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Boundary singularities of solutions of sublinear
elliptic equations.

Philippe GRTLLOT

Abstract

LCt 51 bC a dornainof IR>’ N > 3, such that O E 051. In this
paperwe study the bChaviornearO of any nonnegativesolution
u E (22(9) fi C(?X\ {O}) of equationof the type—Att + a(x)u~= O
whene O < q < 1 asid function a behaveslUce a pewerof Irí.

1 Introduction

In this article we study the boundarybehaviorof the nonnegativesoin-
tions of sublinearehhipticequationsof the type

—Au+ a(x)u~ = 0 (1)

in a domain 51 of IR>’ N > 3, q E (0,1), with a possibheisolated
singuharityatonepoint of the boundary.Morepreciselywe assumethat
O E 051 is the singularpoint and a E C’(51) with

a(x) = IxI~(1+o(1)) (2)

¡Va(x)¡ = O(jxj~’) (3)

nearO, whenea is agiven real.
Qur first questionis the folhowing: het u 6(22(51) nC(ii\ {0}) be a

nennegativesohutienof (1) in 51 suchthat
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o» 051\{0} (4)

whene4’ is a given continuousfunction en 051; can we extend u as a
contirnieusfunetion defined in whole 51? If net, the secondpoint is to
describethe precise behavionof u nean0.

This boundarysinguhanity problern fon subhineanelliptic equatienis
a new type of problem. In the superhinearcase,the problem hasbeen
studiedby analysticmethedsby Gminaarad Véron [9] and Sheu [12] in
the regular case,Fabbri and Vénon [8] in the non regular caseand by
pnebabihisticmethodsby Le Cali [10]and Dynkin arad Kuznetsov [7].
Recalhthat the singulanityis nemevabheonhy in the caseq> N+ 1/(N —

1), whena = 0.
When the singularpoint lies in 51, equatien(1) hasbeenstudied in

the superhineancaseej > 1 in [6], [11] and [13] arad in the subhinearcase
ej < 1 in [1] and[2].

In the presentwonk, we considerthe casewhere 51 is a balI, fon
examphe

Q=B(z
04) witJi zo=

~1~’
whene (e¡, ..., e¡q) is the canonicalbasisof JRN. Qun resultsdependen
the nelativepesitionsof q, N arada. The principal point is te obtain a
priori estimatesnearO fon the solutionsof (1). Ira that aim, we flrst use
two changeof variableswhich lead us teapreblemin the half space

= {x E IRN¡XIV > 0>.

More pnecisehywe introducethe fohhowing Relvin tnansforrn:

u(z) = u + eNIN2v(y) with y + e~r = (5)

where eN = (O, ..., 0,1) E ¡RN. A straightforwandcomputationimphies
that u satisfles

—Au(y)+ ¡y+e>’¡(N2>Q.IN±2>a(141ZI2) yq(y) = 0 (6)

fon ahí y E ~N+• Remankthat the singularpoirat O is reducedteinflnity
by this transferm.New we usethe classicalRelvin transform

yv(y) = ¡zí>’
2w(z) with z = (7)
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If ysatisfies (6) in IRN+, therau, is solutionof

—¿Sin+ b(z)tt,~ = 0 (8)

ira IRN±with the siragularity at O andwhereb(z) = ~[(N—2)~—(N+2)[~ +
e¡~j(N2)~ ~«>‘+2)a (~¿~~Np.). Recauseof (2), wehave

b(z) = ¡z¡0(1 + o(1)) near 0. (9)

Oncewearereducedte an equationira IRN±,we rnakeanewchange
of variableswhich Ieadsus te ara equatienira the infinite cyhiraderC =

iR>< S4t’ whereS~’ is the hemisphereof SNI containedira JRN±
deflraing

V(t, 6) = IzINíw(z) = rN1w(r, 6) (10)

where(r, 6) arethe sphericalcoendinateof z arad t = —¡nr. Recauseof
(8), V satisfies

{ rh7YQ’í+ (N— 1)V+A~>’...,V=g(í,6)v~ ~ C (11)= SN2

wherey is sornenoraraegativefuractiorainCand‘P(t, .) issornenonnegative
funetion en

5N2 with max5N-.2‘P(t,.) — O(edN1)í) when t tendsto
+00.

