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BREAKDOWN IN FINITE TIME OF
SOLUTIONS TO A ONE-DIMENSIONAL
WAVE EQUATION

Mokhtar KIRANE and Salim A. MESSAOUDI

Abstract

We consider a special type of a one-dimensional quasilinear
wave equation wy — qb(%)wm = 0 in a bounded domain with
Dirichlet boundary conditions and show that classical solutions
blow up in finite time even for small initial data in some norm.

1 Introduction
Consider the following hyperbolic system
u(z,t) = A(u(z, t))us(z, t), (1.1)

where u : I x (0,T) — IR" is a vector-valued function, 4 is an (n x n)
matrix, and [ is an ( bounded or unbounded ) interval. For the Cauchy
problem, results concerning global existence and finite life span have
been established by many authors. The first who discussed such a
problem, in its generality, was John [4] in 1975. He showed that any
C? solution of (1.1) blows up in finite time if the initial data up(z) =
u(z, 0) is of compact support and satisfies that max,{s?|uy ()|} is small
enough. Here s denotes the length of supp wug. His proof makes a cru-
cial use of the local strict hyperbolicity of the system (1.1) in the sense
that the eigenvalues of A(u) are real and distinct in a neighborhood
of u = 0. Ta-Tsien et al [14] discussed (1.1) associated with decaying
initial data. They proved a global C! solution for the Cauchy prob-
lem if, in addition to the local strict hyperbolicity condition, (1.1) is
weakly linearly degenerate and the initial data satisfy, for x4 > 0, that
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maxy {(1 + &) 1 (|ug (z)] + |u0(x)])} is small enough. They also es-

tablished a blow up result of C* solutions for non weakly linearly degen-
erate systems. As they pointed out, their work generalizes their result of
[13] to the case of initial data with no compact support but they possess
certain decay properties.

For the case n = 2, the situation is less involved and interesting re-
sults have been obtained. For instance, the system of nonlinear elasticity

ug(z,t) = @ (v(z,t)) ve(z, t), ve(z,t) = ug(z, t), (1.2)

has been discussed by Lax [7] and MacCamy and Mizel [8]. In his work,
Lax required, in addition to ¢ > 0, that ¢’ > 0 and showed that classical
solutions break down in finite time however smooth and small the initial
data are. Whereas MacCamy and Mizel allowed ¢’ to change sign and
proved a similar result. They also showed, under appropriate conditions
on ¢, that there are z-intervals, for which the solution must exist for
all time even though it blows up for values of z outside these intervals.
Messaoudi [11] discussed the following system

u(z,t) = a(@)e (v(z, 1) va(z,t) vl 1) = ua(z, 1), (1.3)

which models a transverse motion of a string with variable density. He
showed that C!-solutions develop singularities in finite time if the initial
data are taken with large enough gradients.

For systems with dissipation, we mention the equations
Ot +c(0)gz=0  q+0(0)6:=-XA(0)g, (1.4)

which describe heat propagation in materials that predict finite propa-
gation speed. This phenomenon is called second sound (1], [2], [9] and
[10]. Here 6 is the difference temperature and g is the heat flux. The
Cauchy problem was studied by Messaoudi [9] and a blow up result for
classical solutions was proved. We should note here that, if A is constant
and c(@) = —1 then (1.4) reduces to a system describing steady shear-
ing flows in nonlinear viscoelastic fluids. This problem was studied by
Slemrod [12] and a blow up result for classical solutions has been estab-
lished. A similar problem was also discussed by Kosinski [6] and Zheng
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[15] and results concerning global existence and nonexistence have been
accomplished.

For the higher-dimensional case, it is worth mentioning the result
of John [5]. In his work, he considered radial solutions of the three-
dimensional system of elasticity and showed that classical solutions de-
velop singularities in finite time.

In the present paper we are concerned with a quasilinear hyperbolic
system of the form

u(z,1) = ¢ (:gg) va(z, 1) (1.5)

vi(z,t) = ug (T, ).

u(z,t)
v(z,t)

Note that ¢ ( ) has a dimension of velocity.

We will study (1.5) together with initial and boundary conditions
and show that Cl-solutions blow up even for small and smooth initial
data. Our result cannot be directly deduced from the results of [4] and
[14] since we do not impose the same conditions regarding the size and
the regularity of the initial data (See, for instance, theorem 1.2 of [14]
and lemma 3.1 below).

This work is divided into two parts:

In part one we state, without proof, a local existence theorem.
In part two, our main result will be stated and proved.

2 Local Existence

We consider the following problem

w(z,t) = ¢ ( :g 2) v (2, 1) (2.1)
v(z,t) = uz(z,t), Vzel=(0,1), t>0 (2.2)
u(z,0) = uo(z), v(z,0) =vo(z), Vzel (2.3)

u(0,t) = u(1,t) =0, v;(0,¢) = v.(1,£), ¢t>0 (2.4)
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where ¢ is a C? strictly positive function; i.e

p(§) 2 x>0, V€. (2.5)

We also require

ug € H2(I) N HY(I), vo € H*(I), vo(z) #0, Vz € [0,1]. (2.6)

Proposition. Assume that ¢ satisfies (2.5) and let ug and vy be given
and satisfying (2.6). Then the problem (2.1) — (2.4) has a unique local
solution (u,v), on a mazimal time interval [0,T), satisfying

u,v € C ([0,T), H*(I)) nC* ([0,T), H' (1)) n C? ([0,T), L*(1)) . (2.7)

Remark 2.1. This proposition is a direct application to the results of
Dafermos and Hrusa [3] based on the use of energy estimates.

