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DIRICHLET PROBLEM FOR A
NONLINEAR CONSERVATION LAW

Guy VALLET

Abstract

In this paper we propose the study of a first-order non-linear
hyperbolic equation in a bounded domain. We give a result of
existence and uniqueness of the entropic measure-valued solution
and of the entropic weak solution; for some general assumptions
on the data.

1 Presentation of the model problem

In this paper, we are concerned with a wide range of non-linear scalar
conservation laws, arising from the mechanics of continua. Let us denote
by (P) the following problem :

% +div(f(t,z,u) +g(tz,u) =0 inQ, (1)
u=uP on X, (2)
U = ug on {2, (3)

where :
-)  is a connected bounded open subset of R, with a smooth boundary
I', and an outward unit normal 7,

-) Q is the cylinder ]0,T[xQ, ¥ its lateral boundary ]0, T[xT and div =
N

1=1
)
i) u? and ug are bounded measurable functions on ¥ and Q respectively,
ii) f is a continuous function on Q@ x R, g and divf are Caratheodory

9
(9.’13,',
Hy
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functions,
iii) VM > 0, 3gar € L?(Q), VA € [-M, M],

It is well-known that, even if the data are regular, there is not, in
general, a unique weak solution to a non-linear hyperbolic equation.
One is then used to consider, among all the weak solutions, the one that
satisfies an inequality called ”entropy inequality”.

We say that u € L*°(Q) is an entropic weak solution to the equation (1)
if, for all positive v of H}(Q) and all real k, one has :

/ sign(u — k) { (u— k)% + [f(t,z,u) — f(t,z,k)].Vv } dzdt
Q

-—/ sign(u — k) { divf(t,z,k) + g(¢t,z,u) } v dzdt > 0.
Q

Since we do not suppose that ug belongs to BV (Q2) N L*™°(R),

i) Firstly, the usual compactness methods in BV (Q)NL*®(Q) [2] seem to
be deficient. Therefore, we consider here the framework of the measure-
valued solutions [6] & [12]. Moreover, it is known that the finite volume
methods lead to some convergence in the sense of the Young measures.
See for example the entropic process for the Cauchy problem (7], or,
(5]&[16] for bounded domains. Thus, the study of the uniqueness of
such a solution, in a bounded domain, finds here all its interest.

ii) Secondly, u does not belong to BV (Q) N L*™(Q), so the trace of u is
not defined from the functional framework. However, as u satisfies an
entropy inequality, it is possible to consider some traces for ¢t = 0, as
well as on ¥ (see the Young measure trace [11]). Thus, we will consider
an entropy inequality including the initial and the boundary conditions,
as introduced by F.Otto in [9] for L*-functions.

Notations. In order to simplify the writing, let us put :
F(t,.’E, u, k) = Sign(u - k)[f(t,.’l), u) - f(ta Z, k)]a
G(ta T,u, k) = dZUf(t, z, k) + g(t’ Z, u)7

£(t,z,u,k,v) =|u— k|% + F(t,z,u, k).Vv — sign(u — k)G(t, T, u, k)v.
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2 Basic properties of the Young measures

We recall here some results concerning the Young measures, which can
be found in [1], [6], [7], [12] and [13].

If £ denotes the Lebesgue measure and B a bounded open subset of R™,
then we have :

Definition 1. A positive Radon measure v on BXR is a Young measure
on B x R if for every Borel subset A of B, v(A x R) = L(A). A Young
measure v is described by its disintegration form which is the unique
family of probabilities on R, (dP;)zcB, such that for every Caratheodory
function 1,

BxR

«/;du:/B/Rzp(x,A) dP,()) dz .

Example 1. We call Young measure associated to the measurable func-
tion u, the unique Young measure on B x R, denoted by 14, defined for
every positive Caratheodory function 3, by :

[ b= [ v @) do

That is, the disintegration form gives dv(\, ) = ddy(z)()) dz where dy(4)
denotes the Dirac mass centred in u(z).

