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The density condition in projective tensor
products.

WOLF-DIETER HEINRICHS

Abstract

In this paper we modify a construction due to J. Taskinen to
get a Fréchet space F which satisfies the density condition such
that the complete injective tensor product 1>,®, Fy does not satisfy
the strong dual density condition of Bierstedt and Bonet. In this
way a question that remained open in [14] is solved.

1 Introduction and notation

The density condition {DC) was introduced by S. Heinrich in the context
of ultrapowers of locally convex spaces, see [12]. K. D. Bierstedt and
J. Bonet investigated the (DC) and the strong dual density condition
(SDDC) in [1] - [4]. The (DC) and the (SDDC) play an important role
in the theory of Kothe echelon spaces [1] - [4], for extension of linear
operators [10], and in the theory of unbounded operator *-algebras {13].

Many locally convex spaces are in fact topological tensor products.
In [15], [16], and [7], A. Peris developed a method to define topological
properties by operator. By this procedure he obtained good stability
properties in injective tensor products. The author studied this method
in the case of (DC), (SDDC), and (DF)-spaces in [14]. It was an open
problem in [14] to find a Fréchet space F' that satisfies (DC) and a Ba-
nach space X such that the complete injective tensor product X®, F}
does not satisfy the (SDDC). We will solve that problem by a modifica-
tion of a counterexample to J. Taskinen, in [17] or [8], 35.9. For this we
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use duality properties between injective and projective tensor products.

The notation for locally convex spaces is standard. If F is a locally
convex space, then U(FE) stands for a basis of absolutely convex closed
0-neighborhoods and B(E)} stands for the system of all absolutely convex
bounded sets in E. By I'(M) we denote the absolutely convex hull of
M. If E and F are locally convex spaces, then E®, F and F®, F stand
for the injective tensor product and projective tensor product, respec-
tively. We denote the completions by E®Q F and E®,F, respectively.
Ly(E, F} means the space of all continuous linear mappings from F into
F endowed with the topology of uniform convergence on the bounded
sets of E. For K C E, L C F, and M is a linear subspace of L,(E, F),
then we write W(K,L) := {T e M : T(K) C L}. If X is a Banach
space, then By denotes its closed unit ball. We denote by FIN the
class of all finite-dimensional Banach spaces.

2 The main result

We start with some definitions.

Definition 1. (1) Let F denote a metrizable space and (Ux)32, a count-
able basis of closed absolutely conver 0-neighborhoods in F. The space F
is said to satisfy the density condition -briefly (DC)- if the following
holds '

Y(Ak)rey C10,00] YReN JImeN IM e B(F) :

m

MUk C Un + M.
k=1
(2) Let E denote a locally convez space with an increusing fun-

damental sequence (My)32, of bounded sets. E is said to satisfy the
strong dual density condition -briefly (SDDC)- if the following holds

Y2, Cl0,00] VReN 3FmeN 3IUeU(E) :

M, NnU cC F(U AkMk)

k=1
and the space E is said to satisfy the strong dual density condition
by operator -briefly (SDDCO)- if the following holds

VO, C10,00f VReN 3meN 3IU eU(E)
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I Qr)iy lin. op. on E:

Y Qw =Ig and Qu(M,OU) C MMy, &k =1,..,m.

Quasinormable Fréchet spaces and Fréchet-Montel spaces are exam-
ples of spaces satisfying (DC), see [12]. By taking polars it follows that
the Fréchet space F' satisfies (DC) if and only if the strong dual F] satis-
fies (SDDC), see [1]. It is readily seen, that (SDDCO) implies (SDDC).
The strong dual space of an (FBa)-space with (DC) or a (DF)-space
satisfying the strict Mackey condition are examples for spaces satisfying
(SDDCO), see [14]. :

The following propositions characterize the (SDDCO) for F], where
F is a Fréchet space, by properties in projective and injective tensor
products.

Proposition 2. Let F' be a Fréchet space and let X be a Banach space.
The following assertions are equivalent:

1. X®nF (X ®x F, resp.) satisfies the condition
VW), CJ0,00[ YneN 3ImeN 3IM e B(F) :

(| MT(Bx ® Ux) CT(Bx ®Us) + [(Bx @ M) .
k=1

2. Ly(X, FY) satisfies the strong dual density condition (SDDC).

~ Proof. We are going to prove the result for the complete projective ten-
sor product X®,F. It is not hard to see that X &, F satisfies condition
1 if and only if X @, F does.