Ira the flrst time, Wc give apriori estimateresult. For this we intro-
ducethe flrst eigenfunetiora$~ of the Laplacian in WJ’

2(S¡t1) where
SM is the hernisphereof SNI containedira MN±.The function $~ is
normalizedby IlSí 1100 = 1 andsatisfles

—AsN-.-l$í = (N — 1)$~ ira (12)

{ ~ ~ 3N—2

New the main point is te provethat anyestimateof the meanvalue

V(í) = LN V(t,6)5i(6)d6 (13)
+

imphies ara analogeusestimatesen y. Then we are reducedte give
estimatesera 17, wich reducesthe problemte the resolutionof ordiraary
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diferential inequahities. In that way we get a priori estimatesfor ahí
nonnegativesolution of (1) satisfying(4) for ah continuousfunction 4,.
Qur main result concerningthe priori estimates18 the fehlowing.

Theorem 1. Assume 4, Ls a eoniLrauousfuncilora ora OB. Let u E
C2(B) Ii C~>(A \ {O}) be any nonraegalivesolution of (1) salL.sfgLrag(4).
Titen tve have

(L) If ej < mm (í,Z~A4~.), íbera

tt(x) = Q(I~j’>’) near 0. (14)

(Li) Jfq> Y

41491, ihen

2+a

tt(x) = O(Ixl i—~) raear 0. (15)

(LLL) Jfq= ~ ibera

u(x) = O(lxIl..NIIraLxIlTt) near 0. (16)

Qur resultsshowthat twe effectseneflghtingeachother,the nonhin-
earandthe linear ene,as it was the casein the interior problem[1], [2].
The nonlineareffect is governedby the possibleexistenceof particular
solutionsof (8) when b(z) = lzV, given by

= C(N, q, oj~z¡Y inJiere y = (17)
1 — ej

The linear effect is governedby the solutionof Poissonequation{ -AP=O in ¡R>’~
(18)

P(0) =
6o

where 6o is the Dirac masaat the onigin. Recahl that P is given by
P(z)=P(r,6) —

In asecondpart weprevemorepreciseconvengenceresultsby using
sometechniquesadaptedto equationsira an infinite cyhinder, stihl usa]

Qur main result is then the fohlowing
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Theorem 2. Assurne 4, Ls a nonnegatévecotitinuousfunciLon on OB,
¿deníLcallyequal io O ¿ti a ne¿gitboritoodof O ¿ti OB. Leí u E C2(B) fl
CC(H\ {0}) be aray raonneyative solulLon of (1) sai¿sfy¿ng(4).

(L) Assurne ej < ~ < >‘4’17 (hence2 + a > 0). Titen, usLny Kelvira
iransfomnu (5) arad (7), itere exLsl ¡ > O sueit lital

him lrINlw(r,6) = l~i(O) ttraiformly ora S¡t-’. (19)
IrHO

inLIh (r,6) E lR~ x S~«’ Ls tbe spherieal coordLnaíes of z ira IR>’±.
Iii = 0, titen u can be exíendedlo a eonlLrauousfunelLon ¿ti B. 1»

thatcaseeifa+l+q=0, litera

u(x) — O(¡xfl’) near 0 (20)

mitit y = ~ Usiny Ke¡vin lransformos (5) arad (7), lite lirn¿t set ¿ti

(22(s¡’(—l) of r~m(r,.) as r goes loO Ls corata¿raed¿ti tbe set of raonraeg-

alLve solulLorasof

(21){ ~ ira
O mi SN—2.

• Ifa+ l+q>O, titen itere ex¿sts le >0 sueb1/ial

hm lrr1w(r,6) = k$
1(6) uniformly on ~C’-’. (22)

Iri-*O

Moreover, if le = 0, Ibera (20) itoids arad me boyeibe sameproperty
as aboye.

(¿L) Assurne ej < L~f{L =1 (hence 2+a <O). Titen (19) holdsarad
¿fi = 0, litera it o near lite orig¿ra.