Proposition 1. ( Gallouét ) [7], [10]

Let v be a Young measure on BxR and let F;; be the repartition function
of dP;, the family of probabilities on R that is involved in the disinte-
gration of v. Then, the function u, defined in Bx]0, 1[ by

u(z,a) = inf{t € R, Fz(t) > a}

is Lebesgue measurable on Bx]0,1{ and for every positive Caratheodory
function 9,

| pv= /E /R ¥(z,A) dPy(A) dz = /B /0 (@, ulz, ) da da.

Moreover, if Supp(dPy) C [-M, M), thenu € L*(Bx]0,1[) and ||u|[cc <
M.

u s called the process associated to the Young measure v.
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Proposition 2. Let (u,), be a sequence of L°(B) functions such that
Vn € N, ||un|lo < M. Then, there ezists a sub-sequence (un, )i and a
Young measure v (v = dP; dz) on B x R with Supp(dP,) C [-M, M],
such that for every L'(B,Cy(R)) function 1,

/¢$Un ) dz — p(z, ) dv.

BxR

Futhermore, if the limit v is the Young measure associated to u, then
Up, converges towards u in LP(B), 1 <p < oo .

Remark 1. In [1], E. J. Balder defines the Young measures and gives the
same kind of results with (B, B, £) being a finite (or o—finite) measured
space. This definition allows us to talk about Young measure trace on
a hypersurface of R™, provided with the Hausdorff measure #™ 1.

3 Definition of an Entropic Measure-Valued So-
lution

Definition 2. A Young measure v is an Entropic Measure-Valued So-
lution (emus) to (1) if :

i) IM > 0, Supp(dP(tI)) [—M, M] where dv(t,z,\) = dP z)()) dzdt.
i) Vv € H}(Q), v >0, Yk € R, foR,ﬂ(t z,\k,v) dv > 0.

Proposition 3. Let v be an emvs to (1). Then, for any positive B of
LY(Q2) and any w in L=(Q),

lim ess/ |A — w(z)|B(z)dP; 7)(N)dz ezists.
QxR

t—0+

Proof. Consider in definition 2 i), v(t,z) = a(t)B(z), a € DT(0,T),
B € DT(2). Then it comes that :

T
0< /0 o' (t) /QXR |A — k| B(z) dP4)(A) dz dt+

T
/ olt) / F(t,2,\, E)VB — sign() — k)G(t, z, )\, k)B dPyy)(A) dad.
0 QxR
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Let us note h®B(t) = Jaxr |} — k| B(z) dPyz()) dz. As hkP is an
essentially bounded function, the above inequality shows that h**# is a.e.
a bounded variation function. So, one can talk about litm o REB(3).

_—)

As, uniformly with respect to ¢, 8 — h*#(t) is a continuous linear
functional on L!(f2), a density argument leads to the existence, for any
k in R and any positive 8 in L'(), of

lim ess/ |A — k| B(z) dPs 5)()) dz.
QxR

t—0t

In order to work with an essential limit in the sequel, we only consider
k in Q.

Let wp, = Y ;- kil g, be a simple function on Q with k; belonging to Q.
As, [ |A—wn(2)|B(z) dPyzy(N) dz =3 [ [A=ki| B(z) 15, dPsz)(N)

QxR i=0QxR

dz, litm 538 R (t) exists for any positive 8 in L*(Q) and any' Q-valued
simpl: function w on Q.

As any w in L*®(Q) is a limit in L*(Q) of a sequence of such simple
functions and since for w and @ in L®(Q), |h*8(t)—h®A(t)| < |B|L1.|w—
W| L, independently upon ¢, the same argument of density leads to the
result.

Definition 3. An emuvs to (1) satisfies the initial condition ( 3) if

t—0+

lim ess/ |A — uo(x)|dP 7y (N)dz = 0.
QxR

Definition 4. ( Szepessy [11] ) Let us introduce, for = in the neighbor-
hood of T, the change of coordinates z — (Z,£) : © =T — £.n(T) where
(Z,€) € T x (0,€) for some positive €,  is the unit outward normal, and
J(Z,€) is the jacobian determinant associated to this change of coordi-
nates.

