain the
following
Corollary 3.2. Under the hypothesis of Theorem 3.1 there ezists a
unique solution U € C1([0,T*); HS x H®) of (1.4)~(1.5) with the property
that either T* = o0 or T* < o0 and tlTHTI}‘ U(-, t)||gsxgs = oo.

Lemma 3.3. Let s > 2, agbg <1 and ¢ = (p1,92) € H* x HS. If
U e CH[0,T); H® x H®) is a solution of (1.4)-(1.5), then there ezists a
positive constant Cy = Ca(by, b2, a3) such that

WU Dllmxm < Collellmxm, 0<t<T. (3.5)

Proof. Let u, v be the components of U. Multiply the first equation in
(1.1) by bou and the second equation by v, integrate in the whole space
and add to obtain

1d
2dt
+baen|luz||2 + eallvzll2 = 0. (3.6)

{ballullZ2 + ballus| 72 + bullvlI72 + |[vall}s + 2a5ba(ug, vg) 2}
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Integration of (3.6) in time give us

ballullZz + bolluclZe + bullvliZ + llvallZe + 2a3b2(uz, ve) o

+2/0 (baerlfua (-, 0)IZ2 + eallvz(-, )lI72) do = ballin |7 3.7)

+02/10z 01117 + billw2l12 + 110502117 + 2a3b2(8zp1, upa) s

Observe that if a3by < € < 1, then |2a3bs(uz,vz),.| < baélluzl32 +
aij_Z “%H%g . Using this fact in (3.7) we obtain

a2b
ballullZ + ba(1 - &)l[uz|Ze + bullvllZe + (1 - L;—)nvzniz

+2[) (1)261“’ux(',0’)“%2 +52”’UI(-,O')||%2) do (3.8)

a2b
< ballrl2s + ba(L + E)l1Gaipr |2 + bullpallZe + (1 n —;—2—)nazsozniz .

Now, choosing ¢ = 1(a3by + 1) in (3.8) we obtain (3.5), with C,
depending only on b; , by and a3 .

|

Theorem 3.4. (Global existence). Let s > 2, a%bg <1 and ¢ € H® x

H?®. Then the initial value problem (1.4)-(1.5) has a unique solution
U € C1([0,00); H® x H®).

Proof. By Theorem 3.1 and Corollary 3.2 it sufficient to prove that if
U is any solution of (1.4)—(1.5) in the class C'([0,T); H® x H®), s > 2,
then there exists a positive constant C' = C(s, T, ||¢||msxg+) such that
sup ||[U(-,t)||agsxrs < C. Since U also satisfies the integral equation
0<t<T

(3.3) for 0 <t < T, then using (2.20) and (3.2) we have that
WO s s

‘ 3.9
Sv2a[|ap||stHs+v2aCoC'1/ ||U(',U)||I;;tl_1stqd0- ( )
0

From (3.9) and (3.5) it follows that
U Iz e < V2a max (1,C5) (14+-CoCr Tllel o, )|l 2 2.
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By induction we obtain

sup U, )| rrm < mm
o . (3.10)
< P+ C001 THSOIImeHm) PE™ ol e

where m = 2,3,... and n = v2a max(1,CP*).

Now, for any s > 2 we choose an integer m such that m < s <m+1
and use (3.9), (3.10) and the Sobolev imbeddings H® — H™ < Hs—!
to conclude that

TAN

nwwmmm._¢|wmmw¢_%a/Mfwmmm

m—- 2
n® " (14 CoCi TNl i) T2 Mol o i

. +2 s—1
< plrt2) (1+C()01T“90”stm)(p ) eollre e

IA

for all 0 <t < T. This proves the theorem.
|

The solution of (1.4)-(1.5) obtained in Theorem 3.4 depends contin-
uously on the initial data in the following sense:

Theorem 3.5. (Continuous dependence). Let s > 2, a%bg < 1 and
Un,U the solutions of (1.4)-(1.5) in C([0,00); H® x H®) corresponding
to the initial data pn, in H® x H®, respectively. If o, — ¢ in H® x H*
then

lim sup Un(-,8) = U, )| s s

+”6tUn( ’ ) atU( $t)”H5XH3) =Oa
for all fized T > 0.