(i¿L) Assurne %iI-’ .c ej .c 1. Titen as ¿vi (1) me itave (20) arad lite
iraclusionproperty. Moreover, Lfa(z) = jz¡G aradhirn,,±00r$u4r,,,.) =

o for sorne sequencer» —4 0, titen ‘u ¿8 ideraiically equal to O near lite
onyin.

Qur paperis organiza]as follows:

1. Introductien
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2. Prehirninaryresults

3. A priori estimates

4. Convergenceresuhts.

2 Preliminary results

Let Cl the infinity cyhinden defined by Cl = [1,+00) x sit1. For ah
function y defined en Cl, we denote 17 the averageof V defineden
[1,+00) as ira (13).

We startthis sectionwith sorneresult which ahlows lis te chaim thai
anonnegativesohutiony of sorneelliptic equatienira Cl is beundedas
seonas its averageV ira [1,+00[ is.

Proposition 1. Leí (ai,a
2,bi,b2,ci) E lUx lR* x IRA. Assurnetital y

Ls a nonnegaiLveboundedfuvictiora mi Cl. Leí V E C
2(Cl) n (2(a) be aray

norinegatLvesoluiLonof

+ a
2) vt+4z (+ + b2) V+ciV+Asn...iV = 9(1,6)yq in Cl

(23)
saiisfyiny

V = ‘P mi [1,+00) x 9N—2 (24)

mLth W E C([1, +00) x BN—2) be a nonnegative funclion arad
maxsN2 41’(t,.) = O(e’

43<) for sorne fi> 0.
IfV Ls bouradedo» [1,-¡-00[,titen V belongslo L00(CI).

Ibis prepositionensuesfrom the two folhowing lemmas. They are
an adaptationof some result of [5] br a pnoblernwith the other sign ira
the cyhinden,of the type{ W«+ <zoW<lW+A

5>’-1W+W~z~0 ira Cl
W=0 on [1,-f-cc) x

wherea0, ¡ areconstants,with 1 > 0, ira the supenhinearcaseQ > 1.

Lemma1. Under lite assurnptionsofproposLiLora 1, for oíl y E]1, i-i-J,
titere exisis K = K(y, N, q) > O sucit Ibal for alt t > 2

1vto 1DVv2sideds<K (25)

+
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inJiere ¡3 = 2 — 4, ¡DV¡2 — (y)2 + IVsN—IVI? atid lvro denolesibe
camcterisiLcfuncíLon of lite sel {(t, 6) E Cl/V(t, 6) # 01.
Proof. SinceV can vanish, we censidenthe function U = V + £ for
£ E (0,1). Recauseof (23), U satisfles

1
U~< + ‘—+a’U+cíU+¿S>’-iU+-

xtVtS t ~j7rnV2) U (26)

=g(t, 6)U~ + c
1e + ~ + b2)

in Cl. New set U = W~, thenW > £~ in Cl andfrom (26), Wsatisfles
in Cl

~<, +

(~ft+a2)W<+AsNIW+yW

(bi . b2) W -‘- ‘y—1 (W~ + IVsn-iWl
2)

í~ w

< CI~.y(q..4)+1+ c
1 ¿. c Ib1

_ yE’ + — ~¿+ b2) (27)-Yt 1

where (2~ is a positiveconstantindependanten 1 and6. Multiplying
(27) by $~ and integratingen S$’, the function Wintreducedin (13)
satisfles

w~, + (al )w(EI(N i))W

+ +Q~+b2)w+¡>’ A(t,6)d6

r 051 (21f
— ]SN-2 ‘P-~-j-d6 =~ (W51)’dÑ+ (226 (28)

in [1,+oo), whereÁ(t,6) = i~( W~+lVsntWI
2$’i(6), j = y(q— 1)+

1 E (0,1) and (22 = (f~~—’ $
1d6)[CiV’ + y’~ rnax(0,max1>i(b¡r

2 +

b
2t—

1))]. Thenfrom Jenseninequahityandebservingthat —0$i/Ov=O
enSN2, we get

e. 1.W~< + (~- + W~ A(t,6)dO= + (22£’
<z2)