Then, there is a sequence &; in (0,¢), & — 0% and a Young measure u on
L xR, described by its disintegration form : du(\,t,z) = dP(‘:’x)()\) dHV,
where HY is the N dimensional Hausdorff measure on ¥ and where
dP(’:’z)()\) is a family of probabilities on R, satisfying the point i) of

definition 2, such that : for any function ¥ in L'(Z, Cy(R)), the next
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relation holds :

Lim /2 /R B(6,7, ) AP oz, (V) J(F, &) AN = /E /R B(t, 7, ) du.

oo
u 1s called a Young measure trace on ¥ for v.
Using this trace, we prove :

Proposition 4. Let v be an emvs to (1) and p a Young measure trace
for v. Then, for any positive a of L*(X) and any w in L*®(X), one has:

lim ess F(t,z, \,w).n(Z) a(t,T) dPyqy(A) J dHY =
0T JuxR

F(t,z,\,w).na du
ExR

Proof. Consider in definition 2 ii), v(t,z) = a(t,Z)B(¢), a € DT(T),
B € DT(0,¢). Then,

0<— /0 "B (@, k) n(E) alt, ) dP () T dHY det

Ix

i 0
/0 ﬂ(f)/2 . |A - kla—‘: dPy 2y (A) J dHY dg+

/,8({) / F(t,z,\, k)Va—sign(A-k)G(t,z, \, kK)o J dP(t,x)()\)d’HNdﬁ.

0 ExR

Thus, for A*¢(8) = [ g F(t,z, X\, k).0(T) a(t,T) J dPj 4 (N) dH™N, the

same argument as in the previous proposition leads to the existence of

lifm 88 h¥%(¢), for any positive o in L!(X) and any Q-valued simple
_)

function w on ¥. Since f is a continuous function, lim ess h*®(&) =
£—0

F(t,Z,\, w).n(Z) a(t,T) du.

L)e:t>< ]fu be in L®(X) and let w, = Y1, kilp; be a simple function on X,
with k; € Q, that converges to w in L®(X).

As f is continuous on @ x R and as wy, converges in L®(X), |h¥*(&) —
h¥n2(£)| converges to 0 uniformly with respect to £ as n goes to infinity.

236 REVISTA MATEMATICA COMPLUTENSE
(2000) vol. XIII, num. 1, 231-250



GUY VALLET DIRICHLET PROBLEM FOR A NONLINEAR CONSERVATION LAW ...

So, lim essh“"*(¢) = / F(t,z, A\, w).n(T) a(t,T) du can be extended
§—0+ xR
to any positive a of L!(Z) and any w in L®(Z).
Following Felix Otto’s idea in [9], we will say that :

Definition 5. An emuvs of (1) satisfies the boundary condition (2) if for
a Young measure trace u, any real k and any positive o of L'(Z) :

/F(t,x,k,uB).na dH" <

z

/ F(t,z,\uP)nadu +/ F(t,z,\ k).na du.
xR xR

Remark 2. If v is a Young measure associated to a function u and if
there exists a trace y(u) in L*(X) for u, then dP(‘: 2) = Ox(u(t,e)) and the
boundary condition is equivalent to

F(t,,v(u), k).n(z) > 0, Vk € [min(v(w),u?), max(y(u),u?)].

This condition is exactly the one given in [2].

Definition 6. A Young measure v is an Entropic Measure- Valued So-
lution to the problem (P) (EMVS) if it is an emuvs to (1) satisfying the
initial and the boundary conditions, as mentioned above in definitions 3
and 5.

Proposition 5. Let v be an EMVS to (P) and p a Young measure
trace, then for any positive B in H'(Q) and any k in R ,

- / S(t,z, Mk, B) dv < / luo — k| B(0) do+
QxR Q
/ F(t,z,\,u®)np d,u—/F(t,a:,k,uB).nﬁ dHV.
xR b))

Proof. Following [15], let 8 be in D¥(Q), ¥, (t) = max (0, min(nt, n(T —
t),1)), an(z) = min(n¢, 1) and consider in definition 2 ii)

237 REVISTA MATEMATICA COMPLUTENSE
(2000) vol. XIII, num. 1, 231-250



GUY VALLET DIRICHLET PROBLEM FOR A NONLINEAR CONSERVATION LAW ...

v = B(t,z).0n(x).0n(t). By passing n to the limit in the inequality
fo]R £(t,z, A\ k, Banpy) dv > 0 one has,

—/ Lt,z, A\ k,B) dv <
QxR

[ w0 = kB0 do - [ Ftz,3, k)05 du (1)
Q xR

for any positive function 8 of D(Q) (and for any positive function 3 of
H(Q) by density).
To conclude, one has simply to use the definition 5.