Proof. Fixed T' > 0, using the integral equation (3.3) with ¢,, ¢ and
(2.20),(3.2) we obtain the estimate

NUR(- ) = U Dllasxms < V2allpn — ol mexus+
V2aCoCrsupoceer (IUn(- )l e xrs +

NUC 8)llexrre) /HU 1 0) —U(-, o)l xspedo
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for all 0 < ¢ < T. Therefore, Gronwall’s inequality implies that

sup ||[Un(-,8) —U(-,t)llgsxas < V2allon — ol|gexms €T (3.11)
0<t<T

where

= V2ACLCs sup (IUn(- s HIU (Ol ras)Ps m=1,2, .
0<t<

Moreover, using (1.4) with U, and U and (3.11) we have

[[8:Un(-,t) = QU (-, )| s xbrs (3.12)
SLUR(-,t) = LU(-, t)|| e e
HIM T F(Un(-,8) = F(U(-, )l o s
< Comax(e1by, b2)||Un(-,t) = U(-, )|l s xrrs
+wn”Un( : :t) - U( : at)”H’xHS
< V2a[Cy max(e1 by, b2) + wn] €T ||on — o|lgexms, 0<t<T.

Since ¢, — ¢ in H® x H®, then using the same arguments presented
in the proof of Theorem 3.4 we show that (w,) is a bounded sequence.
Thus, the conclusion of Theorem 3.5 follows from (3.11) and (3.12).

Remarks. (1) The same results given by Theorems 3.1, 3.4 and 3.5
above can be proved for (1.3) in the case of € = g5 = 0. In fact, for
this case we can replace the hypothesis s > 2 by s > 1. These results
improve those one presented in [5].

(2) It is also important to observe that in some particular cases, for
example, by = by = 1,a; = aa,|a3| < 1 and €; = €2 = 0, system (1.1)
has solitary wave solutions of the form u(z,t) = v(z,t) = ¥(z — ct),
where ¢ > 0 and

21_)( 1 )1/2$]1/P

1

Thus, an argument similar to that of page 579 of [9] shows that (in this
case) the continuous dependence in Theorem 3.5 can’t be uniform for
all ¢ > 0.
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4 Decay estimates to the nonlinear system

Let us denote by u, v the components of the global solution U of (1.4)-
(1.5) obtained in the last section. From Theorem 3.4 and Lemma 3.3
we deduce that

| a0 + - )l dor < 4o (41)

Theorem 4.1. Under the conditions of Theorem 3.4 and p > 3 we have
the following decay estimate

U(-,t)||zsoxroe < C(L+ )% [|pll g, t>0. (4.2)

Moreover, if also ¢ € L' x L', then

_ 1l _1
WU, Olzaxce < CQ+ 87287 (loll s + lollpixzt), >0
(4.3)
for all 2 < g < .

Proof. Since U(-,t) also satisfies the integral equation (3.3) for any
t > 0, then we can take the norm L* x L* in (3.3) and use (2.11) to
obtain

1
U (-, )llzeoxcree < C(1+1)7% ||l 1w i
(4.4)

t
+C [t =) M0, PO, o)l do
0

To estimate ||[M~18; F(U)||g1xpm1 , let 8; F(U) = g = (g1, g2), where

g1 = blupuz + blalvp'ux + blag(u”v)z
92 = vPuz + baag uPuy + boaq (uv?); .

From Corollary 2.2 it follows that
IM~10: FU)| | xan < Collgllzexre (4.5)

Using the inequality ||w||pe < ||w||1/2 ||w||1/2 valid for any w € H(R),
the imbedding H! < L*, and lemma 3.3 we estimate ||g1|| 2 as follows

llgille < ballullfe [fuzl(F2 llullzz + bilas| o]l {lo]] e vz 2
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+bip lag| |[ull7e luallZ2 [l 2l o] oo
+ bifas| Jull7e sl g2 full 2 Jos | 2
< CllluzllZz + lvallF) U] oo x oo (4.6)

A similar estimate is also true for ||g||;2. From these estimates and
(4.5) we conclude that

1M ™10 F(U)lgi s < CllluallZz + lval 7o) |0l pooxr - (47)
Substitution of (4.7) in (4.4) give us
_1
NUC 8)|eoxree < CL+1)73 ol g1xmn
t
+c/ (1+t—0)"t HO)U(-,0)||pwxre do,
0
where H(t) = |luz(-,t)||22 + [[vz(-,t)||2, is an integrable function on
[0,00) by (4.1) .
By a Gronwall’s lemma, (see Lemma 1 of [11]) it follows (4.2).