‘y
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-t<N-í))w -~ C! +b2)W (29)

in [1, +00). Qn the other hand, Jenseninequality, the fact that $7 =
•i =1 and that 17 is beundedirnply that thereexists D > O such that
for ahí t =1: (W(t)ft =77(t) =D(1 + e). ThereforeW is betrndeden
[1,+00). From (29) we deducethat thereexists (23 > O such that

0= A(t,6)d6=(23 —W<1 — (~2z +a2) W1 (30)
+

fer ahí 1 > 1. lrategratingtwice (30) we obtain for ahí 1 > 1:

0< 11+1 (¡s+i (L~-1 A(r~6)d6)dr) ds (24 (31)

where (24 > O does not dependen 1. Rernark that for aH nonnegative
integrablefunction f, we have:

rt+1 ¡¡.8+1 \ 1 0~ ¿[8+1 f(r)) ds=1+; (J<+, f(r)) ds= f(r)dr.

Hencewe deducefrom (31)

~J~/ A(s,6)dóds< (24. (32)
+

Sincey — W’~ — e, (32) implies ¡br ahh 1 > 2

(V + £)~ idóds =(2~ (33)

where¡3 = 2 — jr’ and (2~ > O doesnot dependen 1. Letting £ tendte
O in (33) we ebtain(25) usingFateu¡emma.

Lemma2. Under tite assumoptions of proposLílon 1, for aviy e > O srnall
enouyh Itere ezisis a pos¿l¿ve constaraIs 14 such titat for alt 1> 2

=14. (34)

+
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Proof. Here we fehhow the ideasof the proof of [5] theorem 4.1. Let
r E (0,1) be fixed. From [5] ¡emma4.1, thereexistsa uraiquesolution ¿
of probhem

= ~r ira{ ¿ = o on sN—2 (35)
andthereexistsK > O suchthatK1$

1 =¿ =K$1 on S4t’. Deflning
Z(t) = f~~—’ V(t, 6)¿(6)dO,we deducefrom (23) that

V$VdO+4 9v~¿de

hencefrom (24) thereexists A> O such that

V$7’d6 =Z~1 + + a2) Z< + .~? (kt + b2) Z + c1Z + Aet
(36)

Qn theotherhasid,since[5], theneexistsomeconstantji andu > O such
thatthe function q = $¡ (ji — us1~r) is asupersalutionof (35). SinceV
is beunded:

0< Z(t) =L V$~(ji — vs1~r)de< ~ (37)
+

New integratingtwice (36) between1 and t + 1 for aH 1 > 2 andusing
(37) we obtain after integrateby part the term (ai/I + a2)Zí

¡+1 ([+1 (j V4JcrdO) dr) da < D

whereD> O doesnot dependon 1. Then as in lemma1, we prevethat
thereexists ¡4 > O such that for any 1 > 2

¡1+1 L>’-i ttsTrdOdr < Kr. (38)

+

Then from estimates(25) and (38) andusing Hohder and Sobehevin-
equalities,we deduce(34) as ira [5], ¡emma4.1.
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We new give the proof of preposition 1 whenethe condition q < 1
highly occurs.

Proofof proposition1. In thisproof, for 1 E I~V (2~ denotesapositive

constantindependanten 1. Setf(t, 6) = g(t,6)V~—c1V— ~ + b2) y.
Wc know that g is baundeden Cl andbecauseof (34), Younginequahity
imphies that for ahí 1 > 2

Forahhj=1, define R4’>=[t 4, t+4] x S~t’. RecauseV satisfles
(23), Cahderon-Zygmundtheory ensunesthat fer ahí 1 > 2

Then, since ~ — s < ~, Sobolev imbeddingsimphy

IV IILPI(K(2)) =(2~ (41)

1 — N—1 2with — N—4N—i) — JV• Using Caldenon-Zygmundtheory with sorne

(3)p~ > — E, we prove (40) with p’ arad 14 nespectivelyreplacingby

— £ and AM
2>1

ThereforeSobohevimbeddingsimply

N
II pi>.j-, 1/ten ~ =Ca. (42)

N
¡f p’ = ~-, 1/ten ¡lfl¡ L’(K~~>) <C

4 Vp =p’. (43)

Applying anothertime Cahderon-Zygmundtheory with sornep> p’,
IVwe ebtain (40) with p and44) respectivelyreplacingN~T — £ and 42)

andwe can use(42).