4 Existence of an Entropic Measure-Valued So-
lution

In order to prove the existence of an EMVS, we consider the same hy-
perbolic problem, with some regular data f;, g, uf and ug.; and we
study the limit when ¢ goes to 0. This kind of problem is well known
and has been studied in [2] and [8].

Let us give below the assumptions needed for the existence of a
solution (H;) :
i) Ho (cf. first paragraph),
ii) 3e1, ¢ € L®(Q), VA € R, (¢, 2) a.e. in Q,

lg(t,z, )| < c1(t, z)|A] + ca(t, z),

with ¢;(9) = ||cillo t = 1,2,
iii) f can be continuously prolonged on (RV*+1\Q) x R by a function
still denoted by f and 3c},c, € L*(RY), V) € R, (t,z) a.e. in RN+1,

|divf(t,z,\)| < (t, )M + ch(t, ),
with &(f) = |[ellloc i = 1,2

For € > 0, let us consider the BV (Q) N L*°(Q) solution u, of the
hyperbolic problem (P;) :

%u; + div(fe(t, z,ue)) + ge(t, z,ue) =0 in Q,
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Ue = uf onX; and uc=ugpcon

where fe(t,2,A) = [g [y £(5,5,€)pF (A—€)pR 11 (8, 2) (s, 9)) dsdy dE,
pt and pYy | being the standard mollifier sequences respectively in R and
RN*+1) g, is defined in the same way and uZ and ug  are regularisations
of the boundary and initial data of the problem (P), bounded by the
same constant.

Proposition 6. There ezists a unique entropic weak solution u. to this
problem; moreover,
1) ue is essentially bounded, independently of €, by :

K
M = 22 (0T = 1) + (fuollo + 10 o)’ T

where K; = ¢i(f) +ci(g), 1 =1,2.

1) ue 18 also a solution, for any positive C*> conver function 6 with
6(0) = 6'(0) = 0, any positive B of H}(Q) and any k in R, of the
inequality :

/ Oote — ) 22+ {6 (e — K)ot )~ [ o= Rttt 26 ag)v5-
[ / "0 (¢ — K)divfu(t, 7€) dE + 0 (ue — K)ge (¢, 7, ue)]B dedt > 0. (5)
k

Proof. This result is classical in BV (Q) N L*°(Q) (see [2] and [8] for i).

Since u, is bounded in L*(Q), it is possible to extract a subsequence
which converges to a Young measure v (in the sense of proposition 2).
Moreover, v satifies the assumption ¢) of definition 2.

So, for any positive C? convex function 8 with 6(0) = 6'(0) = 0, for any
positive 8 of H}(Q) and any k in R, (5) leads to :

A
L0 =0 + 00 -0t - [ 0€ K126 V8-
Q k

A
[ /k 67 (¢ — K)divf (t,2,€) dé + /(A — K)g(t, 2, \)]B } dv > 0.

Now, considering 6,(§) = f(f fg [on(s —1/n) + pn(s +1/n)] dsdt, one
has:
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Proposition 7. There exists an emus to equation (1).
Proposition 8. This emvs is an EMVS to the problem (P).

Proof. Remark that the Young measure associated to the weak solution
ue (see example 1) is also an EMVS to problem (P.) in the sense of
definition 6. Thus, as mentioned in inequation (1), for any positive
function 8 in H(Q) ,

—/ﬁe(t,m,ug,k,ﬁ) dzdt <
Q

[ w0~ k18(0) da — [ Futt,,ue,b)n 8 e
Q b
Let us make € go to 0, then :

- / A=K 4 Pt 2,0, k). V8 — xel(t, 2)B dv <
QxR ot

/ luo — k| B(0) dz —
Q X

where xi is the L*°(Q) * limit of sign(u. — k)Ge(t,z,u., k) and [ the
Young measure on ¥ x R, limit of (trace(uc)), in the sense of proposition
2 (see the remark that follows this proposition and also [1]).