Now taking the norms L™ x L* and L? x L? in (3.3) and using
(2.12)-(2.13) we obtain respectively

NU(+, 8)||peoxree < C(1+1)7 2 (lell g xm + llollLixrr)
+C/0 (1+t—0)"2 (IM 718, F(U(-,0))|| s
HIM ™0, F(U(-,0))||p1x g1 )do (4.8)

and
NUC )llzexze < C(L+ 077 (lollpewre + llollLixz)
+0 [t =0 QM8 KU ) liar
HIMT 0, FU(+,0))l| 1 1)do (4.9)

Let us work with (4.9) first. Using the same notation as before and
lemma 2.1 we have

M

IM710; F(U)||p2x < (k51 = g1llz2 + [lkj2 * goll2)

1

<.
Il

NE

(&l llgallze + lkjell L llgall )
1

<.
Il
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and

2
IM 710 F(U)|lpiwrr <) (llksa % gulle + [lkj2 * gall 1)
=1
(4.10)

IN

2
> Ulkiallptllgllzs + Hkjalloilg2llzr)
7j=1

Estimating ||g1||2 as in (4.6) we find
llgrllze < CllluallZz + llozlF)IU] 2L -

We estimate ||g1||;1 as follows

llgallzr < buflullfes IIUxIILzIIUHLz
+b1ar] [Jv]|7 ||Uz”L2HUJ:”L2““HL2”UHL2
+orplaz [[ul 7o s 2 vz | 2 ful |2 [v] 2
+bulazlful [ [l 2 lloz]| L2 [ul 22

< ClluallZe + lvalZ)U g2 L2 -

Similar estimates are also true for ||g2||2 and ||g2||L: .
Thus

IM™10: F(U)|p2xr2 < Clllusll?z + lval|22)|U || L2xc 2
(4.11)
”M_laz F(U)HleLl < C(“uz“%ﬂ + ”Uz”%2)”U”L2xL2

Combining (4.11) with (4.9) we obtain

NUC, Ol paxpe < CQA+18)7% (||l p2xre + ellpispr)+
C/ (1+t—0) ¥ HO)|U(-,0)||ox g2 do

with H(t) as before. Applying lemma 1 of [11] we conclude that

1
WUllzxee S CA+ )74 (llellpexre + llollixp), >0 (4.12)
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Now, let us estimate ||[M 718, F(U)||p1xz1 in terms of ||U||geox oo . Us-
ing similar arguments as before, the Young inequality and (4.12) we
have

|P/2 3/2

lluPusllpy < [ullf llullpellusllze < Julls usl 2 llul 2

]. 2 3 oy A
<(3 [ull + 1 g7 2)1lullzoe < CUL+ )72 + ||ug|l7)l|ul| Lo
luP gl < C((1+ )78 + [fugl[22)ull o
[vPvzllpr < C((1+1)7% + |[vg]|22)ll]l oo
We also have
Py < [JulBad ]l 2 llvel | L2 | lul] oo
2 1/2
< Nl B2 el o e 2 ful| oo
< (lull? + ”ume + 2 Jug|132) | |ul| Lo
< C((L+6)7% + g2z + llvgl[22)ul| e
Consequently
-2
lgillr < C((A+1)77 + |[uzllFe + lvellZ2) U Lo x Lo (4.13)

A similar estimate is also true for ||gz||;: .This fact with (4.13) and
(4.10) imply that

M0, POl prwr < O+ )78 + [fuglZs + ol Za) U] oo 10
(4.14)
Combining (4.14)-(4.7) with (4.8) we obtain
_1
HU(-5 )|l Lo oo < C(1z+t) 2 (llellgrsce + el prxrr)
+c/ (1 +t—0) 3 HOU(-,0)llgzse do
0

where

7 Pk

H(t) = (1+8)72 +lug (-, )|[72 + [z (-, )|
is an integrable functions on [0, 00) by (4.1) and because p > 2. By
lemma 1 of [11] it follows that

. —1
WU Ollpeoxree < CA+8)72 (lellmxm +llellxpr), ¢ 20 (4.15)
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Finally, from (4.12)-(4.15) and interpolation we obtain (4.3). This com-
pletes the proof of Theorem 4.1. n
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