The proposition follows by polarity in the pairing (X®-F, L(X, F})),
using the fact ([(Bx @ Ur))® = W(Bx,Ug}. Remark that W(Bx, Ug)
is w*-compact and hence I'({U;_, AeW ({Bx, UP)) is closed, see [1], the
proof of Proposition 1.2. {

Proposition 3. Let F be a Fréchet space. The following assertions are
equivalent:
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I. X@xF (X ®x F, resp.) satisfies the condition
V(ak)2, C 0,00 VreN 3meN 3M e B(F) :

() MD(Bx @ Ux) C [(Bx ® Un) + [(Bx ® M)
k=1

for each Banach space X.

2. F| satisfies the strong dual density condition by operator (SD-
DCO).

3. X ® F] (Ly(X, F}), resp.) satisfies the strong dual density condi-
tion (§DDC) for each Banach space X .

Proof. By Theorem 1.6 in {14] the strong dual F satisfies (SDDCO) if
and only if X@JEFZ (X ®. F{ and Ly(X, F'), resp.) has the strong dual
density condition (SDDC) for each Banach space X. The rest follows
by Proposition 2. {

Example 4. Let A be an (FM)-sequence space in the class Q, for the
definition of this class see [11]. By the Remark (b) after Proposition 3.2
in [11] the space X® X satisfies (DC) for each Banach space X. Let
Lina(X, A}) be the bornological space associated to Ly (X, Af). Then, we
omit the proof, Line(X, A}) has (SDDC). By Proposition 3.2 in [11] the
topologies on Lin4(X, Aj} and Ly(X, A}) induce the same topology on a
bounded subset. Thus Ly(X, A}) has (SDDC) for each Banach space X
and A} satisfies (SDDCO).

We give another argument that A} satisfies (SDDCO). By [5], 3.
Prop. (a) A is a decomposable T-space. It follows by [5], 5. The-
orem that A is even an (FBa)-space. We get Ly(X,A]) = (X®,A)..
Since X @A has (DC), see {4], 1.7. Corollary, it follows the (SDDC) for
Ly (X, A}).

For more examples of Fréchet spaces such that the strong dual spaces
satisfy (SDDCO), see [14].

Now we present a slight modification of a counterexample for a
(FBa)-space due to J. Taskinen, see [17] or [8], 35.9. We will get the
first example for a (DF)-space £ such that E satisfies (SDDC) and F
does not satisfy (SDDCO).



The density condition in projective tensor products 343

We fix a Banach space X that is not an £;-space (for example X :=
l3). Then there are Gy, 1 € FIN with subspaces Mp,; C Gy for m,l €
N such that there exist zp,; € X @ My with

T(Zmi; X, Gmi1) < (m+ t')_("'”"')2 and
T(Zmt; X, M) = (m+ )=+

see [8], 23.5. Let Pnj: Gmy — Gy be a continuous projection onto
My, 1 and we define

lollmie = 1Pt ()llms + Flly = Prot()llm

for m,{,k € N and y € Gy It follows that || - ||y < || - ||max and
¥llmg = N|¥l|m, ik for y € Mm . Now, we define the spaces:

mik = (Gotsllllmik) 5 Gmpk = (Guty || |lmt)

H® == LG i) mik=1) 3 H = L{{Gnuit)mir=1) -
Then we get H° C H and ||-{|y < || {lHe. If Tk : Gmix = H is the
canonical injection, then z, 1k = (Ix ® Jm k) (2m ) satisfies

T(zmaki X, H) < (m4 )7 and (1)

T(Zmip; X, H®) < (m4 )~
We assume that
Im,lteN VLkeN:
Zmik € F(Bx ® (%(m+1)_("‘+”BH mBH,)) )

Then by projection on the (m,{, k)-th component of / there is a repre-
sentation of zy, ¢ by

N N
Zmg = Z)\z‘l'i@yi = ZMZ{@Pm,l(yi) € X®Gm,

i=1 i=1

with

N

1 m
SN <1, laillx S 1. fllma < Sm+ DT fgdlmag <t
r=1
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Since P, 1(yi) € M1, it follows that
N
(m+ 07 = r (s X, M) < 1l il 1 Pt (6 [l
=1
N
< S IMllms + 195 = Pri(@)llm)
i=1
1 t
ot —(m+l) 4 =
< Slme )T
This is a contradiction for large & and it follows that

Vm,l,te N JkeN: (2)
Zmik & T (BX ® (%(m+ =+ By tBH.,)) .
Now set for brevity
famil(z) = (n+ 1)(m+””3|IH° vV (n+ 1)(m+1)2|IEHH for z € H®

and ,
gnmp(z) = (n+ 1) z|ly for zeH .