Firstly, consider B(t,z) = a(z). min((1 — nt)* 1).

F(t,z,\ k).npB di
R

Since lim ess IA = kla dPy4)(\) dz < | |ug — k| @ dz, replacing
=20 Jaxr ’ Q

k by uo as shown in the demonstration of proposition 3, implies that »
satifies the initial condition.

Secondly, consider 8(t, ) = a(t, z). min((1 — n&)™, 1) with the variables
introduced in definition 4 ( i.e. z =7 — £n(Z) ). As

/ F(t,z, A\ k).n(Z)a(t, T) du > / F(t,z, A k).n(T)a(t, Z) dip, (6)
xR xR

replacing k by u? as shown in the demonstration of proposition 4, gives
that

/ F(t,z, A\, u®)n(@)a(t,z) du > / F(t,z, A, u®).n(Z)o(t,Z) df.
xR xR
(7
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Since u, is a solution of (P;), it satisfies the boundary condition :
F.(t,z, k,uB)n < F.(t,x,uc, k). + FE(t,m,us,uf).n ae.ony (8)

Then, since « is a positive function, let us next pass to the limit in (8)
as € goes to 0. The upper semi-continuous properties (6) and (7) of the
trace imply that v satisfies the boundary condition.

5 Uniqueness of the Entropic Measure - Valued
Solution to Problem (P) and existence of a
weak solution

In many non linear problems, compactness results are essential in order
to obtain the existence of solutions. Usually, one manages to extract a
sub-sequence that converges a.e. in order to identify the limits of the
non linear terms. When L! sequencial compactness fails, one looks for
Young measure solutions (see [6], [12], [9], [8] and [14] for the study
of hyperbolic equations, or (7], [4], (3], [5], [11] and [16] for numerical
estimations).

For non linear hyperbolic equations, thanks to the uniqueness result
for entropic measure valued solutions, it is possible to prove that the
Young measure solution is associated to a function. This function is
then the weak entropic solution. Moreover, proposition 2 transform the
weak convergence of (u.). (see the previous paragraph) into a strong
convergence in LP?, for all finite p. It is therefore important to have a
result of uniqueness of measure-valued solutions, this result leading to
the existence (and the uniqueness) of a weak solution.

We say that a measurable function h on Q X R satisfies the property
(R) if
i) VM >0, 3gpm € L®(Q), VA € [-M,M], |h(.,., )| < gu a.e. in Q,
ii) V(z,t) a.e. in Q, Ve > 0,3n > 0, la—fB| < n = |h(t,z,a)—h(t,z,B)] <
E.

Let us give below the assumptions needed for the uniqueness of the
solution (H3) :

i) Hy (cf. first paragraph),
ii) Assume that ¢t — f(¢,z,)) and z; — f(t,z,)), i € {1,..,N} are
absolutely continuous functions (i.e. for a fixed A, f(.,.,\) € WbH1(Q))
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and —% and %Li,\ﬁ € {1, .., N}, satisfy property (R),
iii) a) g satisfies property (R) and

b) 3c € L=(Q), lg(t,z,a) — g(t,z,B)] < c(t,z)la — B| Va,B8 €
R, (t,z) a.e. in Q, with ¢(g) = ||¢||co-

Remark 3. Hy, 1i7) b) entails property (R) if g(.,.,0) € L*®(Q);
divf satisfies property (R) because %,\ﬁ € {1,.., N} satisfy it.

Proposition 9. (Krushkov inequality) Assume that v and U are two
admissible EMVS to problem (P) with two initial conditions ug and g
and two boundary conditions uB and 42, and let us note dv(\,t,z) =
dP () dzdt and dU(A,t,z) = dﬁ(t,z)()\) dxdt. Then for t a.e. in
10,77 :

- IX — k| dPys 2y(A) APy oy (k) dz+
X

t
[ San(x = B)g(s,,) = gls, 5,0 dPlyy (A) dP (k) dods <
0 JOxR2

t
/ /A(s,:z:,uB,aB) d’HN_lds—f—/ |uo — G| dz
o Jr Q

where A(t,z, A, B) = Sup |f(t,z,c) — f(t, z,d)|.
min(A,B)<c¢,d<max(A,B)

