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The densitycondition in quotientsof
quasinormableFréchetspaces,II.

AngelaA. ALBANESE

Abstract

It ja provedthat aFréchetaparela quasinormableif, and only
if, everyquotientaparesatiafiestbe densityconditionof Heinricb.
Thisanswerspositively aconjectureof BonetandDías.

The chasaof quasinormablelocally convexapareswasintroducedand
atudiedby Grothendieckin [10]. Thla classhasrecently receivedmuch
attentionin the contextof Fréchetaparesandof Kóthe sequenceapares
(see [5, 6, 7, 8, 9,15, 16]). In particular Bonet, Díaz [7, 8] andDíaz,
Fernández[9] provedthataKóthesequenceapareof orderp, 1 =p =oc
or p = 0, is quasinormableif, andonly if, every quotient aparesatiafies
the denaityconditionof Heinrich [11]. Thia result ¡a relata! to important
previoustheoremaby Bellenot [3] and Valdivia [17], namely, aFréchet
apareja Schwartz (respectively, totally refiexive) if every quotient ia
Montel (respectively,reflexive). Accordingly,the following questionwas
askedas OpenProblem15 in [2]: If everyquotiení of o FréchetapoceE
Ita8 tIte de»s¿tycouid¿t¿on, ¿a E quasiviormable?In [1] we ahowedthat
the ayawerjapositive underthe assumptionthatE jaseparable.In thia
notewe removethia hypotheaiahencewe provide acompletesolutionto
the just mentionedproblem.

In what followa we recalí sornenotat¡on.
In the sequel,given a FréchetapareE we denoteby (II IIk)k an in-

creasingfundamentalayatemof seminormadefining the topology of E
auchthat the seta
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U,. := {z E E; hz II,. =i} forrn a basisof 0—neighbourhoodain E. The
dual serninormaaredefinedby

hIflI~ :=aup{If(x)l;IIxII,. =11=aup{If(z)I;lIzhI,. = 11
o

for f e E’; hence ¡I~ la the gaugeof U,. in E’. We denoteby
1 .‘ o
jf E E’; hIfIl~ <ooj the linear apanof (J~ endowedwith the norm

topology defined by ¡¡ ¡~. Clearly, (E~, ¡¡ iii) ¡a a Banachapace avid

= (ker¶ II,. iiii~)
We alwayameanaeparatedquotientapaceafor quotient apacea.
A FréchetapareE ja calla! quasinormableif thereexistaabounded

aubsetB of E such that

Vvi~m>nVs>0BA>0 : UmGAB+EUn.

By [15, Theorern 7] (cf. [6, Theorern]) a FréchetapareE ¡a quasi-
norrnableif, andonly if,

VviBrn>viVle>mVe>OBA>0 : UmCM4+CU,,. (QN)i

By polarization it follows that a FréchetapareE la quaainormableif,
andonly if,

o o o

Vn~rn>nVle>rnVs>0BA>0 :AU~flUnCcUm. (QN)2

Ihe density condition was introduced by Heinrich in hia study of
ultrapowersof local¡y convexapares[11]. A FréchetapareE ¡acalla! to
satiafy the devuitycondujo»(aee [4, Fropoaition2]) if for anyaequence
(A,-.)~ of atrictly positivenumberathereex¡stsaboundedaubaetB of E
auchthat

VviBrn>viBA>0 : fl71A5U5cAB+U~. (D~

The densitycondition was thoroughly atudied for Fréchetand K6the
aparesby Bieístedt andBonet [4]. It was prova! there that aFréchet
apareE hasthe denaityconditionif, andonhy 1?, the boundedaubsetaof
ita atrong dual are metrizable. Every quasiviormableandevery Montel
Fréchetaparehasthe densitycondition.
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We also recalí the following fact due to Díaz and Fernández[9,
Lemrna 1] which is useful for the aequel:

Lemma O. Leí E be a Fréchel spoce. SuppoaetItal ihere nial ae-
quences(zák)skENc E avid (fsk)s,kEN c E’ wiiIt tIte followirzy proper-

(1) f5k(zsk) = 1, Vj, le E N,

(2) IIfskILl =1, Vj, le E N,

(3) Mk = aup{IIzsflhIk; j E N, vi =4 <+oc, Vle E N,

(4) lim5>~ IIfSkILk+1 = 0, Vk E N.

