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The density condition in quotients of
quasinormable Fréchet spaces, II.

Angela A. ALBANESE

Abstract

It is proved that a Fréchet space is quasinormable if, and only
if, every quotient space satisfies the density condition of Heinrich.
This answers positively a conjecture of Bonet and Diaz.

The class of quasinormable locally convex spaces was introduced and
studied by Grothendieck in [10]. This class has recently received much
attention in the context of Fréchet spaces and of Kéthe sequence spaces
(see [5, 6, 7, 8, 9, 15, 16]). In particular Bonet, Dfaz (7, 8] and Diaz,
Ferndndez [9] proved that a Kéthe sequence space of order p, 1 < p <
or p =0, is quasinormable if, and only if, every quotient space satisfies
the density condition of Heinrich [11]. This result is related to important
previous theorems by Bellenot [3] and Valdivia {17], namely, a Fréchet
space is Schwartz (respectively, totally reflexive) if every quotient is
Montel (respectively, reflexive). Accordingly, the following question was
asked as Open Problem 15 in [2]: If every quotient of a Fréchet space E
has the density condition, is E quasinormable? In [1] we showed that
the answer is positive under the assumption that F is separable. In this
note we remove this hypothesis hence we provide a complete solution to
the just mentioned problem.

In what follows we recall some notation.

In the sequel, given a Fréchet space E we denote by (fi ||;), an in-
creasing fundamental system of seminorms defining the topology of F
such that the sets
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Ur == {z € E;||z|l; <1} form a basis of 0-neighbourhoods in E. The
dual seminorms are defined by

£k = sup {{£(z)]; llzllx < 1} = sup {{f(=){; |zl = 1}

for f € E’; hence ||, is the gauge of U in E'. We denote by
b= {f € ES I < oo} the linear span of (;k endowed with the norm
topology defined by || || Clearly, (E,’c, il H;c) is a Banach space and
E L
E, = ( Al ”:.\ .

er | {ly”

We always mean separated quotient spaces for quotient spaces.
A Fréchet space E is called quasinormable if there exists a bounded
subset B of F such that

Vndm>nV¥e>03A>0 : U, CAB+cel,.

By [15, Theorem 7] (cf. [6, Theorem]) a Fréchet space E is quasi-
normable if, and only if,

Vndm>nVk>mVe>03A>0 : U, CAU+el, (QN)

By polarization it follows that a Fréchet space F is quasinormable if,
and only if,

Vadm>nVk>mVe>0IA>0 :AULNU.CeUn. (QN);

The density condition was introduced by Heinrich in his study of
ultrapowers of locally convex spaces [11]. A Fréchet space E is called to
satisfy the density condition (see [4, Proposition 2]) if for any sequence
(An),, of strictly positive numbers there exists a bounded subset B of £
such that

Vadm>n3A>0 : A, A\Uj CAB+ U, (DC)

The density condition was thoroughly studied for Fréchet and Kéthe
spaces by Bieisiedt and Bonet {4]. It was proved there that a Fréchet
space E' has the density condition if, and only if, the bounded subsets of
its strong dual are metrizable. Every quasinormable and every Montel
Fréchet space has the density condition.



The density condition in quotients. .. 75

We also recall the following fact due to Diaz and Fernandez (9,
Lemma 1] which is useful for the sequel:

Lemma 0. Let E be a Fréchet space. Suppose that there exist se-
quences (2;k); ey C E and (fik); ken C E' with the following proper-
ties:

(1) finlzj) =1,), kEN, ‘

(2) fselly <1, Vi, k€N,

(3) Mg =sup {||zjnll,; 7 €N, n>k} <+oo, VE€N,

(4) limjs o0 | fiklliy, =0, YR €N,

Then E does not satisfy the density condition of Heinrich.

Let E be a Fréchet space. Let (zn),en C E and (fa),en C E'
The couple of sequences (Z, fn),en is called a biorthogonal system if
Fn (Tm) = bum for every n and m € N. If || || is a seminorm of E, a
sequence (Z»),en is called a basic sequence with respect to II|| if there
exists a positive constant K such that for all scalars (a),, and p and ¢

in N
p p+q
Zanzn <K Zanzn .
n=1 n=1

For all undefined notation we refer to [12, 13].

§1. The result.