Proof. Let us note §(t,s,z,y) = v(t)pl(t — s)p(z — y) where v is a
positive function of D(]0,T[) and p} and p%; are the standard mollifier
functions indexed by n. Then,

= [ A= kY @61 6o~ y) dult 5, ) dD (s, R+
(@xR)
/( g SORIG 2, F) =G0,k V()67 t—8) o) v -
/ AR (E = $)[F(t, 5, M, k) — Fls,y,k, V). Voo (o — y) dv db <
(@xR)
[ liow) =A@t ez =) dy dvem N+ ()
OxQ xR

/ F(t,z, 7, uB) ()07 (t — )0 (z — y) du dD(s,y, k)+
IxRxQxR
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/ F(s,y,k, 0B) (@)t — 8)p% (z — y) dfi du(t, z, )~
IxRxQ xR
/ F(t,, k,uB) my(@)p} (¢ — 8)p% (@ — y) dHY dD(s,y, k)~
TxQ@xR

/ F(s,5, 0, @B) v (8)p0 (¢ — 8)ol(z — ) dHY dv(t, 3, N).
ExQxR

In order to pass to the limit in (9) as n goes to infinity, let us denote
by I1, Iy, I3, I, Is, Is s, Is and Igps each of the previous integrals. Thus
(9) is equivalent to : —I) + Iy — I3 < Iy + Is + Ispis — Is — Lo bis-

According to the notations of Th. Gallouét (cf. proposition 1 ), we
will note u(t, z, @) the entropic process associated to v and (s, y, ) the
one associated to 7. Finally, let us note A,(t, s, z,y) = pt(t—3)pk (z—vy).

The study of the limit in (9) will be done in seven steps.

Proof. See (7] and [15].

Lemma 10. Assume that h is a measurable function on Q x R that

satisfies property (R). Then,

i) [ {lh(s,y,u(s,9,0)) = his,y,u(t,z,a))| 7(t)An} dadzdidyds
Q%x]0,1

converges towards 0 as n goes to infinity (Resp. with 4).

i) Let us note H(t,z,a,b) = sign(a — b)[h(t,z,a) — h(t,,b)] then

/ () An {H(t 7, u(t,, @), (s, B)) -
(@x]0,1)2

H(t,z,u(t,z, ) — 4(t, z,B)) } dadBdzdtdyds
converges towards 0 as n goes to infinity.

Proof. [15] Since h satisfies property (R) and since the functions u
and 4 are bounded, one can suppose that h is bounded by a L*°(Q)
function.

The relation i) follows from the property (R) and from the fact that
there exists a sequence of simple functions uy = Zle k;lp,, converging
towards u in L®(Q x R) with ||ug|leo < ||t]loo-
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Point ii) follows from Lusin theorem that allows us to replace 4 by a
continuous function, excepted for a set with small Lebesgue measure.

Step 2. lim I =

S SO 22, 8) =Gtk V() AP () APy, (k) dadt.
X

Proof. I, = [ Sgn(A—k)[G(t,z,), k)=G(s,y,k,N)] v(t) Andv dU =
(QxR)?

/ (Gt 7, u(t, 2,0), 4(s,y, B)) — G(s,y, ils,y, B), ult, z, ®))]
(@x]o,1])?

v(t) An(t,s,2,y)Sgn(u(t, z, o) — i(s,y, 8)) } dadf dxdtdyds.

Let us note

Ié = / {[G(t,.’l),u(t,ﬂ?, a)aﬁ(tamaﬁ)) - G(t,a:,ﬁ(t,w,ﬁ),u(t,x,a))]
(@x]o,1))?

v(t) An(t, s, z,y)Sgn(u(t,z,0) — 4(t,z,B)) } dz dtdy dsdadp.

Thanks to the Lebesgue set properties of integrable functions and to the
previous lemma, one shows that lim |I> — I3| = 0 and concludes.
n—o0

Step 3. lim I3 =
n—00

- / v(t) sign(A—k) [divf(t,z,\)—divf(t, z, k)] dP(t,I)(z\)dﬁ(t’z)(k) dtdz.
QxR?

Proof. I3 = f 7(t)p?(t - S)[F(t, T, A k) - F(Sv Y, k, A)]V.'Ep}"'\f("l" -
(QxR)?
y) dv dv.