Remark 2.2. u,v are C! functions by the standard Sobolev embedding
theory.

Remark 2.3. The local existence can be obtained even if we have
»(0) > k > 0 instead of (2.5). In this case, we only consider initial data

satisfying (2.6) with .

Ug
— H small enough.
V0 {l oo

3 Formation of singularities

In this section, we state and prove our main result. We first begin with
a lemma that gives a uniform bound on — in terms of the initial data.
v

Lemma 3.1. Let ¢ be as in the proposition. Then for any € > 0 there
exists 6 > 0 such that for any initial data satisfying (2.6) and

llvollo <6, luolleo <, ) (3.1)
the solution of (2.1) - (2.4) satisfies

u(z,t)
v(z,1)

‘ <k, Vz € (0,1], ¢>0. (3.2)
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Proof. We define the functions and the differential operators

u

m:mm5[$@&,5=mM—Aﬂmms (3.3)

ot v/ 0z’ ot Oz’
where
1 1
= P} = ? ﬂ Y v
PO = V), ale) = s B0 = =
We then compute

1 U 1 U
= — [(1 —a—) 'ut—apuz] + - [aut——p(1~a—) vx].
v v v v

We remind that, unless otherwise stated, «, 3, p, and ¢ are functions of
Y. By noting that (1 —a%) = ap and p (1 - al) = ap, (3.4) gives

ar =0. (3.5)
Similar calculations also yield

Dys = 0.
Therefore as long as a smooth solution continues to exist and

u(z, t) b oot

v(z,t)

o( ), (3.6)

v(z,1)

r and s remain constant along backward and forward characteristics,
respectively; hence

lIlloo = lIrolloo,  Ilsllee = [I50llso-

To establish (3.6) we note, by virtue of (3.3), that
_ [ ulz,)
oo ()
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is continuous and strictly monotone, so it

NGl
where 9(r) = | (6 — &

admits a continuous inverse 1, at least in a neighborhood of zero. Since
9(&) = (&) — €2 is continuous and g(0) > k, one can choose 7 < ¢ such
that g(¢) > %, for all |¢| < n and choose v > 0 so that |%(€£)] < 7, for all
|€] < -y. Therefore as long as ||r — s||eo < ¥, we have

2= -sl<n<e (3.7)

From the definition of r and s, it is easy to see that if 4, in (3.1), is
chosen small enough then we get

[ITolleo + {Is0lleo < 73 (3.8)

consequently || — s|lco < [|70]oo +{[S0]|co < - This implies (3.5); hence

u u Uy _ K
i) =e(2) - (22> 2 (3.9)
Therefore (3.6) is established and the proof of the lemma is completed.

Remark 3.1. By using (3.9) and the boundedness of r we conclude,
from (3.3) that In|v| remains bounded. Therefore, with the above choice
of the initial data, v is never equal to zero.

Now, we state our principal result.

Theorem 3.2. Assume that, in addition to (2.5), ¢ satisfies
¢'(0) > 0,

and , , ,

”_ua(“_o) UM Y% o vy e (o, 1)

Vo Vo g
Then there exist initial data ug, vy satisfying (3.1), for which the solution
of the problem (2.1) - (2.4) blows up “pointwise” in finite time.

Proof. As usual, we have to derive an ordinary differential inequality
with a quadratic nonlinearity for a combination of u and v from which
the desired conclusion can be drawn.

For this, we take an z-partial derivative of (3.5) to get

d
(at'r).’l: =Tzt — PTzgx — Tz a_‘p = 0 (310)
: T
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which, in turn, implies
0 J su
O(ry) =rp—p= er— (-—) . (3.11)

By using
pe Bl (2), emZonl(d

Bzv

and substituting in (3.11), we obtain

v

_¥ (e u\?
To handle the last term in (3.12), we set

W :=)\(%) Ty

and substitute in (3.12), to get

/

oW = K@[go—(%f]wtxi’i[@ (%)%sﬁmxat (2)- )

‘By using equations (2.1), (2.2), and (3.3) we easily deduce

8, (%) _ v(ug — /Ppuz) — u(vy — /Pug)

v2

_ v(pvg — \fpug) — u(uz — \/puz) (\/Ev;c — uz)(u + /pv)

B v2 )

(3.14)

and
_B 11
S =7 (Vovz —ugz) = ;m(ﬁvz — Ug). (3.15)
Now we choose A so that
A, () 19 (B _
)‘4@[ ('U) ]7'1:515 + LA o, (’U) = 0. (3.16)

By combining (3.14) - (3.16) we arrive, by simple computations, at

N(E) P (E)

NORETIOK
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which yields, by a direct integration,

M) = M4 (8);
consequently (3.13) reduces to

. y .
oW = gi-lip - (5) W2, (3.17)

If we choose 4 sufficiently small then the coefficient of the quadratic term
in (3.17) remains bounded away from zero by virtue of (3.10), the lemma,
and the continuity of ¢ and A. So there exists a constant £ > 0 such that

o'l - (%)z]ip- > k,

consequently (3.17) yields
AW > kW2 (3.18)

Therefore (3.18) shows that W ( hence r.) blows up in a maximal time
tm < ﬁv‘g’ if we choose initial data satisfying (3.1) with derivatives
satisfying Wy > 0; i.e

v} ug \ uhve — ugU’
Dpa(—=) 220 50, vzelol)
Vg Vg v§

Remark 3.2. A similar result can be established for ¢'(0) < 0. In this
case we consider the evolution of s; on the forward characteristics; i.e
we repeat the same calculations (3.10 )-(3.18) with s and D;s.
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