Then the Fréchet space Fy is defined as double sequence space

{(xij)f’,‘}zl c H: ((fn,m,:(mj)).-=1,...,m;j<n ; (g"smvl(mij))i:l,...,DO;jZn)
€ Io(NxN) VneN},

and a decreasing basis of 0-neighborhoods is given by (U,)32,, where

n=1?

Up: = ((Cn,i.l N Dn,i,l)i 1. (Cn,i,n—l N Dn,i,n—l),‘ 3 (3)
(Dnin)ire-os (Dnig)is-- ) ,

[n [
By ) By

Crid = @+ Drid = e

(4)

and {...); stands for a column vector.
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Lemma 5. The Fréchet space [y satisfies the density condition (DC).

Proof. Given any positive sequence (Ax)52, and n € N. Choose

m > n with (ng_‘g)‘m < (n.+]])"’" This implies —22L - < 5 and

1
(n+2){+ = (nt1)l

Ant1 1'._”.)2 for all ¢ 4 7 > m and the following relations

(nt2)(+2)? < (n+1)

/\n-f-l
(n 4 2){i+5)
Ant1Dnyrij; C Dngij

Arns1Crnyrij By. C = Ch,; and

1
(n+ 1)+ Bue

for 1 4+ 7 > m. By a short calculation we get

’\n+1Un+l n ’\mUm C ‘

/\mCm,I,l: AmCm,l,Z, vy )\mcm,l,m—la 0:
’\mCm,'Z,l: )\mcm,Z,Z: ey ’\mCm.,'l,m—ls 01
B Sy ey faay ey
AmCm,m—l,l, )\mCm,m—l,2: ey )\mCm,m—l,m—I; 0,
0, 0, . 0, 0,
.y aeey ey Ceay ceay
0, cey 0, Dytm,
vy veay Ceey ceey
+ 0! ey Os Dn,m—l,ml
Cn,m,l N Dn,m,ly sy Dn,m,m—ls Dn,m,m,
Cn,m+l,1 N Dn,m-{-l,ln sy Dn,m+l.m—l; Dn,m+1,m1

ey ey ey vy

C M + U,

where M is a bounded subset of F. Hence

VAU € AnsiUngt DAnlUn C© M + U,
k=1

and the lemma is proved. {
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Theorem 6. Let X be a Banach space that is not an L, -space and let
Fy be constructed as above. Then (Fp)y satisfies the strong dual density
condition (SDDC) and Ly(X, (Fo),} does not satisfy the (SDDC). The
space (Fp)j does not satisfy the strong dual density condition by operator

(SDDCO).

Proof. Denote by .J;; the canonical injection of the (z,7)-th compo-
nent into Fy and by Q;; the corresponding projection. Further let ¢ (:)
denote the n-th seminorm in X @, Fp. By (2), (4) and (4) we get

(n + 1)tV y (n + 1)+

qn(([X@}JLm)(zm.’.k)) S E l liim 1)2 E ;)(m“) < fOn

for m<n and

(n -+ 1)+’

1 for m>2mn.

Gn{(Ux ® Jim)(2mik)) <

(m + [)(m-H):_—'__
[t follows that the set A = {(Ix @ Jim)(zmik) @ m Lk € N}is
bounded. There exists positive (X;)%2,; such that A C (Y72, \,;T(Bx ©

U;). We assume X @, Fp satisfies the condition 1 in Proposition 2.
Following for cach n € N exist p, € N and M,, C fp bounded such that

AC ﬁ AC(By @U;) € T(Bx ®Un1) + T(Bx & M,)
=1
J C 2[(Bx ©@Uns1) + T(By o M,) .
There are p* > 1 with M,, C 72, pPU; and we get
A C30(Bx @ (ptU D prpUnga))

Thus

k. = Ux@QualIx © Jia)(znik)
(Ix ® Qua)T(Bx @ (3pTU1 0 3p5 g Una})

c t{Bra(20 g, o2 g
A *2(ﬂ+()2 H (n—m n—H] He .

m
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Now, for arbitrary n € N choose ! € N with 2(‘3'1'”2 < !l[ y and set

3,’)"
— 41
= (n+2';(“+,). Thus

1
sk € T{By® | —————By ntBys
o€ 1 (Bro (s pomunise) )

for all & € N that is a contradiction to equation (3). It follows that
X @, I does not satisfy condition 7 in Proposition 2 and Ly(X, (£0)})
does not satisfy (SDDC). Clearly, the space {Fp)}, has (SDDC) by Lemma
5 and does not satisfy (SDDCO) by Proposition 3. §

Corollary 7. If Fy is the Fréchel space constructed above, the space
Ly(l2, (Fo)}) does not satisfy the strong dual density condition (SDDC).
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