Using,

F(t’ m”u'(t’x7a)’a(s7y’ )) F( 7y’ (t"x’a)’ﬁ(s y’ ))
F(t,z,u(t,z,a),d(t,z,B8)) — F(s,y,u(t, z,a),i(t, z, B))
F(t,z,u(t,z,a),q(s,y, 8)) — F(s,y,ult,z,a),i(s,y, B))
F(s,y,u(t,z,a),4(t,z,B)) — F(t, z,u(t, z, a), 4(t, z, B)),

+
+
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one may write, I3 = I3; + I32 + I33. Let us consider firstly I3, then
I312 + 13’3.
i) 13,1 = - f(Qx]O,l[)Z 'Y(t) p?(t - 3) Sign(u(ta z, Ol) - ’ll(t, T, :3))

[divf (s, y, ult, 7, 0)) — divf (s, 6(t, 2, B))] #3 (5 — y) dt da dords dy df—
[F(t)z’u(t7 x) a)7 ﬁ(t’x’ﬂ)) - F(S’y,u(t’x’ a)’ ﬁ(t7 m’ ﬂ))]'n(y)
Qxxx]0,1[2

v(t) P2t — 8)p (x — y) dtdz dards dH™ " (y) dB.

f is uniformly continuous on @ x {—~M, M] and thanks to lemma 10 i)
and using the Lebesgue set properties of the L!-functions, one shows
that I3 ; converges towards

'_/ ’Y(t) sign(u(t,:z,a) —ﬂ(t,x,ﬂ))
Qx]0,1[2

[divf(t,z,u(t,z,a)) — divf(t,z,a(t, z, B))] dtdzdadp.

ii) I3 2 + I3 3. Let us note S the sign function.
As F(t,xa’U‘?ﬁ) - F(S,y, u, '0') = S(U - '&)[f(t,:z,u) - f(s,a:,u)-{—
f(S,:L‘,U) - f(S,y,’U.) - f(t7$7’0') +f('5,$:ﬁ) - f(s,:z:,ﬁ) + f(svy:ﬂ')]a

it comes that
F(t,z,ult,z, a),d(s,y,8)) — F(s,y,u(t,z, ), i(s, y, B))
+F(s,y,u(t,z,),i(t, z,8)) — F(t,z,u(t, z, @), 4(t, 2, B)) =
t 0
/ S(u(t,m,a) - ﬂ‘(s’yaﬁ)) [a—{(ﬁ,x,u(t,w,a)) - %(gaz”d(‘saZh:B))] -

S(u(t,z,a) — ilt, ﬁ))[ /

(€.0,u(t,3,0)) = G (6,2, 0,2, 0)| de+
N i

Z/S(u(t,x,a)—ﬁ(s,y,ﬂ)) [g-:{j(s,fi,u(t,m,a)) - (S fu (S Y, ﬂ))]
i=12 t

~S(ult, z,0) - (txﬂ))[ O (stiu (t,x,a))—%(s,&,ﬁ(t,w,ﬁ))] dt
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where, for i € {1,.., N}, we note & = (21, .., Ti—1,&, Yit1, - YN )-
Using again the Lusin theorem (cf. lemma 10 ii)) and thanks to the
following property of the sequence (p};) :

3F > 0,such that Vi € {1,..,,N},Vn € N,Vz € Q,Vt € [0, T},

0
/lei - yil-l—am,p'ﬁ/(x -yldy<F
1

0
| [ 1= slizmpki@ -yl — s) dyds < F;
Jo,T(Ja z;
one has : lim I35 + I3 3 = 0 and concludes.
n—oo
Step 4. lim Iy = 0.
n—oo
Proof. Thanks to the fact that v belongs to D(0,T).

. 1 B
Step 5. nli)lglolf, = §/E><R F(t,z,\,u”).n~v(t) du.

Proof. Thanks to the fact that fQ pL(t — s)p%(z — y) dsdy converges
towards % as n goes to infinity.