N

¡f ~‘ <2~ titen ‘~“LP2(K~’~) =(2s (44)

7
withp2suchthatW= i — 2 Either P2 > and we are undenthe
condition of 42), or weuse(39) with p~ > p’. We constructin that way a
nondecreasingsequence(p,,) suchthat 1 = 1 2 Thus tbereexists

pn ~;;E7—79’-
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IVp,,0 > y and flnally ebtainthe existenceof sorneJo =1 and (2 > O such
that ¡lvii Lco(K(~O)) <(2. This achievesthe proof.

We end this section with the following convergencelemmaswhich
wihI ahhewus te prove theorem2.

Lemma 3. Leí (A, a) E 1R~ x JR~.. Cons¿dera raonraeyat¿ueHolder
function f ¿vi Cl satisfyirag:

f(I,.) = O(e0<) nraiformly ira (45)

for tange t. Leí Y E (22(m) be aray noraraeyatLvebouraded soluiLon of
equalLon

Yíí + AY1 + (N — 1)Y+ Aszv..iY = f(t,6)Y~ (46)

¿ra Cl arad satLsfyLrag

Y(t,.) = O ora (47)

for allt. TitenYí aradY« ierads taO ira L
2(S4’k’) miteral temislo irafirdiy

arad Itere ex¿sis1> 0 sucit tital

hm Y(t,.) = l$~ uniformly mi S~t1. (48)
<->400

Proof. SinceY is beundedon Cl, Cahderon-Zygmundtheory,Sobolev
imbeddingandSchaudertheory imphy that thereexistsaconstant(2> 0
suchthat

with /3 e]O, 1[. New define en the enehandthe limit set

17(Y) = fl UYh.)~~>. (50)
t>1 r>t

As in [1], both Y< and Y« tend te O in L2(S~l) when 1 tends te

infinity. Then 17(Y) is a connectedcompact subsetof the set E =
{w 6 (22(Sr)! — ASN-1W = (N — 1)w Lvi S~’,w =O arad ca =

O ovi OS~7~}={l$i/t E 1R~}.
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On theotherhandmultiplying (46) by Si, integratingen 5~t’ arad
using (45) arad(49), we ebtain

O <Ytt + AYí =D&~~< (51)

for allí > 1 with D > O and Y definedin (13). Becauseof (51), the
furactien 0 :1’—> 1% + AY + ~eaí is noraincreasingarad lowerbeunded
en [1,+oo(. Therefonetheneexists¡ E iR suchthat ¡ = himí.>±000(1) =

him<~00AY(t) becauseY1 tendste O ira L2(S~¡í).
• Firaally, becauseof (49) arad the fact that 17(Y) is included in E,

thereexista1 E JR+ aradasequence(1,,) convergingteinfiraity suchthat
Y(I,,,.) tendate 1$~ ira (22(Stí) asti tendate infinity. Thus weobtain
1 = Al f~n.q4,~6)d6. It weuld be the samefon an ethersequencearad

+
(48) holda.

Ira the sameway, we can prove the analegeuslemma:

Lemma 4. Leí (A,B,a) E 1W x lUx iR~.. (2oras¿der ibe ibídem non-
raeyai¿vefuvicliora f ira Cl saí¿sfy¿ra9:

¡f(t,.) — 11 = O(eaí) uniformly ora St’. (52)

Leí Y E (22(01) be any nor¿raeyat¿veboundedsoluilon of equation

Y~ + AY< + BY + A~»-~Y = f~6)Y~ (53)

¿ra Cl arad sai¿sfy¿rag (47) for allí. Titera ibe límoit sel 17(Y) = flí>1 U~>~
Ls a connected compací subsel of ihe sel {w E

(22(S¡~l)/Asn,w + Bw — = O oti S4t
1,w > O arad ca =

0 012 OS4~’}.