In order to state and to prove our result we need the following two
lemmas. The first one provides conditions to ensure that a Fréchet space
has a quotient space which does not satisfy the density condition. Its
proof is based on Lemma 0 and on an useful method due to Bonet and
Diaz for constructing quotient spaces without the density condition in
the setting of Kéthe sequence spaces, see {8, Sect. 3, Propeosition 2] or
[7, Theorem 3].

Lemma 1. Let E be a Fréchet space with a continuous norm. Suppose
that there exist sequences (zjk); oy C B and (fik); ren C E’ with the
following properties:

(8) (Ziks fik); pen 5 @ biorthogonal system,
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(b) Ilfixll} €1, V5, keN,
(¢) sup{fizkll,;7 € N} < 400, Yk € N,
(d) limjosioo | fiklly,, =0, VE € N.

Then E has a quotient space which does not satisfy the density con-
dition of Heinrich.

Proof. We split the first N in N x N as a countable union of dis-

joint infinite subsets, hence we may write (Zijks f{jk).-'j'kEN instead of
(%K, fik); ren- Thus we obtain:

Ifis#ll; <1, Vi, jand k € N, 4y

sup {[lzijll, : i, 7 € N} = et < 400, YN, Vn <k,  (2)

Jm (| fiklleyy =0, ¥4, ke N. (3)

Now, we put

(i, k) = max {[| finll}y, : 1< 5 <5} if5 <k

and
e, k=1 1<k <5

We define

Giz: E— R, z > Z f,‘jk(z)T
k=1

By (1), we have that, for each i, j € N,

(o0
lgi5 (2)] < llzlly D M1 fiselll 27 < el s
k=1

hence
llgisly < 1. )
By (1) again, we obtain

! 1 clivss
| gii() < (kz:llffij}H5;+;I|fijkll}+1—2k—— 2141
=1 >3

< max{fimllyyi 1<k < 5}Hlsl s
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hence |igi;|l7,, < max{||fill}y; 1<k < 5} < max{|lfizellyy;s 1<
k < j} and so, by (3),

hm ”913"3.;.1 (5)

Now we are ready to construct the desired quotient space.

Let F = jen kergi;. We consider the quotient space E/F, with
quotient map T: E — E/F, and we check that it does not satisfies the
density condition. To do this it suffices to prove that E/F satisfies all
conditions of Lemma. 0.

We denote by (||{ ||}x), the quotient norms induced by (|| ||}, on
E/F (each |}] |||& is a norm because F is closed with respect to every
Il l,) and put, for each i, j € N and z € E,

3ii(Tz) = gi;(z).
Clearly, §i; is well-defined, linear and continuous. Further, since

1|I§u|llk=m sup i;(Tz)[ = sup [g(z)] = ligilly

Tz||[x<1 =l <2

for every 4, j and k € N, by (4) and (5) it follows that
111 < 2 and Jm 19111540 = (6)

Next, put z;; = T(2z;;;) for every ¢, § € N. Then, by (a) §ij{z1s) =
8418;5, thereby implying that (zi;, §ij); ; € E/F x (E/FY is a biorthog-
onal system.

Finally, fix j € N and given n > j, we have 2z, — 2/z;,; € F and
hence, by (2),

llziall; < [[22im = @oins = Paing)|, < 2 lloimsll; < Pt
it follows that, for each j € N,
M; = sup {{||zilll;; i € N, n > j} < +oo.

We have so proved that the biorthogonal system (zj, §i;); ; C E/F X
(E/FY satisfies all conditions (1)+(4) of Lemma 0. Therefore, Lemma

7
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0 can be applied to conclude that E/F does not satisfy the density
condition and the result follows.

The next lemma is the second basic step towards our result. It
provides the main technical tool for constructing a biothogonal system
satisfying all the above conditions (a)+(d) in a given Fréchet space which
is not quasinormable without the assumption of the separability:

Lemma 2. Let E be a Fréchet space. Let G be a subspace of E' so that

inf {|I /13 £ € G A1 > LIS < a} =0

Jor somek € N and o, 8 > 0.
Then, if B is a finite-dimensional subspace of E, ande, p > 0, there
ezists an f € G with || fll; < o, ||f|ly > B and ||f||y, < g s0 that

gl < (1 +2) llg + A1,

for every g € B and every scalar ).