In a similar way, one has : le I5 s = = F(s,y,k,a8).n~(s) d.
n—oo

2 xR
. 1 B ~
Step 6. lim Js = 7 . F(s,y,k,u”(s,9))-n(y) v(s) d.
Proof. I = f F(t,%, k,uB(t, 7)) .0(T) v(t) A
IxRx]0,e[xT

J(@,8) dH" (t,7) dP, (k) dt dHN (5,7).

Let § > 0.

There exist a continuous function %® on ¥ and a borelian K, K C &
with HV(Z\K) < 6 and %® = uf on K.

Since f is a bounded function on Q x [-M, M], one can write Ig =
I + o(6) where

I / F(t,7, k, 75 (t, 7)) 0(Z) 7(t) An
IxRx]0,e[xZ
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J(,€) dHN (t,T) dP, (k) d¢ dHY (s, 7).

As supp() is a compact set of |0, T[, F(t,Z, k, uZ (¢,Z))y(t) is uniformly
continuous and I§ has the same limit, when n goes to infinity, as

g = / F(s,9,k,uP(5,7))-0(Z) 7(s) An
IxRx]0,e[xE
J(,€) dHN (8,T) dP, (k) dE dHY (s,7).

Then, using a technique of local map ([14] and [9]), one shows that

3 ”» 1 77 m
lim Ps =5 [ Flo,u,k,7(5,9))1(0) () d

n—o00
RxX¥

Thus, the conclusion leads from

/ F(s,y, b, (s,9))n(y) 1(s) di
QxRxX

- / F(s,y, k,uB(s,9))-1(4) 7(s) d + o(3).
QXRxX

In a similar way, one has :

) 1 .
lim T pis = /E F(t,0,88(6,2) (@) 1(0) d
X

n—o00 2
Step 7. Conclusion. As we have
|F(t,z,u,uB) + F(t,z,0,48) — F(t,z,u,d8) - F(t,z,a,uP)| <

2A(t, z, uB 0B),

it comes :

- /Q 7(0) [, 1% = Kl dPy () dPzy(8) dade+

/ / Sgn(A — k)g(t, 2, A) — g(t, 7, k)] (t) dP(g 01 (A) dBy oy (k) dedt <
Q JR2
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/ A(t,z,uP,aB) y(t) dHN.
b))

Since up and 4g are initial conditions in the sense of definition 3, for ¢
a.e. in |0, T,

[ A= bl APy () dPyay (k) da+
X

t -~
/ / Sgn()‘ - k)[g(s, z, >‘) - g(s,:v, k)] dP(s,z)()‘) dP(s,z)(k) dzds <
0 JOXR?

t
/ /A(s,x,uB,ﬁB) dHN 1ds +/ |up — o] dz.
0o Jr Q
Since g is a Lipschitz function, one has,

Corollary 11. With the same hypothesis, for t a.e. in 0,7 :

| W= Py () Py #) do <
X

t
(/ /A(s,x,uB,ﬁB) d’HN_lds-I-/ |ug — G| da:) ecl9)t
oJr Q

where A(t,z, A, B) = Sup |f(t,z,c) — f(t, z,d)|.
min(A,B)<c¢,d<max(A,B)

Corollary 12. There ezists a uniqgue EMVS to problem (P), moreover

this EMVS is the Young measure associated to an essentially bounded

measurable function u (i.e. a weak entropic solution).

Proof. If ug = 1y and u? = 48, then
/ A = k| dPyy () By (k) dz = 0
OxR?

a.e. in ]0,T[. Thus, the two measures dP; ;) and dﬁ(t’x) are equal to
the Dirac measure centred in a point noted u(¢,z) (see [6] and [12]).
Moreover, u is a measurable function, essentially bounded by M, the
boundary of the support of the measure dPz)- Then, the EMVS is
unique and it is the Young measure associated to u.
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Corollary 13. Assume that u and U are two weak entropic solutions
to problem (P) with two initial conditions ug and iy and two boundary
conditions uB and 4B. Then for t a.e. in]0,T| :

() = @)l (o) <

t
(/ / A(s,z,uP,48) dHNVds + [juo — a0||L1m)) 9t
0 JT

If f is a Lipschitz function with respect to its third variable, then for t
a.e. in]0,T[ : one has : i

[lu(®) — a(®)||Lyq) <

() 11u? = P11 m) + lluo — diollz(qy) e
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