3 A priori estimates

Ira this section,we considera nonnegativeselutionof equatiora(1) arad
give an apriori estimatenearO of this solutiora.

Proof of theoren¡1. Cerasideriragbeth changesof variables(5), (7)
and(10), the furactien y satisflesthe equatiera(11) ira tite cyhinderCl =
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[1,+oo) x ~?¡—‘,where y is a nonraegativefunctien ira Cl, Holdenian
becauseof (3), satisfyingbecauseof (2)

g(t,.) = O(Caí) unLformoly ora S~’~ (54)

with a = N+ 1 +a — q(N—1). Arad

with ‘II E (2(Cl) aradsatisfiesfer aH 1 > 1

• 41’(t,.) — O(e(1N)í) utiiformly mi OS¡¿’. (55)

Newcorasiderthe furactiora1/ definedin (13). Multiphying (11) by $~
asid irategratingera Sit’, we obtairafor ahí 1> 1:

¡
Vtí + Ny1 — ~ V(t,r)~-L(r)dr = y(t,a)V~(t,a)01(a)da.

(56)
Since~¶j. is norapesitiveeraOS~t’, (54), (56) asid Jeraserairaequality

imply that titereexistsC> O such thatfor alí 1> 1

V<í + NVg=C&aíw. (57)

We new distiraguish titreecases:

(i)~
If V is raot beunded,titen it is raondecreasiragera an interval [T, +00)

with 2’> 1. Actually if Vis raot neradecreasirag,titereexists a sequerace
(t,,) of stnictmaximaefVsuchthat 1,, —* +eo asid V(t,.) —* +oo. Let s»

be a real such thatV(s,,) = maxtT,t,,117(1), titen we have17(t) =V(s,.)
fer allí E [2’,s»]. Integrate(57) era [2’,s»], we obtain

—Vay + NV(s,,) — NV(T) =CW(s,.)¡ e~<dt

(58)
(2—q

=—v (s,,)e«’~”aAs V(í,,) =V(s»),17(t,,) —> +~ and q E (0, 1), we havea coratradictiora
whera ti teradate irafinity ira (58).
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Now we claim that 17 is beuraded. Actuahhy, if 1” is not beunded,
Vis raondecreasingon [2’,+00[ andtiten limí~±0017(1) = +00. Qn tite
otiten harad, becauseof (57), the functiora O : t ‘—* 174t) + NV(t) —

(2f; eaaW(s)ds is raoraincreasingora [2’,+00). TitenefeneO is beuraded
frem aboye era [2’,+00) by a corastantD E IR. Merever Ví =O en
[2’,+00) and we deduce

NVl~(t) ~ fl~~e)+(2&lCOT for aH 1> T.

Titen weebtairaacentradictieraas 1 goeste infinity andVis beuraded
era [2’, +00). Then the assumptiorasof propesitiora1 areachieved,witit
a1 = O, <22 = N, b1 = b2 = 0, ci = N — 1 arad/3 = N — lira (24). Titus
propesition1 applies andV E L

00 (Cl). Usiragcitangesof variables(10),
(7) arad (5), we obtaira (14).

(ii)a < O
If 1” is beunded,titen we obtain (14) asaboyeandsincea < O, titat

is q> ~ we itave ja,J1IV « IxI ~ti raearO which implies (15).
If 1/ is net beuraded,thera titere exist 1 < t~ < 11 sucit that 1 <

V(to) < V(t
1). Let e E (tí,+oc’). Wc define

Se = min{s E [lo,e]! maxV = V(s)}.
[lo,el

Thera17(t) =V(s~)_forahí t e [lo, e]. We claim thatVí(s~) > 0. Actually,
if s~ e]to, e[, thenVí(s~) = 0. lIs, =

to, titen l~ e]to,e[ implies V(íí) =
17(s~) = V(t~) arad titis is fahse. II a, = e, theraVt(se) .c O would be a
centradictionwitit V(s,) = max[

10,J V.
Now integnate(57) en [lo,a,], we obtain sinceVe(s,) > O

NV(s,) =Cf e«’~V~(i)dt + NV(to)+ 171(t0)