TIten E doca viot sat¿sfytIte devisityconditio» of HeiviricIt.

Let E be a Fréchetapare. Let (Zn)nEN c E and (fn)~EN C E’.
The couple of sequencea(za,fn)nEN is called a biortItogovial ayatemif
f,i (z»,) =

54m for every vi and rn e N. If ja a aernjnorrnof E, a
sequence(zn)flEN ja called a basic sequevicew¿th respectlo ¡1 II if there
existaapositiveconstantK auchthat for alí acalara(an)~ andp a»d q
in N

>1
n1

For alí undefinednotationwe refer to [12, 13].

§1. Tbe result.

In order to atateandto prove our reault we needthe following two
lemmRs. The firat oneprovideaconditionato ensurethataFréchetapare
hasa quotient aparewhich doeanot aatiafy the denaitycondition. Ita
proof ¡a basedon LernrnaO andon a» useful rnethoddue to Bonet and
Díaz for conatruct¡ngquotient apareswithout the denaitycondition in
the aettingof K8the aequenceapares,see (8, Sed. 3, Proposition2] or
[7, Theorem3].

Lemma 1. Leí E be a Fréchelapocewith a co»uiviuousviorm. Suppose
thai thereezLstsequevices(zák)dkENc E avid (fák)jkEN a E’ witIt tIte
followiviy propertica:

(a) (z5k, fsk)sk~N ¿a a biorthogonalayslem,
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<b) IIfákII =1, Vj, le EN,

(c) sup{IIxákI¡k ;j E N} <+oo, Vle E N,

(d) lim5~~~, IifákIj~1 = 0, Vle E N.

TIten E haa a quotiení apoce wItich doca nol aatLsfy tIte deviaity con-
dition of Heivirich.

Prao?. We ap¡it the first N in N x N as a countableunion of dia-
joint infinite aubsets,hence we rnay write (zIJk, fiik)iIkEN mateadof
(zsk,fák)JkEN. Thuawe obtain:

¡IfískIIl < 1 Vi, j and le E N, (1)

sup{iIzijkJI~ : 1, j E N} =~~* <+00, Vle EN, Vn <le (2)

.jft~’ II f.,kIL~1 —0, Vj, leEN.
(3)

Now, we put

c(i,j,le) = rnax{IIfis8IIS1 : 1 <s< j} ifj <le

and
c(i,j,le)=1 ifl<le<j.

We define
c(i,j,le

)

g15:E—*R, z—*Zfíák(x) 2”
k= 1

By (1), we havetbat, for each i, j E N,

00

k=1

hence

< 1. (4)

By (1) again,we obtaivi

c(i,j,k

)

lIfiikIijí )yij(z) = 2”
k>5

< max{IIfis~iIii; 1 < le =J} IIxIU+¡
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hence I¡y~5Il%1 = max{LIf~s~tI%l; 1 =le =i} =rnax{IIf~s~IL~+1; 1 <
le =j} and so, by (3),

~i~T00¡9i5 II~ = 0. (5)

Now we are readyto conatructthe desiredquotientapare.
Let F = fl1, ~N kery¿,. We considerthe quotientapareE/F, with

quotient map lA: E .—> E/E, andwe checkthat it docanot satiafleathe
denaity condition. To do thia it suificea to prove that E/E satisfleaah
conditionaof Lemma0.

We denoteby (III iIIk)~ the quotient norma inducedby (II II~)~ on
E/F (each fl¡, is a norm becauaeE is cloaed with reapectto every

II ¡ik) andput, for each1, j E N a»dz E E,

411(Tz)= guj(z).