Proof. By assumption we can find a sequence ( Ji)jen C G so that
151, < @, 155l > B for every j € N and limjseo [ fllsyy = 0. It
follows that (fj);cn converges to 0 in Ej; and hence it converges to 0 in
E, = (E',0 (E', E)). We shall show that there is an element of (f;) jeN
with the desired properties. To do this we proceed in a similar way as
in [14, Lemma 1.a.6].

We may clearly assume ¢ < 1. Put ¢/ = ¢/2. Let (¢;)7, C B
with [lg:]|}, = 1 such that for every ¢ € B with llgll, = 1 there is an
i € {1,...,m} for which |lg ~ ||} < €'/4. By definition of || ||}, there
exists (z;)i2; C E such that {jz;||, = 1 and 1 —&'/4 < g; (z;) < L.

Since (f;);en converges to 0 in Ej and limje0 [|flly,, = 0, we
can choose a jo € N large enough to have |f; (z;)| < €'3/4 for every
i=1,...,mand || fili,, < g Wenowput fo = fio/ [ fiolly- Then
I folly =1 and [fo(z;)| < €'/4 forevery i=1,..., m.

Now, if ¢ € B with ||g||} = 1 and |A} > 2, then

llg + Afolli > A1 olli ~ llglii > 1 = liglls-
If |A] < 2, we take i such that |jg — g||} < £'/4 and then

Mg+ Mfolli > llgi+ Molly — llg — gill}, > (g + Afo) (2:) — €/4
> (1-&/4)-€/2-¢ /4= (1~€) gl
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Therefore we have that
lighti, < 1 = llg+ Molly, < (14 ¢) lig + Afoll

for every g € B and every scalar A. Recalling that f;, = || fjll} fo, the
result follows.

We have now our main result which should be compared w1th The-
orem 4 of [1}.

Theorem 3. A Fréchet space E is gquasinormable if, and only if, every
quotient space satisfies the density condition of Heinrich.

Proof. Every quotient space of a quasinormable space is again qua-
sinormable and hence has the density condition. Thus the necessity of
the condition follows.

We now suppose that E is non—quasinormable Fréchet space. Our
aim is to construct a biorthogonal sequence which satisfies the hypothe-
ses of Lemma 1, thus F has a quotient space without the density condi-
tion and that finishes the proof. By Lemma 3 of [1] we may assume that
E has a continuous norm. Let (|| ||;),cn be an increasing fundamental
sequence of norms for E.

Since E is non—quasinormable, by using (QN)3, we have

InVm>nIk>mIF>OVAS0 : AUrnUs¢ fUn

Without loss of generality, we may then assume that there is a decreasing
sequence (Bk)ien of numbers with 0 < Bx < 1 so that

VEENYASO : AUrp NULE B Uk,
or equivalently
vke N inf {||flliys £ € B IS < 1 1Al > B} =0, (7)

Actually, we have more. If G = {f € E’; f(z}) = 0 Vz € L} with L some
finite subset of E, from (7) it follows that, for each k € Nand 0 < § < S,

inf {[|flles £ € G, I <146, Ifl > Be~6)=0.  (8)
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The proof of this fact is contained in [1, Theorem 1] and we repeat it
here for the sake of completeness.

Assume that L = ()2, is a linearly independent set of E. Since || ||,
is a norm on E, E} is ¢ (E', E)-dense in E’ so we can find (¢:), C E}
such that (2, ¢;)/~, is biorthogonal. Then the map P: E' - E' defined
by Pf = ) 7=, f(2)g:is a projection with ker P = G and P is continuous
with respect to each norm || ||;.

Now, fix £k € N and 0 < § < fx. By (7) we can find a se
quence (f;); C E{ with [|f;ll} < 1, Ifill, > Bk for each j € N and
limjeo 1fillipr = 0. Then limj o0 IPf;lls; = O too; hence, since
P (EY) is finite dimensional, also lim;_, ||Pf;|l; = 0. Therefore, there
exists a jo € N such that [|Pf;{|} < § for each j > jo. It follows that
the sequence (hf)jzja = (fj = Pfj) 5, C G satisfies the following

IRsl5 <Al +IPAH <146

and
lRsll 2 1£illi = UPSill, > B =6

for each j > jo. Clearly, also limj o ||hjlli,, = 0. We may then
conclude that assertion (8) holds.