<cv~(8,)¡ Caí dI + co

where(2~ > O only dependsen
to~ Therefore,becauseV(s,)=V(t¿j) > 1,

we have
17lq() — (2

JOSe + C~. (59)~
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Sirace tite furactien r í—* — £car + C~ is increasirag, we deducefrom
~e =e, V(e) =V(s~), ej E (0,1) arad (59) titat (59) itohdsfor e replacirag

s~. Titerefore titere exist D >. O sucit that for ahh t > t1

17(í) =De~¼< = DC[N1±itqlt. (60)

Firaahly we introducethe function U defiraeden Cl by

U(t,6) = e[N1<tVIV(t,6) (61)

arad its averageU defined in (13). Becauseof (60), U is beundeden
(ti,+oo) aradU satisfles (23) witit a~ = = = 0, <22 = 2—N —

arad ~ = yQy + 2— N) whene y = ~‘-

0 arad ¡3=—~t~ >01ra (24)
becausea < 0. Moreovertite assumptiorasof proposition 1 arearhieved
and then U E L00 (Cl). Using charagesof vaniables (61), (10), (7) arad
(5), we obtain(15).

(iii)a = O

If 17 is beuraded,we use tite fact that a,11N « xIi~NIlnIxlIi4~
nearO aradwe obtain (16). If 17 is not beuraded,titen ira tite sameway
asaboye,we prove tite followirag inequahitywiticit is simihar to (60)

Finahhy, WCuse a function Wdefinedon Cl by:

W(t,6) =
1di V(i, 6).

It satisfles (23) with <zx = 2/(1—q),<22 = N, b1 = 2/(1—q)(2/(lq)1),
= N, c1 = N — 1 arad fi = (N — 1)/2 ira (24) for example. Titen tite

assumptiorasof preposition1 areacitieved,we stihl obtaira (16).

4 Convergenceresults

In titis last section, we prove theorem2. We distinguish two cases.

First case: we assumeej ~ mira (N4ltl,í).

Cerasidertite furaction y iratreducedira (10). Becauseof (11), V
satisfles (46) with A = N asid f = g. Moreovery is beundedfrem
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theorem 1 en ara setCl = [2,+00) x St1 and theorem2 assumptions
imply (47). Thera Iemma3 erasuresthat (19) holds.

If 1 = 0, titen we introduce 17 definedira (13). Lemma 3 arad 1 = O
imphy limí~±

00V(t) = him~~+00i.7<(í) = 0. Qn the other hand,because
of (11) , thefuractieraVí+NVis raeradecreasiragaraddierait is raerapositive
ira [2,+00). Thereferetite furactiora í ~ e”~<V(t) is nerairacreasing arad
thera

17(t) = O(eIVí) al irafiraiíy . (63)

(i)Assume2+a >0.
If a+ 1 + ej =O, titen we introducethe furaction Y definedon Cl by

Y(t ) — e(>’1)tVQ, .) (64)

andwe wihh prove thatY(t,.) = O(e~t) te obtain (20). Becauseof (11),
Y satisfles ira Cl:

1$ + (2— N)Y< + ASN..íY = h(t,6)Y~ (65)

witere from (2) thereexists(2> 0 such that

Ji(t, 6) “a Ced2+O)t (66)

raear+cc and uniforrnhy era 4—1. Tite averageY of Y satisfiesin
[2,+00)

+ (2— N)71 — (N — 1)7= ¡ h(~6)Y~(t,6)$1(6)d6. (67)

We claim that Y is noraincreasing. Actuahly, if Y is not monotone,
thereexists asequence(t,,) of strict maxima of Y witicit teradste +00

andwe haveacontradictiorafrom (66) arad tite factY(í,,) > O whera we
take (67) at large 1,,. Recauseof (63), 7(t) tends te O at inflnity arad
siraceit is noraraegative,we deducetitat Y is raoniracreasing ira ara iraterva!
[2’,+00) with 2’> 2 New from (66), theneexists K > O such that (67)
implies in [2’,+00)

Y1< + (2— N)V< — (N — 1)7=KC<2±a)ífl. (68)
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If we corasidertite furactiora E defined by