Clearly, gi, la well—defined, linear andcontinuoua.Further, since

lII~úIII~ = sup I~~s(Tz)I = aup ¡y(z)j = IIy~sIl~
lIITrIIIk<1 IIXIIkC1

for every1, j and le E N, by (4) and(5) it followa that

IIlÑisIIIl =1 avid llrn i¡¡~~jji~1 =0. (6)

Next, put zq = T(2z15;)for every 1, j E N. Then, by (a) 4~~(z¡~) =

&¡6~, therebyimplying that (zis,~~D~5E E/Ex (E/E)’ is abiorthog-
onalsystem.

Finally, fix j E N andgiven n ~ j, we have2z~ — 2’z1~5 E E and
hence,by (2),

¡¡jzívi¡j¡á =j2ziní — (2z1~j 2’zinflI~ =2’lIzi~sII. <

it fohlowa that, for earh j E N,

= aup{IIIz~~IIIs; iN, »=j} <+~~

We have so prova! that the biorthogonalayatem ~ Diñ~,5 c E/E x
(E/E)’ aat¡afiesalí conditiona (1)÷(4)of Lemma0. Therefore,Lemma
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O can be applied to concludethat E/E does not satisfy the density
condition and the reault followa.

The next hemrnaja the secondbasic step towarda our result. It
providesthe main technicaltool for constructingabiothogonalaystern
aatiafyingalí iheaboyeconditiona(a)~(d)in agivenFréchetaparewhich
is not quas¡norrnablewithout the assurnptionof the aeparabihity:

Lemma 2. Leí E be a Fréchelapace. Leí O be a subapaceof E’ so tItal

¡nf {I¡fI~+í; f E O, I¡f¡¡~ > /3, II! II~ <a} = O

for sorne le E N anda, ¡3 > 0.
TIten, if B ¿a afinite—dimensiovialsubapoceof E,, ande, ji > 0, there

ez¿ataa» f E O wiih 111W1 <a, ¡¡fI¡~ > /3 avid IIflI~+1 <ji so that

IIg¡¡~ =(1 + e) ¡¡9 + Af¡¡~,
for everyy E fi avid every acalar A.
Proa?. By assurnptionwe can fivid a sequence(fs)JEN C O so that

IIfsIIl < a, ¡¡fjj¡~ > fi for every j E N and lirn5~00 IIfsI¡~+1 = 0. It
follows that (liteN convergesto O in E~ andhenceit convergesto O ¡vi

E’ — (E’, a (E’, E)). We ahail ahow that therela an elementof (fá)56N
with the desiredproperties.To do this we proceedin asimilar way as
in [14, Lernrna1.a.6].

We rnay clearly asaurnee < 1. Put e’ = ¿/2. Let (ge):, c fi
with ¡Iy~ = 1 auch that for every y E B with ¡¡y¡¡~ = 1 there ¡a
¿ E ji,..., rn} for which ¡¡y — y¿¡1, < ¿‘/4. By definition of II ¡¡~~ there
exlata (x¿)11 C E auchthai ¡¡ze¡¡~ = 1 and 1 — ¿‘/4 <gi (ze)=1.

Since (f~)5~N convergesto O in E~ and limp~00 IIfsIt~ = 0, we
can chooaea jo e N large enoughto have ¡fj0 (z~) 1 < ¿‘/3/4 for every
i=1,...,m and ¡jfjj¡~., < ji. We now put fo = fs0/ILkI¡~. Then

= 1 a»d jfo(z1)¡ <¿‘/4 for every i = 1,..., m.

Now, if y E B with ¡Iy¡j~ = 1 avid 1>4 =2, then

¡¡94- Afo¡¡~ =¡A¡ ¡IfoIIi, — ¡¡g¡¡~ ~ 1 = ¡1911k.

lf ¡AL < 2, we take¿ auchthat ¡¡y — gifl~ <¿‘/4 avid then

¡¡y + Afo¡¡~ =1191+ AfoII~ — ¡¡y — y~¡¡~ =(s’e + AJo) (xi) — ¿‘/4
> (1 — ¿‘/4) — ¿‘/2 — ¿‘/4 = (1 — e’) ¡¡yII~
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Thereforewe havethat

~ 1
1 — ~‘ ~+ AfoII~ =(1 + e) II~ + ~foI¡~

for every y E fi ayd every acalarA. Recalling that fj~, = lIjo 115, fo, the
result followa.