We now construct by induction a biorthogonal system in E x E’
satisfying all conditions of Lemma 1.

Let y: N — N? be a bijective map and put y(n) = (y1(n), 2(n)).

For i =1 we take v2(1); by (7) we find f,(;) € E’ with

o)

Since f,,(1) < "-fw(l)”;z(l) <1, there is an z.(;) € £ with leq(l)"w(l) <

(Br) ™ and Sy (ma00) = 1.

Assume we have determined a biorthogonal system (-I»,(s), fw(i))'.‘__1
such that, foreach i =1,...,n, -

4

12(1)

<1 )

> By(1) and ”f’v(l)";z(l)_'_l < (1),

| '1 <2,

l:m(em < i)™, % < "f'*W”;(a) < [|f~,(,~)|

"%(f) i) < Bt
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and

9+ Af)

’ !
gl < (1+23) Lo

for every g € B;_; = [f.,(j); i=1,...,i~ 1] and for every scalar A,

where 0 < eg; < 1fori=1,...,n.
Then, consider the space

Gn+1={f€E';f(:r,,(;)) =0 for i=1,...,n}.

Fori=n+ 1 we take y3(n+ 1) and 6 = é:”—(g—ﬂl, then, by (8) we have

. Bran
inf { £l yniaypr 1S € Goan, I < 14 2224,

ﬁ‘m(n-i-l)

!
||f“12(n+1) > p—-— 0.

Since B, = [ fwyiti= 1,...,n] is a finite dimensional subspace of Fj
and hence of E;?(n“), taken 0 < 043 < 1 and p = y(n 4 1)+,
by Lemma 2, there exists an Sy(n41) € Gny1 such that

!

||f'y(n+1)"72(n+1)+‘l < ya(n 1)~ nin+1),

22 < |

[ e < D] < 14 222222

and '
o0 tnsny < 1+ ns) o+ Msman[

for every ¢ € B, and for every scalar A.

!
Ifg,,; € [f.,,(i);i =1,...,n+ 1] is defined by g/, ,, (Z:‘:ll a,-f,,,(,-)) =
any (ie., g, € E’fr’?(n +1)1 Where E,’;;(n +1) is the strong bidual of the

(9)

normed space E., 41y = (E', It ||,n(ﬂ+1))), then, by (9) we get

!

: i e
i@ = 1o (St sl
i=1 ” f-y(ﬂ-;.l)lh2 (nt1)

81
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9- Za,f,()

ﬂ‘)f2(ﬂ+1) Fo{n+1)

Z a; fyi)

=1

2
Bra(nt1)

[A

(Ilgllfm(nm +

2+ ens1) 910, (g 5

'
72(ﬂ+1))

<
N ﬁw(n-{-l)

_5
ﬁ (n+1) '

Since E! 2 (n1) is the dual of the normed space E.,(,41), we can then
apply Helly’s Lemma (see [12, Lemma 8.7.9, p. 165]) to find an z.,;,41) €

(1) Brainr) and f,(;) (‘“’1(n+1)) = Gnt1 (f»,(i))

fori=1,...,n+1 (ie, fyns1) (a:.f(n+1)) =1 and fyy (.1:7(,14_1)) =0
fori=1,...,n).

therefore ||g,’1+1";2(n+1) <

E so that ” Lo(nt1) "

Proceeding inductively, we construct a biorthogonal system (:c

f"'("))n C E x F’ satisfying

¥(n)

| i, <2 ¥neN, (10)

I SR )
]y <, vmeN, (12)
== ooy < o N (13)

o < (e e+ A fyml
ol < (1+en) o+ Asm], 4
VneN, Vge [ﬁ,(;);i:l,...,n— 1], YA,
where (€,,),¢n Is any 1sequence of numbers with 0 < e, < 1.
Now, put g;x = ~2—fjk and zjx = 2z for each j and k € N (re-

call that y(n) = (11(n), y2(n))), from (10}, (12) and (13) follows that
the biorthogonal system (zjk, gjx) ; ke Satisfies all conditions (a)+(d) of
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Lemma 1 and apply it to conclude that E' has a quotient space without
the density condition. This finishes the proof.

Note that (14) gives the possibility to choose (g;z) in such a way
that (g;k) ¢ 18 a basic sequence with respect to the dual norm || II} for
every k € N.
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