—2 —2 —q+1

__ KC«2+a)í (69)_ (N ~1)1L - __
2 2 q+1

titen (68) ensures that E is noradecreasing ira [2’, +00). Titereforetitere
exists 1 = himt~

00 E(t) E IR U {+00}. Sirace ¡imí~±00 V(t) = 0, we

deduce frem (69) titat lirnt~00 >‘~ «> = 1. MoreoverY is beunded arad2

titus 1 = 0. It implies titat E is nonpesitivearadwe get

—Y< <Y
2e [2K+ (N — 1)e~j

(70)
~!±4 (2+c)~ —

2 K

ira [Ii>,+00) with Te =2’ and 1? > 0. Wititout hosa of geraerallty,we
can assumeY > O ira [Te,+00) and (70) imphies titat tite furactiora

4, t —* —Y~9 + ~¿e<2t~>í is raeraincreasirag ira [2’o,+00). Sirace
limí..>+

00 4,(t) = 0, we deduce titat 4, is nonraegative and we obtaira
V(t) = O(e~<) near +00. Firaally, using tite furactiora U defiraed by
U(t, 6) — e~’Y(t 6), its averageand preposition1, we ebtairaY(t,.) =

O(e~<) which implies (20).
Ora tite otiter hand, tite assumptiensof ¡emma4 arefulfihíed andwe

ebtaira tite inclusion propertyof (i).
If a+ 1 + q> 0, tben we introduce tite function Z defiraed en Cl by

Z(t, 6) = e””<V(t, 6). Recauseof (63), 7 is beuradedandsatisfiesfrem
(11)

— NZ1+ (N — 1)Z+ A5N-IZ — h(I 6)Z~ (71)

~i Cl with h(t,6) ~-I’±l+q» near+00. Propositiora1 applies,z ¡~
beunded ira Cl and ¡emma 3 imphies (22). If le = 0, titera we proceed
as ira case a + 1 + ej < O : we introduce tite furactiora E defined by

E(í) = 1X~(t) — e-«a+1±~>í~4t~~(t)te prove that 7(t) = O(e7t+t)

+00 witicit implies (20) becauseof proposition 1. We erad titis caseas
aboye.

(U) Assume2 + a < 0. Titen [1] erasurestite resuht.
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Secondcase:we assume cq < 1. Fromtheorem1, (20) hohds
arad tite preefof tite eradis similar te tite eneof flrst case.

New assumea(x) = ¡~I« arad lim,,...~ r;~w(r,,,.) = O for sornese-
querace r,, —* O, it remairas te prove that u O nean O. Tite furactiora LI
defiraedasaboyesatisfiesira Cl

(72)

witere A = 2 — N — 2-y < 0, B = -r(-r + N — 2) > O arad h is defiraed by

h(i, 6) — + ¡z¡2e>’¡~ (73)

withfl = N+2—(N--2)q>O, (r,6) denotestitespitericalceondiraatesof
z arad 1 = —Ir. We introducetite energyfuraction E definedira [2,+00)

by

__ ~U2 — 1 1”E(t) = ¡>‘ (~u~ — ~¡Vsy~iU¡2 + 2 q+1 U~~h) dO. (74)

We chaim that E is raondecreasing. Actually, because of (72), we
itave

E’(t) = —AL U?d6 — L~-~ ....L~q+1Ji~g

Denoteby e’4,(O) tite first coordinateof z aradremarkthat~ =O en

S.1t1.From (73),h<(i,6) —

> O arad titen, E 18 raoradecreasing.Qn the otiter harad,sincetitere
exists a sequerace r,, —* O sucit titat him»~±

00r;~w(r»,.) = 0, we deduce

titat O E 17(U) = flí>2Ur>íU(r,.Y~ (S~ >~ Titerefene, using tite fact
titat E is nondecreasing, we ebtain as ira [4] titat 17(U) = {0}. Titus, [1]
implies titat u O near0.

Akraowledyemoerat- Tite aulitor ihanles M.-F. B¿daui- Véroti for h¿s sug-
yesiioras duritig lite prepamaiLon of u/Ls paper.
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