We havenow our main result which ahouldbe comparedwith The-
orern 4 of [1].

Theorem3. A EréchelspaceE ¿a quasiviormableji, avid o»ly if, every
quotievil spoeesatisfleatIte devia¿tycond¿t¿oviof He¿vir¿ch.

Proa?. Every quotient apareof a quasinormableapare¡a againqua-
sinormableand hencehasthe denaitycondition. Thua the necessityof
the condition followa.

We now auppoaethat E la non—quasinormableFréchetapare. Our
aim ia to conatructabiorthogonalaequencewhich aatlafiesthehypothe-
seaof Lernma1, thuaE hasaquotient aparewithout the denaitycondi-
tion and thatfiniahesthe proof. By Lemma3 of [1]we mayasaumethat
E hasacontinuousnorrn. Let (¡¡ IIk)kEN be an increasingfundamental
sequenceof normafor E.

SinceE la non—quasinormablp,by uaing (QN)2, we have

o o o
2nVm>n2k>m~fi>0VA>0 : AUkflU4/3Um.

Without lossof generahity,wemaythenassumethatthereisadecreasing
aequence(fik)kEN of numberawith O < /3,. < 1 50 that

o o oVkENVA>0 : AU,.~íflU1fl3~U,.,

or equivalently

Vle EN mf {¡Ifl¡5,+1 ; f E E’, ¡If¡I =1, ¡¡!¡¡5, > /34 = 0. (7)

Actuahly, wehavemore. If O = {f E E’; ffr) = O Vz E L} with L aome
finite subaetof E, from (7) it follows that,for earhle E N andO< 6 < f3,~,

mf {iWi~+1 ; fE O, ¡Ff111 < 1+6, ¡¡fj¡5, > fue — 6} = 0. (8)
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The proof of thia fact ¡a containedin [1, Theorem1] andwe repeatit
herefor the aakeof completeneas.

Aasumethat L = (z~)i1 ¡aalinearly independentsetof E. Since¡¡¡¡1

ja anorm on E, Ef la a (E’, E)—denae¡vi E’ sowe canfind (y~)7L1 C E
auchthat (z~, y~)1~ is biorthogonal.Then the rnap P: E’ —* E’ defined
by FI = ~3~L1f(zJy1 isaprojectionwith leerP= Oavid E iacontinuoua
with reapectto eachnorm ¡¡ ¡¡5,.

Now,fixkENand0<6<f~. By(7)wecanfindaae-
quence (A)5 c Ef with ¡¡1411 =1, ¡¡fj¡5, > fue for each j E N and

lirn5-4,., ¡¡1415,~ = 0. Then lirn5..~ ¡PI5 fl5,~1 = O too; hence, since
E (Ef) ¡a finite dimensional,also lim5~00 ¡PI5 III = 0. Therefore,there
exlataa jo E N auchthat ¡¡PI5 III < 6 for each j =jo. It followa that
the sequence(Its)5>~ = (h — PI5)5>5 c O satiafiesthe following

IIhsW1 =I1hW1 + Il~hU1 < 1 + 6

and

¡1h5¡¡5, =¡¡1415, — iPf5I¡5, > fue —6
for eachj = jo. Clearly, afro hm5.400I1h11I5,1 = O. We rnay then
concludethat assertion(8) holda.

We now constructby induction a biorthogonalayatemin E x E’
aatiafyingahí conditionaof Lemma1.

Let ‘y:N—* N
2 be abijectivernapandput y(») =

For 1 = 1 we take i’2(i); by (7) we flnd f,<~> E E’ with

U 141) u: =‘~ U AmU? (1) > í½<’>and ibm ír~2<1 >+~ < 72 (1f” <‘>.

Since~-~ey‘C
1fy(1> LI) 1 thereja ay z.~<

1> E E with BxY(1>h< <

and f,<’) (z~7<1>) = 1.

Aasumewe have determina!a biorthogonalsystem (z~(I), fMi>).1

auchthat, foreach1—1 ..,vi,

~> <~> 6

(1)
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and

II9II~ (i) =(1 + e~) ~y+ AIy(i41
for every y e B11 = [í~<s>;j = 1,..., 1— 1] and for every acalarA,

where0< c~ < 1 for 1 = 1 ,...,vi.

Thevi, conaiderthe apare
0nj1 {IEE’;I(at

91>) =0 for ¿=1,..., n}.
Fori=vi+1 wetakey2(vi+1)and6_ fi~(fl+i

)

_ 2 then,by (8) we have

mf { IIIIk(»+1)+1 ; 1 E ~ ¡¡f¡¡~ < 1 +

IiIII;2(n+1> > f.y,~+í> } = o.

Since fi,. = ¿= 1,..., vi] is a finite dimenalonalsubapareof E~

andhenceof E’ takenO < e”+í < 1 and ~¡ = 1’2(n+ 1)~I(n+L),

by Lemma2, thereexista an E Ofl.~ suchthat

jIY(fl+I
41(~

1)~1 < y2(n+

_______ f-y2n+í

>

fY2(;+1> < ~~~“’+‘
4L<,Ñ.l)=~I.y(n+i4[< 1 + 2 <2

and

II9II->~(n+1) =(1 + e,.+~) j~y + AI,(fl+
14j’<~1> (9)

for everyy E B~ avid for everyacalarA.

Ifg,~1 E [íy<i>;i = 1,..., vi + la definedby ~ (s~É~’ ait(i)) =

a»+í (i.e., ~ e E(fl+í)~ whereE(fl+í) is the atrong bidual of the

norrnedapaceE~,<~~1> = (E, ¡j iI~(~+1)))~ then,by (9) we get

1 ~+~(s’)¡ = ¡ ~ (~‘ aiA<.)) 1 =
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2

12(n+ 1>

2 ~ + Ea¿f1u )
— f~(~+i) k 12 (n+1

2

(2 + e~+~) l¡gII;2(~~fl;

therefore 6

SinceEt(n+í> ¡a the dual of the normedapareE.y2(,.+x),wecan then
apply Helly’s Lemrna(see[12, Lernma8.7.9,p. 165]) to find an X-«,,~1> E

II < avid f1(i) =Esothat Xy(n~i) II-y2(”+1> 6 (z1(~+l)) (í1<~>)

for i — 1 vi + 1 (i.e., .4(n+’> (z1(n+o) = 1 and Iy(i) (z1(~+1)) =

fori=1,...,n).
Proceedinginductively, we conatructa biorthogonalsyatern

e E x E’ satisfying

2, Vn E N, (10)

> ¡¾.> VviEN, (11)

< ~y2(n)fl«”>,Vn EN, (12)

IZMML(,.) < Vn eN, (13)

LIyJI;2(n) = (1 +s~) ~g+ AfY(n>1L2(>, (14)

VviEN, VgE [fy(i>;í=í,...,n—í], VA,

where (~“)~EN ha any aequenceof nurnberswith O <e~ < 1.
1Now, put 9ft = ~fj~and ZJ~ = 2záue for each j and le E N (re-

calI that -y(vi) = (-y~ (vi),y~(vi))), frorn (10), (12) avid (13) follows that
the biorthogonalsyatem (z~ue,9sue)sue~Nsatisfiesah conditiona(a)-i-(d) of
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Lemma1 andapply it to concludethat E hasaquotientapacewithout
Ihe densitycondition. Thia finishes the proof.

Note that (14) gives the poss¡bility to choose(yiue) in aucha way
that (gáue)IEN is abasicaequencewith reapectto thedual norm fi ¡¡5, for
every le E N.
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